
1949-3053 (c) 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSG.2017.2737404, IEEE
Transactions on Smart Grid

1

Optimal Charging Scheduling for Catenary-free
Trams in Public Transportation Systems

Yongmin Zhang, Member, IEEE, Zhe Wei, Student Member, IEEE, Heng Li, Student Member, IEEE, Lin Cai,
Senior Member, IEEE, Jianping Pan, Senior Member, IEEE

Abstract—Catenary-free tram with supercapacitor for short-
distance travel is an emerging and energy-efficient way of
urban transportation. However, a large number of decentralized
and high-power charging loads from Catenary-free trams bring
new challenges to the power system. In addition, frequent and
high-voltage charging may result in a shorter lifetime of the
supercapacitor. Thus, how to coordinate the charging processes
of Catenary-free trams considering the power system constraint
and the operation costs of the transportation system is an
important open issue, especially as the charging requirements
are time-varying. In this paper, we design a charging scheduling
system to manage the charging processes of Catenary-free trams.
Then, based on the historical and estimated operation data of
Catenary-free trams, we propose a day-ahead optimal charging
scheduling scheme to arrange their charging processes and report
to the power system on the upper bound of the charging loads.
Thereafter, we propose a real-time optimal charging scheduling
scheme according to the real-time operation information to
update the real-time charging loads of Catenary-free trams, such
that a trade-off among the electricity cost, operation reliability
and battery lifetime is made to minimize the total operation
costs. Finally, simulations have been conducted to evaluate the
performance of the proposed charging scheduling schemes and
show that the proposed algorithms can reduce the total operation
cost by about 28%.

Index Terms—Catenary-free trams, Charging scheduling, Op-
eration cost, Real-time scheduling, Supercapacitor.

NOMENCLATURE

Ai,n Arrival time for tram i at its n-th station.
Bcap

i Battery capacity of tram i.
B̄cap

i Minimal battery capacity requirement for tram i.
C1 The electricity cost.
C2 The battery lifetime-related cost.
C3 The expected cost for the emergency charging services.
CB The cost for replacing the supercapacitors of one tram.
CE The cost of one emergency charging service.
Di,n Travel duration for tram i from its n-th station to (n + 1)-th

station.
D̄i,n The expected value of travel duration Di,n.
Ei,t Energy level of tram i at time slot t.
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I Total number of Catenary-free trams.
Li,n Departure time for tram i at its n-th station.
m The voltage acceleration factor for the degradation of super-

capacitor.
N Total number of tram stations.
p̄ The minimal reliability requirement of the public transporta-

tion system.
Pi,t Energy that is charged to tram i at time slot t.
Pmax
i,t Maximal energy that can be charged to tram i at time slot t.
P̄t The upper bound of the charging loads on the power system.
P̄ ∗
t An upper bound of the charging loads on the power system

that is calculated by the aggregator.
P̃t The total charging load on the power system from all the

trams.
Pi,n The probability for tram i arriving at its (n + 1)-th station

successfully after it leaves its n-th station.
T Total time slots in one time period.
V0 The reference voltage of the supercapacitor.
Vi,t The voltage of the supercapacitor for tram i at time slot t.
Wi,t Energy consumption of tram i at time slot t.
Wmax

i Maximal energy consumption of tram i at time slot t.
W̃i,n Total energy consumption for tram i from its n-th station to

(n+ 1)-th station.
W̃ ∗

i,n The expected energy consumption that ensures
Pr{

∑Ai,n+1

t=Li,n
Wi,t ≤ W̃ ∗

i,n} ≥ p̄.
τ0 The expected lifetime of the supercapacitor at reference

voltage V0.
τ(V ) The static lifetime of the supercapacitor at voltage V .

I. INTRODUCTION

With the increasing rate of urbanization and growing
concerns on the sustainability of using fossil fuel and the
global environmental issues, Catenary-free trams, an emerg-
ing electric-driving, environment-friendly and energy-efficient
urban transportation, are highly desirable for modern urban
public transportation systems [1]. In addition, Catenary-free
trams offer various benefits compared with conventional tram
systems, including low visual intrusion, reduced cost of over-
head infrastructure, design flexibility, reduced power usage and
better performance in adverse weather [2].

Battery and supercapacitor are two of the most important
types of on-board energy storage devices for Catenary-free
trams [3]. Battery requires a longer charging time (several
hours) and offers a greater cruise range (tens to hundreds
of kms) with a limited lifetime, while the supercapacitor
requires a very short period of charging time (20–30 seconds)
and offers a limited cruise range (several kms) with a long
lifetime. Thus, due to the frequent-stops and short-distance
features of the modern urban public transportation system, the
supercapacitor-based Catenary-free trams are more suitable.

For Catenary-free trams, since their supercapacitors can
only be charged at tram stations, a large amount of energy



1949-3053 (c) 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSG.2017.2737404, IEEE
Transactions on Smart Grid

2

should be charged to the supercapacitor during the short
dwelling time, thereby the trams can travel to their next tram
stations successfully. Without a proper charging scheduling
scheme, a large number of uncontrolled charging processes of
Catenary-free trams may incur high and time-varying charging
loads and bring a new challenge to the power systems.

In the literatures, charging scheduling for EVs has been
heavily investigated, e.g., [4]–[6]. Based on the historical data
of EVs’ charging requirements, several day-ahead charging
scheduling schemes have been developed in [7]–[12] to min-
imize the peak load on the power system. Based on the real-
time charging requirements of EVs, [13]–[15] have designed
several real-time charging scheduling schemes to minimize
their peak loads and reduce the charging waiting time. How-
ever, most of these works only considered the electricity
cost without the battery lifetime-related and reliability-related
costs, and thus are not directly applicable for the charging
scheduling of Catenary-free trams, which have high reliability
and long-running requirements.

