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3.1. (a)
1 n o0 1 n [> ] 1 n 1
JORS RSB Sl e S
2 n=0 2 n=0 2z 1 ;Z_l 2
(b)
1 n -1 1 n e
2[-(3) wenn] = - 2 () - g
n=-o00 n=1
_ 22 1 2] < L
T TI-2 1-L PIS3
(c)
1 n 0 1 1
Zll = — = 22)t = —— -
[(2) u n]] Y =15 k<3
n=--oo
(d)
Z[[n))=2"=1 all z
(e)
Z[n-1]] =21 |z| >0
(f)
Zn+ 1)) =2 0<|z| < o0
(8)
1\" 2 /1\" 1-(22)°10
Zl=z] (un]-un-10)} = — ) =
((3) wi-ve-w] =3 (2) =527 koo
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3.2.
n, 0<n<N-1
z[n] = { N, N_Snn— =nu[n] — (n — N)u[n — N]
nzn] & —z-iX(z) = n ufn] & —zg-————— l2| > 1
dz wm dz1-z1 #
21
n u{n] = m IZI >1
—n z—N—l
z[n—no] < X(Z)'Z °=>(n—-N)u[n—N]¢>m IZ|>1
therefore . N1 o N
X(z):z -z _z (1—-_z )
(1-271)2 1-271)2
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3.3. (a)
z,[n] = ol 0<l|al <1
-1 oo
X.(2) = Z a "z 4 Za"z'"
n=-00 n=0
oo o0
= Za”z" + Za"z‘"
n=1 n=0
e 1 . z(1-a?) Il < |2] < 1
T 1l-az l-az! (1-az)(z-a)’ 1]
Xt{Z)
N-1
poles pole zero
_a— cancel
)f T
N roots of 1
(b)
1, OSHSN—‘l N-1 1—2-N N1
=4 0, N<n = Xp(2) = z7 "= = z#0
’ 0, n<0 o) ;, 1-z7t 2N-1(z-1)
(c)

ze[n] = zpn — 1] * zp[n] & Xo(2) = 271 Xp(2) - Xb(2)

N 2 N 2
4 2V —1 _ 1 z¥ -1
X (2) == (zN"l(z— 1)) = N1 ( = ) z2#0,1

z

pole zero
\ _a—cancel
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3.4. The pole-zero plot of X (z) appears below.

X(z)
unit circle
N AV N
7\ /\ /\
-1 1/3 2 3

(a) For the Fourier transform of z[n] to exist, the z-transform of z[n] must have an ROC which includes
the unit circle, therefore, || < |z| < |2[.
Since this ROC lies outside %, this pole contributes a right-sided sequence. Since the ROC lies
inside 2 and 3, these poles contribute left-sided sequences. The overall z[n] is therefore two-sided.

(b) Two-sided sequences have ROC’s which look like washers. There are two possibilities. The ROC’s
corresponding to these are: |}| < |2] < [2] and |2| < |z < [3].

(c) The ROC must be a connected region. For stability, the ROC must contain the unit circle. For
causality the ROC must be outside the outermost pole. These conditions cannot be met by any of
the possible ROC’s of this pole-zero plot.
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3.5.
X(z) = (Q+22)(1+327"H)(1-2z7Y
= 22+5-4z"1-3272
o0
= z z[n]z™"
n=-00
Therefore,

z[n] = 28[n + 1] + 56[n] — 46[n — 1] — 34[n — 2]
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3.6. (a)
X |z| > !
= —— z =
(2) 1+ 327! 2
Partial fractions: one pole — inspection, z[n] = (—3)"u[n]
Long division:
1 -1zt 41272 + ...
1+ %z"l 1
1 + 3271
— %z"l
_ %z-1 _ %z—z
+ 3z72
+ %z"z + %z‘a
1 n
——1 z[n] = (—-5) u[n]
(b)
X(3) = 1= k<3
Z) = VA —_
1+ 3271 2
Partial Fractions: one pole — inspection, z[n] = —(—3)"u[-n — 1]
Long division:
2z — 422 +823% + .
1i-1
1 +2z
- 2z
-2z —42°
+ 42°
+ 422+ 828
1 n
— sfn) = - (—3) w-n-1)
(c)
1-1271 1
X(z)= ——2—+— |z|> =
=it F>a
Partial Fractions:
-3 4 1
X(z) = zl > =
() 141271 1+ 1271 21> 3
1 n 1 n
zn] = |-3|—=) +4{—= uln
W = (=) +4(-3) o
Long division:
1 +(-3-§2 4 A+ *
143143072 1 myw
1 + 3271 + 3272
F-pe -1
- 3 - 1 3 1y, -
(-3  +3(-3-3)2% +5(-§-3)"°
- 3 -
RGP 3G P
1 n 1 n—2
= zn]=[-3({ - ) +|{—-3 uln
w=|-3(-3) +(-3) |
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(d)

Partial Fractions:

X(2)

z[n]

Long division: see part (i) above.

