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Synthesis of Cross-Coupled Resonator Filters
Using an Analytical Gradient-Based
Optimization Technique

Smain Amari Member, IEEE

Abstract—We propose a general approach to the synthesis of also used in a recent publication by Cameron [18] to reduce a
cross-coupled resonator filters using an analytical gradient-based potentially full coupling matrix to a folded form; a method of
optimization technique. The gradient of the cost function with re- reducing a full matrix to an arbitrary form is still not known.

spect to changes in the coupling elements between the resc_matorsReceml optimization was also used in synthesizing this type
is determined analytically. The topology of the structure is strictly Y, op y g yp

enforced at each step in the optimization thereby eliminating the Of microwave structure. An interesting approach in which
need for similarity transformations of the coupling matrix. Forthe  the entries of the coupling matrix were used as independent

calculation of group delays, a simple formula is presented in terms  variables was presented in [17]. A simple cost function along

of the coupling matrix. A simple recursion relation for the compu- ity g standard unconstrained gradient optimization technique
tation of the generalized Chebychev filtering functions is derived. d and lent It ted [17

Numerical results demonstrating the excellent performance of the was us_e and excelient results were repor_e [17].

approach are presented. In this paper, we propose a comprehensive theory of the syn-

thesis problem of these structures. We first present a simple re-
cursion formula to determine the low-pass prototype with arbi-
trarily placed transmission zeros. The resulting recursion rela-
tion is much simpler than that given by Cameron [7], [18]. Once
. INTRODUCTION the transmission function is obtained, a coupling matrix which
OUPLED microwave resonators are essential compone&forces a given topology is synthesized by optimization. An-
Cin modern communication systems. Filtering structuredytical expressions for the gradient of the scattering parame-
with increasingly stringent requirements can often be met orf§fs are derived without recourse to the concept of the adjoint
by using cross-coupled resonators to generate finite transnil§iwork which was widely used in optimization and sensitivity

Index Terms—Bandpass filters, elliptic filters, filters, optimiza-
tion methods, resonator filters.

sion zeros. analysis of linear circuits [19].

A general theory of cross-coupled resonator bandpass filters
was developed in the 1970s by Atia and Williams [1]—[3]. Low- |I. COMPUTATION OF LOW-PASS PROTOTYPEFILTERING
order filters, up to four, were solved analytically by Kurzrok FUNCTION

[4], [5] and Williams [6]. The more general theory presented we start from a low-pass prototype in the frequency variable

by Atia and Williams [1] is still widely used in the synthesis,/ where the transmission functiciy, (') is given by
of these types of structures. A slightly different approach was 1

advanced by Cameron in a series of papers [7]-[9]. Cameron |Sa1(w)]? = ———— (1)

also gives a scheme to determine the filtering function with ar- 1+ EFR (W)

bitrarily placed transmission zeros [7]. Once the system fungherec is a constant related to the passband return Ry

tion is obtained the synthesis of the filter proceeds by extractipg— [192/10 _ 1]-1/2, The filtering functionFy («') is given

element values [8] to obtain a coupling matrix. Other excellegy, [7]

techniques were also presented by many researchers, most no-

tably by groups around Rhodes [10]-[15]. The literature on this , N 1 W' —1/wl

subject is too extensive to list here; the reader is referred, e.g.l,:’\’(w ) =cosh | > cosh™H(an) |, @ = 1— ol

to a special issue [16]. n=l )
The theory of Atia and Williams leads to a coupling matritjere, s, = ju7, is the location of thexth transmission zero in

which reproduces the system function to be synthesized b4 complexs-plane [7]. Note thatFy (w' = +1)| = 1 for all

which often includes unwanted or unrealizable couplinggjyes ofV.

elements. Repeated similarity transformations are then useg can be shown that the functidiy («') is a rational function

to cancel the unwanted couplings [1], [9]. Unfortunately, th§hose denominator is given by the prodm;l(l—(w’/w;,))
process does not always converge [17]. The same approach W&SThe functionFy (') can therefore be written as

! !
Manuscript received April 14, 1999. F/\r(w/) = — Py (w ) —_ P (w ) (3)
The author is with the Department of Electrical and Computer Engineering, N W' Dn(w)
University of Victoria, Victoria, B.C. V8W 3P6 Canada. H < _ _/>
Publisher Item Identifier S 0018-9480(00)07403-2. el W

0018-9480/00$10.00 © 2000 IEEE



1560 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUE, VOL. 48, NO. 9, SEPTEMBER 2000

MN IN
M i

>_z

L
L

Fig. 1. Model of a general cross-coupled resonator bandpass filter.