Generally speaking, the lifetime of the supercapacitor and
the reliability of Catenary-free trams depend on the energy
stored in the supercapacitor. An aggressive charging method
may reduce the lifetime of the supercapacitor while a conser-
vative one may risk the reliability of the public transporta-
tion system. How to manage the charging process of the
supercapacitor has attracted wide attention. Several energy
management schemes for energy storage systems have been
developed to improve the charging and discharging efficiency
as well as the battery lifetime in [16]–[19], and researches on
timetable design have been conducted in [20]–[23] to minimize
the energy consumption and improve the reliability of the
system. However, neither the energy management schemes
nor the timetable design can satisfy the real-time charging
scheduling requirements of Catenary-free trams.

In this paper, we jointly consider the charging loads on
the power system, the lifetime of the supercapacitor and the
reliability of Catenary-free trams, and formulate the charging
scheduling scheme for Catenary-free trams as an operation
cost minimization problem. Based on the historical and real-
time operation information of Catenary-free trams, we pro-
posed both offline and online algorithms to calculate an upper
bound of charging loads on the power system and manage
the charging processes of Catenary-free trams to minimize
the total operation cost. The contributions of this paper are
summarized as follows:
• We designed a framework for the charging scheduling

system, including the aggregator, the tram stations and
the power system, to manage the charging processes of
Catenary-free trams.

• We developed an algorithm to calculate an upper bound
of the charging loads on the power system based on the
historical operation data of Catenary-free trams.

• We proposed both day-ahead and real-time charging
scheduling schemes to manage the charging processes of
Catenary-free trams according to their operation infor-
mation, such that the operation costs of the public trans-
portation system can be minimized while the system’s
reliability can be guaranteed.

The rest of the paper is organized as follows. Section II
presents the designed framework for the charging scheduling
system, including system model, system implementation and
charging system. Section III defines the system parameters
and formulates the problem as an operation cost minimization
problem. Section IV analyzes the necessary conditions for the
parameters in the designed system. An upper bound of the
charging loads on the power system is given, and a day-ahead
charging scheduling scheme is designed in Section V. A real-
time charging scheduling scheme is designed based on the
real-time information from Catenary-free trams in Section VI.
Section VII demonstrates the operational performance analysis
based on simulation results. Finally, Section VIII concludes
our work.

II. DESIGN OF THE CHARGING SCHEDULING SYSTEM

In this section, we first propose a framework for the
charging scheduling system and then introduce the operation
model of the designed system. Afterwards, we explain the
implementation of the control strategy in the system.

A. System Design

In general, the designed system model is shown in Fig. 1.
The system consists of three participants: the aggregator, the
power system and the tram stations, and three elements: the
power distribution system between the power system and the
tram stations, the communication system among the aggregator
and the tram stations, and the communication system between
the aggregator and the power system. The aggregator acts as
the coordinator, the tram stations act as the energy consumer
executing the control strategies and the power system acts as
the energy provider.
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Fig. 1. The operation model of the designed system.

Specifically, each tram station needs to report data related
to the charging requirements of Catenary-free trams, i.e.,
historical operation data in the day-ahead charging scheduling
scheme or the real-time operation information in the real-
time charging scheduling scheme, to the aggregator. Then, the
aggregator needs to estimate the charging requirement of each
Catenary-free tram based on the collected information. After
that, the aggregator exchanges the charging requirements of all
the tram stations with the power system to request an upper
bound of the charging loads on the power system. Based on
the charging requirements of all the Catenary-free trams and
the upper bound of the charging loads on the power system,
the aggregator determines the optimal charging scheduling
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scheme and distributes the control strategy to each tram station
to minimize the operation cost of the public transportation
system. After receiving the control strategy, each tram station
executes the corresponding charging processes.

B. System Implementation

Based on the system model, we design an optimal charg-
ing scheduling scheme to arrange the charging processes of
Catenary-free trams, which can be divided into two steps:
1) offline day-ahead charging scheduling, which determines
the optimal charging scheduling scheme as well as the upper
bound of the charging loads on the power system based on
the estimated charging requirements of Catenary-free trams;
2) online real-time charging scheduling, which updates the
charging scheduling decisions based on the real-time operation
information of Catenary-free trams. The operation flow chart
of the designed system and its communication flows among
the charging stations, aggregator and power system can be
found in Figs. 2 and 3, respectively. In the day-ahead
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Fig. 2. The operation flow of the designed system.
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Fig. 3. The corresponding communication flows among the charging stations,
aggregator and power system.
charging scheduling scheme, the following procedures should
be conducted before the operation of the public transportation
system:

1) Each tram station reports the data related to the charg-
ing requirements, such as the historical operation data,
weather forecast, operation schedule, road conditions
and other information, to the aggregator through the
communication link between the charging stations and
the aggregator, which is shown as (1) in Fig. 3;

2) After receiving the data from all the tram stations,
the aggregator estimates the charging requirements of
Catenary-free trams in the future time slots and reports
the estimated charging requirements to the power system
through the communication link between the aggregator
and the power system, which is shown as (3) in Fig. 3;

3) Based on the estimated charging requirements, the power
system updates its upper bound of the charging loads
accordingly through the communication link between the
aggregator and the power system, which is shown as (4)
in Fig. 3;

4) Based on the charging requirements of Catenary-free
trams and the upper bound of the charging loads on
the power system, the aggregator determines the optimal
charging scheduling decisions and distributes the deci-
sions to each tram station through the communication
link between the charging stations and the aggregator,
which is shown as (5) in Fig. 3.