(e)

Partial Fractions:
X(2)

1-3z71 1
X(Z)— l_i_z_,z Izl> 2
- 1,71 1 1
= = > =
T T Ir LT 17
n
1—az™! -1
X(z)=—— Izl >la7|
a”'(1-a -1
s A

z[n] = —ad[n] — (1 — a®)a~("+Vy[n]

Long division:

L e et
—a+z71 | 1 - az!
1 —az™?!
(@t —a)z?
= z[n] = —adfn] — (1 — a®)a~"+y[n]
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3.7. (a)
z[n] = u[-n—-1] + (%) ufn]
-1 1 1
=> X(z):l_z__1+1_%z_1 §<|z|<1
Now to find H(z) we simply use H(z) =Y (z)/X(z); i.e.,
_Y(z) _ -1, 1-z"hHa-1Ltz"h _1- z~!
H(z) = X(z) (- %z—i)(l 27 1) —3z71 * T 1+z71

H(z) causal = ROC |z| > 1.

(b) Since one of the poles of X(z), which limited the ROC of X(z) to be less than 1, is cancelled by
the zero of H(z), the ROC of Y (2) is the region in the z-plane that satisfies the remaining two
constraints |z| > % and |z| > 1. Hence Y (z) converges on |z| > 1.

(c)

-1

1

3 3
1

Ti,17 7 +2z1 It >

Y(z)= T
2

Therefore, .
il =3 (3) ol + 3(-1aln
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3.8. The causal system has system function

1-2z71

H(z)= ———
() 1+ 32-1

and the input is z[n] = (-;—)n u[n] + u[—n — 1]. Therefore the z-transform of the input is

1 1 —-3271 1
= - = =<zl <1
X(z) 1-— %z—-l 1-—- z—-l (1 _ ‘;‘Z—l)(l — Z_l) 3 Izl

(a) h[n] causal =

(b)
_%z"l 3
Y(z) = X(2)H(z)= -1z +3270) 1< ¥l
8 8
= __13 13

Therefore the output is

il =2 (3) wiml+ 5 (-2) ut

(c) For h[n] to be causal the ROC of H(z) must be 2 < |z| which includes the unit circle. Therefore,
h[n] absolutely summable.
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3.9.

1+2z7! _ 2 _ 1
(1- %z‘l)(l + -}z“l) 1- %z—l) 1+ %z—l)

H(z) =

(a) h[n] causal = ROC outside |z| = ; = |z| > 3.
(b) ROC includes |z| =1 = stable.

(c)
sl = -3 (‘z) ulrl = 5(@)"sl=n 1]
-1 s
Y(z) = 1+ lsz—l 1- ;Z_l
1+271 1
= UrLha-2mH a° Il <2
—1,-1
o = -0 s
o] = @) ul-n—1]+ 3@ ul-n]
(d)

h[n] = (%)nu[n] - (—%)nu[n]
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3.10.

(a)

z[n]

( )nu[n -10]+ (%)nu[n - 10]
( )nu[n] + (-z-)nu[n]
(AR e——

The last term is finite length and converges everywhere except at z = 0.
Therefore, ROC outside largest pole 3 < |z|.

DN = N =

(b)

m={ L —10<n<10
T =1 0, otherwise

Finite length but has positive and negative powers at z in its X (z). Therefore the ROC is 0 <

|z] < co.
(c)
z[n] = 2"u[—n]=(—;-)~ u[—n]
z[-n] <« X(1/2)
(%) ulr] = ROCis |z]>%
(%)-nu[—n] =~ ROCis |o<2
(d)

aln] = [(ﬁ)m - (ef"/f‘)"] ufn—1J

z[n] is right-sided, so its ROC extends outward from the outermost pole e’*/3. But since it is
non-zero at n = —1, the ROC does not include co. So the ROC is 1 < |z]| < o0.

(e)

u[n + 10] — u[n + 5]
1, -10<n< -6
0, otherwise

z[n]

z[n] is finite-length and has only positive powers of z in its X(z). So the ROC is |2| < o0.

(f)

aln] = (%) " ] + @+ 3)Pulen— 1]

z[n] is two-sided, with two poles. Its ROC is the ring between the two poles: } < |z| < lz—jgg l, or

1 1
3 < |z| < 7
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3.11.

oo

z[n] causal = X(z) = z z[n]z~"

n=0

which means this summation will include no positive powers of z. This means that the closed form of
X (z) must converge at z = o, i.e., z = co must be in the ROC of X (z), or lim,_,. X (2) # oo.

(a)

(1-271)2
z—)mm =1 could be causal
(b)
_ 12
lim (2 11) =00 could not be causal
Z—00 (z —_ 5)
()
(z-32° _
L Ny =0 could be causal
(d)
. (z-3)°
lim ——3= =00 could not be causal
z=00 (2 — 5)5
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3.12.

