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6.1. We proceed by obtaining the transfer functions for each of the networks. For network 1,
Y (z) = 2rcos8z7 1Y (2) — r2272Y (2) + X (2)
or
Y(2) 1
X(z)  1-2rcosfz—! +r2z-2
For network 2, define W(z) as in the figure below:

Hl(Z) =

W(z)

rcosf
—rsiné 1

y Trsiné

y[n]

then
W(z) = X(z) —rsinfz71Y (z) + rcos 027 W (z)

and
Y(z) = rsin@z7 W (z) + rcos8271Y(2)
Eliminate W (z) to get
Y(z) rsinfz~!
X(z)  1—2rcosfz=1+r2z-2

Hence the two networks have the same poles.

Hy(z) =
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6.3.
2+ i—z‘l

H(z)= ——F—5—
(=) 141271 - 322

System (d) is recognizable as a transposed direct form II implementation of H(z).
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6.4. (a) From the flow graph, we have:

Y(z) = 2X(2) + (i—X(z) - %Y(z) + %Y(z)z‘l)z_l

That is: 1 3 1
21 _ 9 2y _ 2
Y(z)(1+4z e ) X(z)(2+4z )

The system function is thus given by:

_Y() 24327
T X(2) T 1+i21-37

H(z)

(b) To get the difference equation, we just inverse Z—transform the equation in a. We get:

y[n] + zll-‘y[n -1] - gy[n - 2] =2z[n] + i—a:[n -1].
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6.5. The flow graph for this system is drawn below.

y[n]

(a)
win] = z[n] + 3w[n — 1] + wn — 2]
yln] = wn] +yln — 1] + 2y[n - 2]
(b)
W(z) = X(2) + 327 W (z) + 2 2W(2)
Y(z) = W(2) + 27'Y (2) + 2z72Y (2)
So

Y(2)
X(2)

H(z)

1
(1—2"1-22"2)(1-32"1—272)
1
1—-4z"1 47273 +22-¢°

(c) Adds and multiplies are circled above: 4 real adds and 2 real multiplies per output point.

(d) It is not possible to reduce the number of storage registers. Note that implementing H(z) above
in the canonical direct form II (minimum storage registers) also requires 4 registers.

399




Ch06.gxd 9/23/09 12:17 AM Page 400 $

© 2010 by Oppenheim. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ.
All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this
material may be reproduced, in any form or by any means, without permission in writing from the publisher.

6.6. The impulse responses of each system are shown below.
4 4
3 3
1 1 1 1
(2) ! ! (b) ? ?
0 l ! 0 l l
-1 -1
-2 -2
3 3 3
2 2 2 2
11 1 1
(@ T e T @ T T T ?
o ¢ & 0 4 &
-1 -1 -1 -1
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6.7. We have

14272
H(z) = —4——.
@) 1- %z‘z
Therefore the direct form II is given by:
-1/4
zln] ¢—» > o yln]

z—-l

1/4
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6.8. By looking at the graph, we get:

y[n] = 2y[n — 2] + 3z[n — 1] + z[n — 2.
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6.9. The signal flow graph for the system is:

z[n] ¢—s

Y

(a) First we need to determine the transfer function. We have

w1 [n]
wz(n]
ws|n]
wy[n]

y[n]

z[n] — w3[n] + dwyn — 1]
ws [n]

wan — 1]

21U3 [n]

wa[n] + z[n — 1] + wq[n].

Taking the Z—transform of the above equations, rearranging and substituting terms, we get:

H(z)

The difference equation is thus given by:

1432714272878

1+2"1—-82-2

y[n] + y[n — 1] - 8y[n — 2] = z[n] + 3z[n — 1] + z[n — 2] — 8z[n - 3].

The impulse response is the response to an impulse, therefore:

hn] + h[n — 1] — 8h[n — 2] = 8[n] + 36[n — 1] + 8n — 2] — 86[n — 3].

From the above equation, we have:

(b) From part (a) we have:

hl0] =1
h[1} =3 - h[0] = 2.

y[n] +y[n — 1] — 8y[n - 2] = z[n] + 3z[n — 1] + z[n — 2] — 8z[n — 3].
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6.10.

(2)

wl = gyl + 2]

v[n] —;-y[n] + 2z[n] + w[n — 1]

y[n] v[n — 1] + z(n].