In the real-time charging scheduling scheme, the following
procedures at time slot t should be conducted:

1) The tram station reports its real-time information to
the aggregator when the real-time charging requirement
is different from the estimated one through the com-
munication link between the charging stations and the
aggregator, which is shown as (6) in Fig. 3;

2) After receiving the real-time charging requirements from
at least one tram station, the aggregator determines the
optimal charging scheduling scheme based on the up-
dated information, and distributes the charging schedul-
ing decisions to each tram station through the com-
munication link between the charging stations and the
aggregator, which is shown as (7) in Fig. 3;

3) After receiving the real-time charging scheduling deci-
sions from the aggregator, each tram station executes the
corresponding charging processes.

The “connection” between the day-ahead and real-time charg-
ing scheduling schemes is the day-ahead scheduling decisions
to be updated in the real-time scheme if needed by the
aggregator without the intervention of the power system.
C. Charging System

There exist several different charging mechanisms, e.g.,
Constant-Current (CC) mode, Constant-Voltage (CV) mode
and Constant-Power (CP) mode, to charge the supercapacitor
[24]–[26]. In the designed system, the CP mode1 is employed
to charge the supercapacitors when Catenary-free trams are
staying at the tram stations. Specifically, when the tram
station receives the charging decision from the aggregator, i.e.,
P ∗i,t, the aggregator of the charging system will regulate the
output current as a function of the output voltage, such that
the charging system’s output power Pi,t equals the desired
charging power P ∗i,t.

III. SYSTEM MODEL AND PROBLEM FORMULATION

Considering a public transportation system, there are I
supercapacitor-based Catenary-free trams running on tracks

1The CP mode provides a constant energy charging rate by regulating the
output current as a function of the output voltage.
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along the shared urban streets, and also sometimes on a
segregated right-of-way. The supercapacitor can be recharged
when the Catenary-free tram stays at the tram station and
how much energy should be charged to the supercapacitors
will be determined by the aggregator. We aim at optimizing
the charging processes of Catenary-free trams to minimize the
total operation cost. For easy reference, the important notations
are listed in the Nomenclature.

A. System Parameters

Let one day be an operation period, which can be divided
into T time slots. Denoted the t-th time slot by t and
t = 1, 2, · · · , T . In general, for the public transportation
system, there is a regular operation, from which the schedules
and running frequency of all the Catenary-free trams can be
found. Let i, i = 1, 2, · · · , I , denote the i-th Catenary-free
tram, N denote the total number of the tram stations that each
Catenary-free tram needs to travel to in an operation period,
and n, n = 1, 2, · · · , N , denote the n-th tram station that one
Catenary-free tram visits. Let Ai,n and Li,n denote the arrival
time and the departure time for Catenary-free tram i at its
n-th tram station. [Ai,n, Li,n] can be treated as the available
charging duration for Catenary-free tram i at its n-th tram
station.

Let Ei,t denote the energy level of the supercapacitor for
Catenary-free tram i at time slot t, Wi,t denote the total
amount of energy consumption for Catenary-free tram i at
time slot t, and Pi,t denote the total amount of energy charged
to the supercapacitor for Catenary-free tram i at time slot t,
respectively. Thus, at time slot t, the energy level of Catenary-
free tram i satisfies the following constraint:

Ei,t = min{Ei,t−1 + Pi,t −Wi,t, B
cap
i }, ∀i, t, (1)

where Bcap
i denotes the battery capacity of the supercapacitor

for Catenary-free tram i. It can be found that the highest
energy level of the supercapacitor for Catenary-free tram i
at any time slot t cannot exceed its battery capacity.

Since one Catenary-free tram can be recharged only when
it stays at the tram station, we have

Pi,t =

{
[0, Pmax

i,t ], if t ∈ [Ai,n, Li,n], n = 1, 2, · · · , N ;
0, otherwise,

(2)

where Pmax
i,t depends on the charging facilities in the tram

stations and the power system.
Let P̃t denote the total charging load for all the Catenary-

free trams in the power system at time slot t. The values of
P̃t can be given by

P̃t =
∑
i

Pi,t. (3)

In order to guarantee the stability and reliability of the power
system, an upper bound P̄t can be issued by the power system.
The total charging load P̃t cannot exceed the upper bound P̄t,
i.e.,

P̄t ≥ P̃t. (4)

In general, a small upper bound is preferable by the power
system for cost saving. However, a small upper bound of the
charging loads may not satisfy the charging requirements of

all the Catenary-free trams, and thus may affect the reliability
of the transportation system. Hence, in the day-ahead charging
scheduling scheme, we will calculate a small upper bound but
sufficient for satisfying the charging requirements of all the
Catenary-free trams.

Since all the Catenary-free trams cannot be recharged during
their travel from one tram station to the next, the energy in
the supercapacitor will be consumed when a Catenary-free
tram is traveling. In addition, we assume that the energy
consumptions for all the Catenary-free trams at the tram
stations are 0. Hence, the energy consumption of Catenary-
free trams i satisfies the following constraint:

Wi,t =

{
(0,Wmax

i ], if t /∈ [Ai,n, Li,n], n = 1, 2, · · · , N ;
0, otherwise, (5)

where Wmax
i depends on the energy consumption parameters

of Catenary-free trams.
Let Di,n and W̃i,n denote the travel duration and energy

consumption for Catenary-free tram i traveling from its n-th
station to its (n+ 1)-th station, respectively. Thus, we have

Di,n = Ai,n+1 − Li,n, (6)

W̃i,n =

Ai,n+1∑
t=Li,n

Wi,t =

Li,n+Di,n∑
t=Li,n

Wi,t, (7)

where Di,n is assumed to follow a normal distribution with the
mean and variance of (D̄i,n, σ

2) and W̃i,n is assumed to be an
increasing and concave function of the travel duration Di,n.
In this paper, we assume that Di,n for different Catenary-free
trams are independent.