whereDy(w) = Hﬁ:‘;l(l — (v'/wl)). To compute the numer-  Eliminating the quantltysmh(zn‘ L cosh™!(x,)) from
ator Py (w’) a simple recursion relation is established betweehese last two equations and using simple hyperbolic identities,

Py_1 ("), Pv(w") and Py (w'). we get the following recursion relation:
Using the identitycosh(«« &+ ) = cosh(«)cosh(f) £ N2 (1= 1/w2, /2
inh(c) sinh(3), we can write (W) = =Py (W [1= &) TN+
sinh(c) sinh(/3) Priq(w') Py _1(w) <1 w%) A= 122
Pyi1(w’)
o + Py (W) [w’ - /1 + <w’ - 1/ )
<1 - — ) Dy “Nt1 Wi
Wiar ’
A .(1 - 1/‘“1\2’+1)1/2] ©)
= cosh <Z cosh™!(x,,) + cosh™ (.T]\f+1)> (1= 1/w)t?
The polynomialsPy(w, ) and P, (w’) are given by
= sinh <Z cosh™ ) sinh(cosh™ (xn41)) P =1, P()=u — w_ll @
1
N o . . .
-1 From (6) it is obvious thaPx 41 (w’) is a polynomial of degree
+ cosh <z:1 cosh (x")> TN+1 N +1if Py(w') and Py_1(w’) are polynomials of degred

andN — 1, respectively.

I1l. BASIC MODEL AND ITS GOVERNING EQUATIONS

= sinh <Z cosh™* ) sinh(cosh™ (xn41))

Pr(w) (4) We propose to synthesize a network consistingVotou-
Dy pled lossless resonators as shown in Fig. 1. The resonant fre-
. guency of resonataris f; = fo + 6; wheref; is the center fre-
Similarly .
guency of the filter and corresponds to the angular frequepcy
1 W' p , The frequency-independent coupling coefficient between res-
Wl N—1(e) onators: andj is denoted byM;; = Mj;. A voltage source
DN of internal resistancé?; and of magnitude equal to unity ex-
cites the structure at resonator 1. The load at the output is a
— cosh Z cosh™! —cosh™H(zn) resistorRs cqnnected to resonatd¥. The normalized angular
frequencyw’ is related towg and the bandwidtihw by o' =

+zN+1

(wo/Aw)((w/wo) — (wo/w)). For narrow-band filters, the shift
= —sinh <Z cosh ™! ) sinh(cosh *(zn)) in the resonant frequencies of the resonators is absorbed in fre-
guency-indepedent diagonal elements of the coupling matrix

N [M].
+ cosh <Z COSh_l(%)) TN In the remainder of the paper, we sgt = 1 andAw = 1;
n=1 these quantities act as scaling factors on the network parameters
[1, footnote, p. 34]. Following the analysis in [1], the loop cur-
= —sinh <Z cosh™" ) sinh(cosh™" (z)) rents, which are grouped in the vec{d}, are governed by the

following matrix equation:
Py (w')

Dy ® WU -jrR+ M= A=, P=-1 @®)

+xN
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Here, [I/] is the identity matrix,R is a matrix whose only +1)| = (¢/(v/1 + €?)). Consequently, the following cost func-
nonzero entries ar&;; = R; andRyy = R, andM is a tion is used in this work:

symmetric square coupling matrix. The excitation vedtpiis N P

given by[e]' = [L, 0,0, ---, 0] wheret is the transposition K= [Su(l)? + Y |Sa(wp)l?

operator. The discussion of the limitations of this model to i1 py

narrow-band filters is well presented in [1] and is not repeated ¢ 2
here. + <|511(w’ =-1)| - 72>
From (8), we see that the vector curréfitis given by the Vite 3
formal solution " ‘
+ 1S =l)|-—1 . 12
(Isuw =vi- ==) . @
[1] = —j[A7][e]. (9  Here,w/, andw,, are the zeros and poles of the filtering func-

_ _ _ _ _ tion Iy, respectively. It is assumed théf; hasl” poles andV
Using this equation, the scattering parameters are given by zeros.
Except for the last two terms, this cost function is identical
i -1 . . . . L

So1 =2y BiRyly = =2j\/ Ralp[A7 v (10) 10 that given in [17]. However, this seemingly trivial difference
and allows us to use the analytical gradient of the cost function.

Si1=1-2RL =1+2jR[A™ 1. (11)

V. GRADIENT CALCULATION

At this point, the synthesis problem can be formulated simply: ¢ yis work, the entries of the coupling matrix will be used

determine the coupling matr/] and the resistor; and®; 55 jndependent variables in the optimization process. The same
such that the scattering parameters given by (12) and (13) reptgs54ch was used in [17]. To make the process more efficient,
duce the insertion and return loss given by the prototype. o, the values of the error function and its gradient are used.
We propose to solve this problem by optimization for the fol- \we first note that the gradient of the error function with
lowing reasons. respect to an independent variablénvolves the derivatives

1) We can strictly enforce the desired topology; this elimi(-(a|511|)/ax) and((9]S.1|)/dx). It can be shown that [22]
nates the need for similarity transformations.