(b) Using the Z—transform of the difference equations in part (a), we get the transfer function:

_Y(z) 1422714272

H(z) = X(z)  1- %z'l - %z‘z'

We can rewrite it as :

1+ hHa+zY)
- 1+ %z‘l)(l —z-1)

H(z)

We thus get the following cascade form:

TETT

~1/2

(c) The system function has poles at z = —% and z = 1. Since the second pole is on the unit circle,

the system is not stable.
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6.11. (a) H(z) can be rewritten as:

H(z) =

271 — 627248273

-1

We thus get the following direct from II flow graph :

z[n]

z—1

o——o¥[n]

(b) To get the transposed form, we just reverse the arrows and exchange the input and the ouput. The

graph can then be redrawn as:

z[n] g@—p—8g - - oy[n]
L 4 -1
O— <

1/2

Y “z—l

—6
*——0
1 Arz_l

8
*—r
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6.12. We define the intermediate variables w;[n], we[n] and ws[n] as follows:

-1 wi[n] 2
z[n] ¢—»n > il ]> —oyn]
2 -1
ws[n] ws(n]
We thus have the following relationships:

wiln] = —z[n] +w[n] + ws[n]

we[n] = z[n — 1] + 2ws[n]

win] = waln—1]+yn-1]

y[n] = 2wi[n].
Z —transforming the above equations and rearranging and grouping terms, we get:

Y(z) —-2+6z2"1+2272
XG) - 1-81

H(z) =
Taking the inverse Z —transform, we get the following difference equation:

y[n] — 8y[n — 1] = —2z[n] + 6z(n — 1] + 2z[n — 2].
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6.13.

The direct form I implementation is:

= o y[n]

z[n] @—>——@—» T >

[ ] ®

27ty §

*—>r———0
172

407
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6.14.

1+ 2271+ 1272
= 1EE L

l,-1_1,-2"
3% 52

The direct form II implementation is:

1/2 5/6

=
I N
(=1
S~
(=2}
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6.15.
7 - 1 _—
1- -G-Z 1 + EZ 2

H = .
(2) 14271+ 1272

To get the transposed direct form II implementation, we first get the direct form II:

z[n] @ @— o—> > o y[nl

'\ J'Z_l 4
-1 ~7/6
[ < o—> . ]
4 {'2_1 A
-1/2 1/6
[ +—Q—> L J

Now, we reverse the arrows and exchange the role of the input and the ouput to get the transposed
direct form II:

z[n] @—s— @—> ? - —> o y[n]

Y nz_l [
-7/6 -1
*— ——<—@
Y “Z-l ¥

1/6 -1/2
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6.16. (a) We just reverse the arrows and reverse the role of the input and the output, we get:

:z:[n] @ - — @ > *—> o—> 'y[n]

A 271 4

-2
¢

’

4 z7ly 4

1/4 3
- < L 4 > L )

(b) The original system is the cascade of two transposed direct form II structures, therefore the system

function is given by:
1-2z71 43272 1 _
H) = (—F—1 )1-32 b.

2
The transposed graph, on the other hand, is the cascade of two direct form II structures, therefore
the system function is given by:

1

R e

~1,-2
1-3z

).

This confirms that both graphs have the same system function H(z).
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6.17.

H(z)=1- %z“l + %z"z + 273

(a) Direct form implementation of this system:

51 21 21
z[n] @—s > > >—

-1/3 1/6

- > > > P

(b) Transposed direct form implementation of the system:

271 27! z7!
> > > > @ y[n]
1/6 -1/3
:L'[n] [ > > > >
411
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6.18. The flow graph is just a cascade of two transposed direct form II structures, the system function is
thus given by:

1+ 3271 - 3272 1

&) = ()

).

1—az1

Which can be rewritten as:

_ (@+22hHa-27Y)
1O = -G -ary

In order to implement this system function with a second-order direct form II signal flow graph, a
pole-zero cancellation has to occur, this happens if a = §, a=-2o0ra=0.Ifa= %, the overall system
function is: A
+ 2z~
H(z)= —7F—————.
(2) 1+ i—z"‘ - %z‘z
If a = -2, the overall system function is:

1-2z-1
Hz) = — 3.
2 1+ 4271 - 3272
And finally if a = 0, the overall system function is:
1+2271)(1 - 2271
1+ ZZ‘I - §z°2
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6.19. Using partial fraction expansion, the system function can be rewritten as:
-8 1

+ +9
1-1z-1 142271

H(z) =

Now we can draw the flow graph that implements this system as a parallel combination of first-order
transposed direct form II sections:

9
@ > ]
A 4
' 3
I ° i
TN o— O— > > T = L U
z—l
1/3
V
’
*—> >~ - ®
21
—2/3
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H(z) =

6.20. The transfer function can be rewritten as:

(1+2z71+327%)

(1+31z2)(1-32"1+272)

which can be implemented as the following cascade of second-order transposed direct form II sections:

z[n] o > ————9— T *—» o—— o]

M z 4] E' 1

2
¢ o Y 5/2
Y 271 —141 Y

5/4 ~1/4 -1
[ 4 > \ 4 < g
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