Let Pi,n denote the probability that Catenary-free tram i can
arrive at its (n+ 1)-th tram station successfully after it leaves
its n-th tram station. According to the definitions of the energy
level Ei,Li,n

and energy consumption W̃i,n for Catenary-free
tram i, the value of Pi,n can be given by

Pi,n = Pr{Ei,Li,n ≥ W̃i,n}. (8)

In order to ensure the public transportation system operate
normally, there always exists a reliability requirement. Let p̄
denote the minimal probability of the successful operation for
the public transportation system. Thus, the following constraint
should be always satisfied:

Pi,n ≥ p̄, (9)

Due to the high reliability requirement of the public trans-
portation system, we set 0.99 ≤ p̄ ≤ 1 in this paper.

B. Operation Cost Model for Catenary-free Trams

In addition to the business tax, surcharges, management
fees and so on, the main business costs, which dominate the
operation cost, include the electricity cost, vehicle repairs,
wages, etc [27]. For a tram transportation system, in this paper,
we consider main parts of the operation cost: the electricity
cost, the vehicle maintenance and repairs cost [27], which can
be changed by adjusting the charging processes of Catenary-
free trams, and the emergency charging service cost.

Firstly, let C1(P̃t) denote the electricity cost for all the
Catenary-free trams at time slot t. Recently, many power



1949-3053 (c) 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSG.2017.2737404, IEEE
Transactions on Smart Grid

5

systems begin to deploy load-based pricing schemes to reduce
their peak loads, e.g., electricity spot price [9], Time-of-Use
(TOU) pricing [10], and peak load pricing [11], in which the
electricity cost not only depends on the total amount of used
energy, but also depends on the current aggregated charging
load on the power system. We assume that C1(P̃t) is an
increasing, piecewise differentiable, convex function of the
total energy consumption P̃t at time slot t in this paper. One
example of the electricity cost can be given by

C1(P̃t) = a1P̃t + a2(P̃t)
2, (10)

where both a1 and a2 are positive coefficients. Thus, the total
electricity cost during one operation period can be given by∑T
t=1 C1(P̃t).
Secondly, let C2(Vi,t) denote the lifetime-related cost of

the supercapacitor for Catenary-free tram i at time slot t. 2

According to the voltage dependency found in the existing
experiment [28], the inverse power law for the relationship
between the lifetime τ and the voltage V is established as

τ(V ) = τ0(
V

V0
)(−m), (11)

where τ(V ) (in seconds) is the static lifetime at the voltage V ,
V0 is the reference voltage, τ0 is the expected lifetime at the
reference voltage V0, V is the voltage across the supercapacitor
terminals (in volts)3, and m is the parameter related to the
voltage acceleration factor. A careful examination shows that
m = 3.5 when Vi ∈ [0.7V0, 1.3V0] [28]. Thus, the lifetime-
related cost of the supercapacitor at the voltage Vi,t is

C2(Vi,t) =
CB

τ(Vi,t)
=
CBV

m
i,t

τ0V m0
, (12)

where CB denotes the financial cost for replacing the super-
capacitor of one Catenary-free tram. In this paper, since the
voltage level of the supercapacitor for tram i at time slot
Li,n reaches a peak value and the supercapacitor’s voltage
level during [Li,n, Ai,n+1] can be formulated as a decreasing
function of Vi,Li,n , we take the lifetime-related cost function
as a function of Vi,Li,n

. Thus, the total amount of the lifetime-
related cost during one operation period can be given by∑I
i=1

∑N
n=1 C2(Vi,Li,n

).
Thirdly, Let C3(Pi,n) denote the expected financial cost

for the emergency charging services for Catenary-free tram
i between its n-th tram station and its (n+ 1)-th tram station.
When one Catenary-free tram runs out of energy before arriv-
ing at the tram station, an emergency charging service should
be provided, which incurs an extra financial cost. Denote the
financial cost of one emergency charging service by CE , which
is much higher than the regular charging service. The expected

2Generally speaking, the degradation of the supercapacitor depends on
several factors, such as the operation temperature, voltage, and humidity.
However, the operation temperature and humidity, as well as the other external
environmental factors, cannot be controlled by the charging scheduling
scheme. Thus, in this paper, we consider the effects of the voltages, which
are more significant than the temperature and humidity, on the degradation of
the supercapacitor.

3According to the characteristic formula of capacitance, Ei = 1/2CV 2

where C is the capacitance of the supercapacitor.

financial cost for the emergency charging services C3(Pi,n)
can be given by

C3(Pi,n) = CE(1− Pi,n). (13)

Thus, the total amount of the expected financial cost for the
emergency charging services during one operation period can
be given by

∑I
i=1

∑N
n=1 C3(Pi,n).

C. Operation Cost Minimization Problem

Now we formulate the operation cost minimization problem
for the public transportation system as follows:

P0: min
Pi,t

T∑
t=1

C1(P̃t) +
I∑
i=1

N∑
n=1

(C2(Vi,Li,n
) + C3(Pi,n)),

s.t. Pi,n ≥ p̄ ∀i, n,
Pi,t ≤ Pmax

i,t ∀i, t,
P̃t ≤ P̄t ∀t.

The objective is to minimize the operation cost of the public
transportation system by adjusting the charging processes of
Catenary-free trams. The first constraint ensures the normal
operation of the designed system. The second and the third
constraints give the upper bounds of the charging loads.

In order to solve this problem, we first analyze the require-
ments of the system parameters to ensure that there exists at
least one feasible solution for the operation cost minimization
problem. Then, we propose a day-ahead charging scheduling
scheme to arrange the charging processes and report to the
power system on the upper bound of the charging loads, as
well as an online charging scheduling scheme to update the
real-time charging loads of Catenary-free trams based on the
real-time operation information.