2) We can synthesize both symmetric and asymmetric re- 9|Su] - Re {|511| ‘9511} (13)
sponses. If the structure is symmetric, this information dz S Oz
can be used to reduce the numerical effort. with a similar expression fas; .

3) We can synthesize filters of arbitrary even or odd orders. Using the expressions f ; andS»; in terms of the coupling

4) We can constrain specific coupling elements to be ofrgatrix [equations (10) and (11)] we get
given sign or within a magnitude range if the intended

implementation calls for such a constraint. 951 _ _231%, z# R, (14)
5) The resulting solution, if one is obtained, is not affected dz dz

by the problem of round off errors which plagues extra@” a5 Y.

tion methods. 832:1 =2y R Ry 8_31:\" T # Ry, Ry. (15)

6) If an exact solution is not found, an approximate one o o
which maybe acceptable, is always given. This happeh@ calculate these derivatives, we take the derivative of the ma-

when the desired prototype response is not within thEx equationl] = —j[A~][¢] to get
range of the chosen topology. ol 9rA-1 Ile 9rA-1
7) We could formulate the problem as a set of nonlinearJ = —j%[@] —J'[A*l]% =-J [837 ][@]- (16)

equations similarly to the technique presented by Orchard ) ] ]
[20], for example. It is, however, much easier to find Jhe last term is zero sinde] is a constant vector. Here, the

minimum than a zero when the number of variables Rerivative of a matrix is a matrix whose entries are the deriva-
large [21, p. 272]. tives of the corresponding entries in the original matrix.

Taking the derivative of the identitja][A~*] = [U/], where
[U] is the identity matrix, we get

IV. COST FUNCTION oA™Y J[A]

Keeping in mind that the filtering functions under consider- Ox Jz
ation, generalized Chebychev prototypes, are rational functiaDsmbining equations (16) and (17), we get
of frequency; they are uniquely specified by the location of their
poles and zeros and an additional scaling constant. Since the @ :j[A—l]%[A—l][e]. (18)
zeros of the filtering function are identical to thosesf and I I
its poles coincide with the zeros ¢k, the original analytic Let us define the topology matr[¥] of the network byP;; = 1
structure is recovered from the vanishingsf andS,; atthe if M;; # 0 andP;; = 0 if M;; = 0. The topology of the
corresponding frequency points. To determine the scaling caretwork can be specified beforehand and will be enforced at
stant, we evaluate the return loss.at= +1 to get|S;;(w’ = each step in the optimization.

—[AT S AT, 17
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When the generic variableis replaced by a generic element

of the coupling matrixM,,, = My, in (18) which is then used
in equations (14) and (15), we get the simple results
50
as . _ -
= 4] Ry Py [A7 ] [A7 (19)
M,
40
and
9521 :
qu = 2] RlRQPp,I

) ([Ail]Np[Ail]ql + [Ail]Nq[Ail]pl) - (20)

Insertion and Return loss (dB)
w
=1

n
o

Here, the symmetry of the matricg$] and[A~!] was used. The
gradient of the scattering parameters with respect to the diago
elements of the coupling matrix is obtained from the previot "
expressions by simply setting = ¢ and dividing by a factor

of two. The factor of two accounts for the fact that the diagoni -
elements of a symmetric matrix occur only once whereas o - normalized frequency
diagonal elements occur twice. Thus @
a

aSll _ . 1 1

oM, =2 R Ppp[A | [A ] (21) . ‘ ‘
and

as . _ _

8]\421 =2jV RiRa P [A™  np[A7 (22) 5

pp

Although the values of the terminatioiy and R, can be de- 4
termined from the theory of Atia and Williams [1], we prefer tc
determine them along with the coupling coefficients using opt
mization.

Let us assume that the ratio of the two resistors is specifi
asR; = rR;. The resistorR; will be used as an independent 2
variable. The computation of the gradient®f, andSs; with
respect toR; follows the discussion above; we only give the
final result as

0511

group delay
w

aRl - 2j [A_l]ll + 2R1 94 _é _é _1‘ normalizeél)frequency 1‘ é é ¢
(AT A AT v AT ) (23)
and Q)
a8 ) _ . ) s .
aR211 _ —2j\/;[z4 1]N1 + 2R1\/; Fig. 2. Response of filter 1: (a) insertion and return loss and (b) group delay.
(A v A i +r[A v A ) - Following similar steps to those in the previous section and