(a)

(b)

1-1z1
@) = g

The pole is at -2, and the zero is at 1/2.

1-1z7t

(1+1z-1)(1- 2271

The poles are at -1/2 and 2/3, and the zero is at 1/3. Since z2[n] is causal, the ROC is extends
from the outermost pole: |z| > 2/3.

Ak

14271 -22"2
Xa(2) = 1- 1—53-2‘1 +2z-2

Xz(z) =

The poles are at 3/2 and 2/3, and the zeros are at 1 and -2. Since z3[n] is absolutely summable,
the ROC must include the unit circle: 2/3 < |z| < 3/2.

X3 @

AN

©
3 \ 273 372
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3.13.

G(z) = sin(z71)(1+3272+227%)
_y 273 7% 7 _ _
= (21—'3!—+—5—!—'-?)(1+3Z 2+22 4)

Z g[n]z™"

g[11] is simply the coefficient in front of z~!! in this power series expansion of G(z):

1 3 2
=1+ g~ 1
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3.14.
1
H(z) = Py
4
_ 1
T (=i + i)
0.5 0.5

1- %z‘l 1+ %z‘l
Taking the inverse z-Transform:
11, 1, 1.,

So, . )
Az = 5 =5

>

[
=

2

I
irdla
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3.15. Using long division, we get

1 _-10
1 - 15532

1- 3271

n=9

1 n,—n

n=0

H(z)

Taking the inverse z-transform,

_f 3" n=012,..,9
hin] _{ 0, otherwise

Since h[n] is 0 for n < 0, the system is causal.
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3.16. (a) To determine H(z), we first find X (z) and Y (2):

1 1
X(@) = 1-3z-! T 1-2z1
5,-1
—'§Z 1
= =< 2
T-Lya-z 3PS
5 5
Y(z) = -
(=) 1-3z1 1-2z1
5,1
T—Lha-LZ5 >3
Now
_ Y(2)
8 = x0
_ 1-277 z| > 2
Tl 2,71 3
The pole-zero plot of H(z) is plotted below.
H@
N o
N U/
2/3 2

(b) Taking the inverse z-transform of H(z), we get

W) = (3)"uln] - 2(3)" uln - 1]

I

(3)"uln] — 3ufn — 1)

(c) Since
Y(2) 1-2z7!
T X(2)  1-22V

we can write 9
Y(2)(1 - gz‘l) = X(2)(1 -22z7Y),

whose inverse z-transform leads to

yln] = Syl — 1) = afn] - 2afn — 1

(d) The system is stable because the ROC includes the unit circle. It is also causal since the impulse

response hin] = 0 for n < 0.
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3.17. We solve this problem by finding the system function H(z) of the system, and then looking at the
different impulse responses which can result from our choice of the ROC.

Taking the z-transform of the difference equation, we get

Y(2)(1 - gz_l +27 ) =X(@)1-27Y,

and thus

_Y(z) 1-2z71
H@z) = X(z) 1- %z‘l +2z-2

_ 1-2z71
To(-221( -1
_ 2/3 1/3
T o1-2271 T 1-1p7

If the ROC is

(@) Izl < 3:

h[n] = —§2"u[—n —1)- %(%)"u[—n —1
= h[0] = 0.
(d) 3 <zl <2

h[n]) = —%2"11[—71 -1+ %(%)“u[n]

= h[0] =

Wi

© |z| > 2 , .
hin] = 32"ufn] + 3 ()"l
= h[0] = 1.
(d) |zl > 2or|2| < 3:
hln] = 22%ufn] - 3(3)"ufn ~ 1

= A==
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3.18. (a)
142514272
1+ %z‘l)(l -zt
1

= -2+ —3
1+1iz-1 "

w|oo

Taking the inverse z-transform:
1, 1., 8
h[n] = —2(5[71] + 5(‘5) u[n] + §u[n]
(b)

Given
142270+ 272

(1+427")(1-27")
y[n]= H(z)'z=2 2"

18,
5

H(z)=

z =2 isinside the ROC. Therefore,
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8.19. The ROC(Y (2)) includes the intersection of ROC(H(z)) and ROC(X (2)).

(a)
1
(1+3z71)(1-32z7Y)

Y(2) =

The intersection of ROCs of H(z) and X (z) is |z| > 4. So the ROC of Y (2) is |2| > .
(b) The ROC of Y(z) is exactly the intersection of ROCs of H(z) and X (2): § < |2| < 2.
(c)
1
-3z 1)1+ 32z7Y)

Y(2)= a

The ROC is |z] > .
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3.20. In both cases, the ROC of H(z) has to be chosen such that ROC(Y (z)) includes the intersection of
ROC(H(z)) and ROC(X (z)).

(a)
1-3271
H(z) = —2t—
(2) 1+ %z’l
The ROC is |z| > %
(b)
1
H(Z) = -1—_—-—%;-:;
The ROC is |2| > &.
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