IV. SYSTEM PARAMETER ANALYSIS

To support the normal operation of Catenary-free trams,
there are some requirements of the system parameters, such
as the battery capacity and the minimal upper bound of the
charging loads. In this section, we define the lower bound for
the battery capacity and an bound of the charging loads.

Battery Capacity Requirement: Let B̄cap
i denote the

minimal capacity of the supercapacitors for Catenary-free
tram i. Since the energy level of Catenary-free tram i at
any time slot t cannot exceed its battery capacity Bcap

i , i.e.,
Ei,t ≤ Bcap

i ,∀i, t, Ei,Li,n ≤ B
cap
i should always be satisfied.

According to the definition of Pi,n, to ensure the normal
operation of Catenary-free tram i, Pr{Ei,Li,n ≥ W̃i,n} ≥ p̄

should always be satisfied. Thus, Pr{Bcap
i ≥ W̃i,n} ≥

Pr{Ei,Li,n ≥ W̃i,n} ≥ p̄,∀i, n, should always be satisfied.
Charging Processes Requirements: In order to satisfy

the reliability requirements of Catenary-free trams, there exist
some requirements for the charging processes of Catenary-free
trams, which can be given in the following Lemmas:

Lemma 1: When the battery capacity is large enough, there
exists a sufficient condition for the normal operation of
Catenary-free tram i, i.e.,

Pr{Ei,0 +

Li,n∑
t=1

Pi,t ≥
n∑

n′=1

W̃i,n′} ≥ p̄, ∀i, n, (14)
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where Ei,0 is the initial energy level of the supercapacitor for
Catenary-free tram i.

Proof: When the battery capacity is large enough, the
energy level of the supercapacitor for Catenary-free tram i at
time slot Li,n can be given by

Ei,Li,n = min{Bcap
i , Ei,Ai,n +

Li,n∑
t=Ai,n

(Pi,t −Wi,t)}

= Ei,Ai,n
+

Li,n∑
t=Ai,n

Pi,t,

≥ Ei,0 +

Li,n∑
t=1

Pi,t −
n−1∑
n′=1

W̃i,n′ (15)

where
n−1∑
n′=1

W̃i,n′ =

Li,n∑
t=1

Wi,t, (16)

since Wi,t = 0 when t ∈ [Ai,n, Li,n] and Ei,Ai,n
=

max{0, Ei,Li,n−1
+
∑Ai,n−1
t=Li,n−1

(Pi,t − Wi,t)}. In order to
guarantee the normal operation of Catenary-free tram i, we
have

Pr{Ei,Li,n ≥ W̃i,n} ≥ p̄

=⇒ Pr{Ei,0 +

Li,n∑
t=1

Pi,t −
n−1∑
n′=1

W̃i,n′ ≥ W̃i,n} ≥ p̄

=⇒ Pr{Ei,0 +

Li,n∑
t=1

Pi,t ≥
n∑

n′=1

W̃i,n′} ≥ p̄ (17)

since the energy consumptions, Wi,n,∀n, are independent.
Since the Di,n is assumed to follow a normal distribution

with the mean and variance of (D̄i,n, σ
2) and W̃i,n is an in-

creasing and concave function of Di,n, we have the following
lemma for the charging load as well as its bound:

Lemma 2: In order to ensure the normal operation of the
public transportation system, an upper bound of the charging
loads for Catenary-free tram i at its n-th tram station can be
given by

Li,n∑
t=Ai,n

P̄i,t ≥ W̃i,n(σΦ−1(p̄) + D̄i,n), (18)

where Φ−1(·) denotes the inverse function of the cumulative
distribution function for a standard normal distribution (0, 1),
and Φ(a) = b and Φ−1(b) = a always hold.

Proof: Since Di,n is assumed to follow a normal distribu-
tion with the mean and variance of (D̄i,n, σ

2) and W̃i,n is an
increasing and concave function of the travel duration Di,n,
for Catenary-free tram i at its n-th tram station, we have

Pr{X = W̃i,n(Di,n)} = Pr{Y = Di,n}, (19)

where X is the variable related to the energy consumption
Wi,n and Y is the variable related to the travel duration
Di,n. Thus, for any value of W̃i,n(Di,n), we can find a
unique corresponding Di,n with the similar probability. Let

W̃ ∗i,n be the minimal value that ensures Pr{X ≤ W̃ ∗i,n} ≥ p̄
always holds. Thus, an upper bound of the charging loads for
Catenary-free tram i at its n-th tram station can be given by

Pr{X ≤ W̃ ∗i,n} ≥ p̄

⇒
Li,n∑
t=Ai,n

P̄i,t ≥ W̃i,n(σΦ−1(p̄) + D̄i,n). (20)

It can be found that the upper bound
∑Li,n

t=Ai,n
P̄i,t is an

increasing function of the reliability requirement p̄ and the
travel duration Di,n.

V. A DAY-AHEAD CHARGING SCHEDULING SCHEME

In this section, we will design a day-ahead charging schedul-
ing scheme to request an upper bound for the charging loads
of Catenary-free trams and arrange the charging processes of
Catenary-free trams for each time slot.

Since the upper bound of the charging loads for Catenary-
free tram i is a constraint rather than a constant, the upper
bound of the charging loads for all the Catenary-free trams
can be given by the following theorem.

Theorem 1: There exists an upper bound of the charging
loads from all the Catenary-free trams at time slot t, which
can be given by

P̄ ∗t = min max
P̄i,t

{
I∑
i=1

P̄i,t}. (21)

s.t.
Li,n∑
t=Ai,n

P̄i,t ≥ W̃i,n(σΦ−1(p̄) + D̄i,n), (22)

P̄i,t ≤ Pmax
i,t . (23)

Proof: In order to satisfy the charging requirements of
all the Catenary-free trams, the upper bound P̄t should satisfy
the following constraint:

P̄t ≥
∑
i

Pi,t, (24)

According to Lemma 2, an upper bound of the charging loads
for Catenary-free tram i at its n-th tram station is an increasing
function of Di,t, i.e.,

∑Li,n

t=Ai,n
P̄i,t ≥ W̃i,n(σΦ−1(p̄) + D̄i,n).