(24) using the fact that the derivative of the matfi&] with respect

to«’ is equal to the identity matrix, we get the equation
Expressions of the logarithmic derivatives of the transmission

coefficient of multicoupled cavity filters were also given in [23] Z[A,l] (A1
without derivation. The derivation presented here is more gen- e Nk kL
eral and can be used even in cases where the adjoint network Ty = 1M | = . (26)

—1 .
method is not applicable [24]. [A7 ]
VI. COMPUTATION OF GROUP DELAY
It can be shown that the group detayis given by [22] VII. NUMERICAL RESULTS
1 39Sy The theory presented here is first applied to the synthesis of
79 = —| Sy 0w’ | (25) an equally terminated fourth-order filter with two transmission

zeros at’ = £1.81 and a passband return loss of 20 dB (filter
Recall that.’ is a normalized and transformed frequency vart).
able; the actual value of the group delay should take this trans-The network used involves direct coupling of each resonator
formation into consideration. ¢ to ¢ + 1 but only resonators 1 and 4 are cross-coupled with
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Fig. 4. Response of filter 3: (a) insertion and return loss and (b) group delay.
Fig. 3. Response of filter 2: (a) insertion and return loss and (b) group delay.

normalized frequency

_ . L introduce cross couplings between resonators 1 and 6, and 2
a couplmg co_efﬂmenMM = M. The mmgl guess Of_ the ang 5; the remaining resonators are coupled only to their nearest
coupling matrix corresponds to setting all direct couplings tr‘?eighbors.

0.5; all the remammg entries to zero_aqu = R, - L. ) The starting guess corresponds to all cross couplings;

The nonzero entries of the obtained coupling matrix argnqxy,;) set to zero, all direct couplings to 0.5, and the termina-
Mo = M3y = 08577, Ma3 = 0.7856, My = —0.2174, tions R; = Ry to unity and constrained to positive values in the
andR; = R, = 1.0442. The insertion and return loss of thegptimization routine. The insertion and return loss of the syn-
synthesized filter are shO\_/vn_ in Fig._ 2(a). These are _identicalﬂq)esized filter are shown in Fig. 3(a) along with the prototype;
those of the prototype within plotting accuracy. This demoRpe two coincide within plotting accuracy. The group delay of
strates the accuracy of the approach. the filter was also computed and its shown in Fig. 3(a). It agrees

The group delay was also computed using equation (26) apfih that computed directly from the prototype response func-
is shown in Fig. 2(b). Note that this is not the actual group delayn. The nonzero entries of the coupling matrix dtgg =
as the normalized frequency was used in its computation. Thg, = 0.8298, M,; = M = 0.5789, M3, = 0.7060,
two are related by a simple frequency transformation [15]. The,. = —0.1658, M1 = 0.01938, andR; = Ry = 0.990.
calculated group delay agrees very well with that determingghe minimum value of the cost function is zero (machine accu-
directly from the prototype. racy) for both filters.

The next example is an equally terminated sixth-order filter Finally, to show performance of the approach in synthesizing
with four transmission zeros locatedwt = +£1.592692 and filters with asymmetrically located transmission zeros, we con-
+2.132335. The passband return loss is 20 dB (filter 2). Weider a fifth-order filter with two transmission zerosat =
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—2.452692 andw’ = —1.432335 and a passband return loss [g]
of 20 dB (filter 3). The starting guess consists of all direct cou-
plings set to 0.5, the terminations to unity, and all the remaining
entries of the coupling matrix to zero. Resonator 1 is coupled to
3 which is also coupled to resonator 5. The nonzero entries ¢t0l

the calculated coupling matrix are as followd;; = —0.0469,
Moy = 0.2742, Maz = —0.1422, My, = 0.5817, M5 =
—0.0469, Mys = 0.8373, Moz = 0.6059, M3, = 0.5149,
My = 0.7435, M3 = —0.2328, M3; = —0.4500 ande =

Ry = 1.0291. The corresponding return and insertion loss arg13]
shown in Fig. 4(a). Both the response of the prototype as com-
puted from (6) and that calculated directly from the coupling
matrix are superimposed. The excellent agreement between t
two, the difference is not visible in the figure, shows the ac-
curacy of the synthesis approach. The group delay of the syrg%s]
thesized filter was also computed from (26) and is shown in
Fig. 4(b). It agrees very well with that computed directly from

the response of the prototype.

VIII. CONCLUSIONS

A theory for the synthesis of cross-coupled resonator filterg18]
was presented. The coupling matrix required to reproduce a
given prototype response function is synthesized by gradientzo)
based optimization. Analytical expressions of the gradient of the
cost function as well as a formula for the group delay were del?°
rived. Numerical results obtained from this new approach agreg1]

well with those of the prototypes.
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