
 Mathematical morphology 
Required readings:  
  Sonka 13.1, 13.3 
  Watershed Transform section (Gonzalez and Woods, 
excerpt posted on the web site) 



  The analysis of signals and images based on 
shape (Morphology = “study of shape”) 

   Uses a set-theoretic approach to modify 
shapes based on local operators 
 Many operations are similar to convolution 
but using set operations 
 Morphological approaches are useful for: 
◦  Preprocessing 
◦  Postprocessing 
◦  Segmentation 
◦  Feature extraction (shape descriptors) 



 A the image (“on” pixels) 
 Ac the complement of the image (inverse) 
 A∪B the union of images A and B 
 A ∩ B the intersection of images A and B 
 A - B the difference between A and B (the 
pixels in A that aren’t in B) 
 #A the cardinality of A (area of the object) 



 The image A translated by movement 
vector t is 

At = {c | c = a + t for some a in A} 
 pick up each pixel in A and move it by the 

movement vector t 
  In common morphological applications, t is 

a unit vector directed towards N, S, E, W 



  Consider an image A and a structuring element 
B, both defined mathematically as sets. 

  Dilation of image A by structuring element B is 
defined as 

  We can also express dilation via translation   

€ 

A ⊗ B = c | c = a + b for some a in A and b in B{ }

  

€ 

A ⊕ B = At
t∈B
 = Bt

t∈A

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 Dilation is associative and commutative 

 Dilation with a large SE can be 
implemented via iterative dilations with a 
small SE 

 What SE corresponds a dilation 
equivalent to two iterations of a 5 point, 
cross-shaped elementary SE? 



  Erosion of image A by structuring element B 
is defined as 

  Intuitively, the result of erosion is 
“everywhere where the structuring element 
B fist completely inside shape A” 

  In terms of translation, the erosion can be 
defined as 

  

€ 

AΘB = x| x + b∈ A for every b in B{ }

  

€ 

AΘB = A−t
t∈B

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 Not commutative 
 Not associative 



  Dual operations are ones that can be defined in terms 
of each other. Duals are not inverse operations 

  Dilation and erosion are dual operations: 

  Intuitively, dilating the foreground is the same as eroding 
the background with a ‘flipped’ structuring element 



  Can find all of the boundary pixels by dilating the 
object and subtracting the original: 

where B is a 3X3 structuring element containing all 1s 

  Or by eroding the original and subtracting that from 
the original: 
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  erosion followed by dilation 

  Why dilate after erosion? 
  erosion finds all the places where the structuring element fits 

inside the shape; it only marks these positions at the origin of 
the element. 

  with a dilation, we “fill back in” the full structuring element 
    at places where the element fits inside the object. 
  So, an opening is the union of all translated copies of the 

structuring element that can fit inside the object. 
  Openings can be used to remove small objects, protrusions 
    from objects, and connections between objects. 
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 Dilation followed by erosion 

  closing fills in all places where the 
structuring element will not fit in the 
image background. 

 Used to remove small holes, gaps, etc. 
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  Opening and closing are also duals: 

  Intuitively, opening to remove small foreground 
objects is equivalent to closing small holes in 
the background 

  Idempotence : nothing changes after the first 
application 



  Can be considered as the morphological equivalent 
of template matching (in binary images) 

  Needs two structuring elements: one that must ‘hit’, 
the other that must ‘miss’ 

   Example: detection of an upper right corner 
    J (hit) finds points with connected left and lower 

neighbors 
  K (miss) finds points without upper, upper right 
and right neighbors 





BW2 = bwhitmiss(BW1,SE1,SE2) 



 A skeleton is an object representation 
that is: 

  Single-pixel thin 
 Lies in the “middle” of the object 
 Preserves the topology of the object 





  Design hit-and-miss operators that find 
   boundary points that can safely be removed 

without breaking the object in two 
   Apply recursively to strip layer by layer from 

the exterior of the shape until convergence 
  Structuring elements (plus other four 
  rotations) 





 Main idea: consider a gray-level image as a 
topographic surface 
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In the topographic interpretation, we consider three types 
of points: 

  a) points belonging to a regional minimum 
  b) points at which a drop of water would fall with 

certainty towards a single minimum (catchment 
basin) 

  c) points at which water would be equally likely to fall 
to more than one minimum (watershed lines)  

Our goal: to find the watershed lines 