Thus, for the charging loads of all the Catenary-free trams,
there exists an upper bound P̄t, which should satisfy

P̄t ≥
I∑
i=1

P̄i,t, (25)

Li,n∑
t=Ai,n

P̄i,t ≥ W̃i,n(σΦ−1(p̄) + D̄i,n). (26)

In addition, the charging loads for each Catenary-free tram
cannot exceed the charging load constraint from the tram
station, i.e., P̄i,t ≤ Pmax

i,t .
Based on these constraints, in order to request an upper

bound for the charging loads on the power system, an upper
bound P̄ ∗t can be given by solving the problem (21).
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By exchanging information between the power system and
the aggregator, the upper bound of the charging loads for
Catenary-free trams can be determined. Then, the aggregator
needs to determine the charging scheduling decisions and then
distributes them to each tram station.

Assuming that all the Catenary-free trams will operate
under the regular operation on time, the day-ahead charging
scheduling scheme can be obtained by solving the following
problem:

P1: min
Pi,t

T∑
t=1

C1(P̃t) +
I∑
i=1

N∑
n=1

(C2(Vi,Li,n
) + C3(Pi,n)),

s.t. Pi,n ≥ p̄ ∀i, n,
Pi,t ≤ Pmax

i,t ∀i, t,∑
i

Pi,t ≤ P̄ ∗t ∀t,

where P̄ ∗t is given by Theorem 1. The objective function
is to minimize the operation cost of the public transporta-
tion system during one operation period. The first constraint
denotes the operation reliability requirement for Catenary-
free trams. The second and third constraints show the upper
bounds of the charging load for each Catenary-free tram and
all the Catenary-free trams, respectively. For this optimization
problem, we have the following properties.

For Problem P1, it can be found that all the constraints are
linear, and we can proof that the objective function is a convex
function of Pi,t as follows:

1) Since C1(P̃t) = a1P̃t+a2(P̃t)
2 is the electricity cost and

P̃t =
∑I
i=1 Pi,t, we have ∂2C1(P̃t)/∂P

2
i,t = 2a2 > 0.

Thus, the first part is a convex function of Pi,t.
2) Since Ei,Li,n

= Ei,Ai,n
+

∑Li,n

t=Ai,n
Pi,t,

Vi,Li,n
=

√
2Ei,Li,n

C and the lifetime-related

cost is C2(Vi,Li,n
) =

CBV
m
i,Li,n

τ0Vm
0

, we have
C2(Vi,Li,n

) = CB

τ0Vm
0

( 2
C )

m
2 (Ei,Li,n

)( m
2 ). Since

m = 3.5, we have ∂C2(Vi,Li,n)/∂Pi,t > 0 and
∂2C2(Vi,Li,n)/∂P 2

i,t > 0. Thus, the second part is an
increasing and convex function of Pi,t.

3) Since W̃i,n, which is an increasing and concave function
of Di,n when the probability is larger than 0.99, has the
similar distribution as Di,n and Pi,n = Pr{Ei,Li,n

≥
W̃i,n} is also an increasing and concave function of
Di,n, (1−Pi,n)CE is a decreasing and convex function
of Ei,Li,n

, which is a linear function of Pi,t. Thus,
C3(Pi,n)) is a decreasing and convex function of Pi,t.

Thus, the objective function is a convex function of Pi,t
and the operation cost minimization problem P1 is a convex
optimization problem, which can be solved by several existing
methods, i.e., fmincon function [29] or CVX toolbox [30]
in Matlab. We omit the details of how to solve this problem.

VI. A REAL-TIME CHARGING SCHEDULING SCHEME

Based on the day-ahead charging scheduling scheme, the
aggregator distributes the charging scheduling decisions to
each tram station. If all the Catenary-free trams arrive at the

tram station on time with the same charging requirement as
the estimated charging requirement, the tram station will carry
out the corresponding charging processes for Catenary-free
trams; otherwise, the tram station needs to report the real-time
charging requirement and the real arrival time to the aggregator
to update the charging scheduling scheme.

Let t̄ denote the current time slot, t′ denote the time slots,
t′ = t̄, t̄ + 1, · · · , t̄ + M ,4 and n′ denote the set of the tram
stations that Catenary-free trams visit in the current or the
following M time slots, respectively. If any Catenary-free tram
does not arrive at its tram station on time or with different
energy level, the following charging scheduling scheme will
be carried out to update the charging scheduling decisions:

P2: min
Pi,t

t̄+M∑
t=t̄

C1(P̃t) +
I∑
i=1

∑
n∈n′

(C2(Vi,Li,n) + C3(Pi,n)),

s.t. Pi,n ≥ p̄, ∀i, n ∈ n′,
Pi,t ≤ Pmax

i,t , ∀i, t′,∑
i

Pi,t ≤ P̄ ∗t . ∀t′,

The objective function relates to the operation cost in the
current and upcoming M time slots and the first constraint
only ensures the normal operation of the public transportation
system at the current and a few tram stations in the future.

It can be found that the main difference between the day-
ahead charging scheduling scheme and the real-time charging
scheduling scheme is the time scale: the day-ahead charg-
ing scheduling scheme considers all the charging processes
for the whole operation period while the real-time charging
scheduling scheme only considers the time slots for the current
time slot and a few future time slots. Thus, the problem P2
can be solved with the similar tools for the problem P1. The
computation complexity for problem P2 can be reduced from
O(T 3/ log(T )) (for problem P1) to O(M3/ log(M)).

The proposed scheduling scheme is sketched as Algorithm
1. In the proposed charging scheduling scheme, the aggregator
needs to collect the system parameters, such as the capacity
of the supercapacitor Bcap

i , the reliability requirement p̄, and
the estimated operation data of Catenary-free trams, including
the initial energy level Ei,0, arrival times Ai,n, departure
times Li,n and energy consumption Wi,t. Then, the aggregator
needs to calculate an upper bound P̄ ∗t by solving Problem
(21) and report to the power system on the result. Based on
P̄ ∗t and the estimated operation data of Catenary-free trams,
the aggregator calculates the day-ahead charging scheduling
decision by solving Problem P1 and distributes the decision to
the tram stations. At each time slot t, according to the real-time
operation information of Catenary-free trams, the aggregator
updates the real-time charging decision by solving Problem P2
and distributes the charging decision Pi,t to the tram stations.
Each tram station executes the charging decision to charge the
supercapacitors, such that the operation cost for Catenary-free
trams can be minimized.

4Where M is a positive constant depends on the performance requirement,
larger value of M results in a higher computation complexity and smaller gap
from the optimal solution.
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Algorithm 1 Optimal real-time charging scheduling scheme
Initialization Ei,0,Wi,t, Ai,n, Li,n, T, p̄, B

cap
i

• Calculate P̄ ∗
t by solving Problem (21);

• Calculate the day-ahead charging decision by solving Problem
P1;

• for t = 1, 2, · · · , T

1) Update Ei,t, Ai,n, Li,n;

2) Calculate the optimal real-time charging decision Pi,t by
solving Problem P2;

3) Distribute the charging decision Pi,t to each tram stations;
end

return Pi,t, C1(P̃t), C2(Vi,Li,n), C3(Pi,n).

VII. PERFORMANCE EVALUATION

The parameters from the Guangzhou Catenary-free tram
system, which consist of 10–12 supercapacitor-powered
Catenary-free trams and a total length of 7.7 kilometers
tracks with 22 tram stations in one round trip, are adopted
in the simulation5. The average travel time between two
tram stations is 4.5 minutes with a standard deviation σ =
1/3 minute. The expected energy consumption is defined
as W̃i,n = 0.74 ∗

√
Di,nkWh. The charging time at each

tram station is 30 seconds and the maximal charging power
is 540kW (900V and 600A) [31]. The regular, highest and
lowest voltage for each supercapacitor module are 2.7V , 2.8V
and 2.3V , respectively. Each Catenary-free tram is fit with
two supercapacitor groups and each group consists of 344
7000F supercapacitors in series. Thus, the battery capacity
is 5.24kWh. We set one time slot as 10 seconds, p̄ = 0.99,
a1 = 0.2, a2 = 0.1, M = 6 time slots, CB = $30, 000, and
CE = $150.

In this section, we shows the simulation results for ten
Catenary-free trams from 11:14am to 11:54am. “Without
scheduling” denotes the charging scheduling scheme, in which
the supercapacitor of Catenary-free trams will be charged to
full when it stays at one tram station with the highest charging
power 540kW , and “Valley Filling” denotes the charging
scheduling scheme, in which the “valley-filling” approach is
used to reduce the peak load on the power system under the
reliability requirement of Catenary-free trams in a real-time
manner [13].

A. Case Study
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Fig. 4. The distribution of charging powers for all the Catenary-free trams.

Fig. 4 shows the distribution of the charging powers for all
the Catenary-free trams from 11:14am to 11:54am. From the

5Simulation settings can be found on page http://web.uvic.ca/∼ymzhang/

simulation results, it can be found that both the proposed real-
time charging scheduling scheme and the existing valley-filling
charging scheduling scheme can reduce the probability of
employing the highest charging power, such that the charging
processes of the Catenary-free trams will be smooth, desirable
for the power system.
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Fig. 5. The distribution of total charging loads from all the Catenary-free
trams on Power system.

Fig. 5 shows the distribution of total charging loads on the
power system. It can be found that both the proposed real-
time charging scheduling scheme and valley-filling charging
scheduling scheme can reduce the probability of employ-
ing high total charging powers and smoothen the charging
power on the power system. Furthermore, the real-time charg-
ing scheduling scheme and valley-filling charging scheduling
scheme achieve the similar total charging loads to each other.
Hence, both of them can reduce the peak load on the power
system in an efficient way.

Fig. 6 shows the operation costs, including the electricity
cost, the battery lifetime-related cost and the expected cost
for the emergency charging services, for the Catenary-free
trams at their tram stations. From Fig. 6(a), it can be seen
that both the real-time charging scheduling scheme and the
existing valley-filling charging scheduling scheme can reduce
the electricity cost since they can reduce the peak load on
the power system in an efficient way. From Fig. 6(b), it can
be found that Catenary-free trams without scheduling have a
higher battery lifetime-related cost since they always charge
the supercapacitor to full, which incurs a shorter lifetime of
the supercapacitors, while Catenary-free trams under the other
two charging scheduling schemes have a lower lifetime-related
cost since they try to keep energy at a lower level to avoid
high peak loads on the power system. Fig. 6(c) shows that
Catenary-free trams under the existing valley-filling charging
scheduling scheme incur the highest expected operation cost
for the emergency charging services. This is because they
always keep the energy in the supercapacitor at a low and
possibly insufficient level, which satisfies the lower bound of
the reliability requirement of the public transportation system
without any margin for schedule variations, to reduce the peak
charging load on the power system. While Catenary-free trams
under the real-time charging scheduling scheme will make a
trade-off between the electricity cost and the reliability-related
cost, and thus the expected operation cost for the emergency
charging services for Catenary-free trams under the real-time
charging scheduling scheme can be greatly reduced.

Fig. 7 shows the total operation cost for Catenary-free trams
at each tram station and Table I shows the total operation cost
for Catenary-free trams under different charging scheduling
schemes during [11:14am, 11:54am]. It can be found that

http://web.uvic.ca/~ymzhang/
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Fig. 6. The operation costs (in $) for Catenary-free trams under the day-ahead, real-time, valley-filling, and without scheduling scheme, respectively: a)
Electricity cost; b) Battery lifetime-related cost; c) Expected emergency cost.
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Fig. 7. Total operation cost of Catenary-free trams.

TABLE I
TOTAL OPERATION COST ($)

Schemes
∑

C1
∑

C2
∑

C3 Total cost Proportion
Day-ahead 114.64 13.71 1.05 129.40 76.1%
Real-time 107.25 13.73 1.19 122.17 71.9%

Valley-filling 107.43 13.14 118.22 238.79 140.5%
Without 119.95 50.01 0 169.96 100%

Catenary-free trams under the proposed real-time charging
scheduling scheme achieve the lowest operation cost and
reduce the total operation cost by about 28% when compared
with the case without scheduling. While the existing valley-
filling charging scheduling scheme produce the highest op-
eration cost due to its high expected operation cost for the
emergency charging services.
B. Relationship between Parameters and Simulation Results

In order to analyze the effects of the considered slots (M ) on
the real-time and valley-filling charging scheduling schemes,
we change the values of M from 5 to 11 and show the
simulation results about the total operation costs and the peak
charging load on the power system in Figs. 8 and 9. From Fig.
8, it is observed that, with the increase of M , both the real-time
charging scheduling scheme and the valley-filling charging
scheduling scheme can reach their near-optimal solutions.
From Fig. 9, it can be seen that, with the increase of M , the
peak charging load on the power system will not be changed,
which means that the peak charging load will not be affected
by the value of M when it is large enough.
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Fig. 8. The effects of M on the total operation cost for Catenary-free trams.
The average computation times for different schemes are

shown in Table II. It can be found that the computation time
is growing with the increase of M and the optimal solution

5 6 7 8 9 10 11
0

720

1440

2160

Value of M

P
e
a
k
 C

h
a
rg

in
g
 l
o
a
d
 (

k
W

)

 

 

Day−ahead
Real−time

Valley−filling
Without−scheduling

Fig. 9. The effects of M on the peak charging load on the power system.

TABLE II
THE COMPUTATION TIMES FOR DIFFERENT SCHEMES

Schemes M = 6 M = 8 M = 10 M = 12
Day-ahead ∼ 4 hours - - - -
Real-time - 0.6 s 1.1 s 1.5 s 2.0 s

Valley-filling - 0.6 s 1.0 s 1.4 s 1.9 s
Without < 0.1 s - - - -

TABLE III
THE DISTRIBUTION OF THE TOTAL OPERATION COST AND THE PEAK LOAD

Schemes Maximal P̄ ∗
t Mean P̄ ∗

t Minimal P̄ ∗
t

Day-ahead - 291 kW -
Real-time 490 kW 377 kW 301 kW

Valley-filling 491 kW 380 kW 301 kW
Without 1350 kW 936 kW 588 kW

- Highest cost ($) Mean cost ($) Lowest cost ($)
Day-ahead - 129.40 -
Real-time 133.34 123.95 115.91

Valley-filling 264.80 241.23 222.50
Without 182.52 172.11 162.91

for the proposed real-time charging scheduling scheme can
be obtained in two seconds with a reasonable M , which is
acceptable for real-time charging scheduling.

In order to explore the efficiency of the proposed algorithm,
we assume that the arrival times obey a normal distribution
(Ai,n, δA) whereAi,n is the expected arrival time and δA = 1
time slot. The distributions of the total operation cost and the
peak charging load are shown in Table III. It can be found
that the real-time charging scheduling scheme can not only
reduce the total operation cost by 28% when compared with
the case without scheduling, but also reduce the peak load
from all the Catenary-free trams. Meanwhile, the scheduler
designed for optimizing the charging of battery-based EVs,
valley-filling, results in a much higher operation cost due to a
higher probability of emergency charging.

VIII. CONCLUSION

In this paper, we addressed the charging scheduling prob-
lem for supercapacitor-based Catenary-free trams. First, we
proposed a charging scheduling framework, in which the
aggregator communicates with the tram stations to collect
Catenary-free trams’ operational information and distributes
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the charging decisions to them, and communicates with the
power system to require an upper bound of the charging loads
during the whole time period. Then, to minimize the operation
cost, we proposed a day-ahead charging scheduling scheme,
which can arrange the charging processes of Catenary-free
trams based on the historical data and report to the power
system on the upper bound of the charging loads. Also, we
proposed a real-time charging scheduling scheme, which can
update the charging decisions according to the real-time oper-
ation information of Catenary-free trams. Using the proposed
solution, the operation costs, including the electricity cost,
the battery lifetime-related cost and the expected cost for the
emergency charging services, can be minimized. Simulation
results demonstrated the efficiency of the proposed charging
scheduling scheme, which can reduce the operation cost of
the tram transportation system and the charging peak load of
the power system significantly, while not affecting the regular
operation of the tram transportation system.

REFERENCES

[1] H. Al-Ezee, S. B. Tennakoon, I. Taylor, and D. Scheidecker. Aspects
of catenary free operation of DC traction systems. In International
Universities Power Engineering Conference (UPEC), pages 1–5, 2015.

[2] Global Mass Transit Report. Catenary-free trams: Technology and recent
developments. http://www.globalmasstransit.net/archive.php?id=15973,
2014.
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