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TRANSIENT RESPONSE ANALYSIS

Test signals:

e Impulse

° Step

e Ramp

e Sin and/or cos
Transient Response; for t betweenOand T
Steady-state Response: for t— o

System Characteristics:

o Stability - transient
o Relative stability - transient
o Steady-state error - Steady-state
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First order systems

C(s) 1 RS =S C(s)
R(s) Ts+1 \ P Ts

Unit step response;

C(s) = 1 1 _ }_ T
s sl+1

Ts+1 s

- UT
C(t)=1—e/ t >0

f)=r-ct)=e’ om0

c(T)=1-€'=0.632

dc (t)l _
dt =0
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Unit ramp response
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Unit-ramp response of the system



| mpul se response;

R(s) = 1 r(t) = 5(t)
1

C(s)= sT +1

e (1) = =5 t=0

0 T 2T 3T AT

Unit-impul se response of the system
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| nput Output
_yT
Ramp rt)=t t>0 c)=t-T+Te’ >0
_t
Step r(t) =1 t>0 c(t)=1-e ST t>0

-t/T

Impulse  r(t) = &(t) c(t) = eT >0
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Observation:

Response to the derivative of an input equals to derivative of
the response to the original signal.

Y (s) = G(s) U(s) U(s): input
Ui(s) =sU(s) Yi(s)=sY(s) Y (s): output
G(s) U1(s) = G(s) sU(s) =sY(s) = Y4(9)

How can we recognize if asystemis 1% order ?

r(t) System c(t)

r(t) = step

Plot log |c(t) — c()|

If the plotislinear, thenthe systemis1¥ order

Explanation;

ct)=1-¢ )= 1

log |c(t) —c(0)| = log\e't/T = Tt—



Second Order Systems

Block Diagram
F
: n
: L]
R(S) + K Position signal C ()

4_’@” s(Js + F)

Transfer function:;

cs K
RS JS+Fs+K

[SZJ—E]]K[ 2F ‘ﬂ
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Substitute in the transfer function:
K

ER
F
I =2(w, =20
¢ = F
2 JIK

{:  damping ratio
wpn.  undamped natural frequency
o: Stability ratio

to obtain

Cy__ o
R(S) s*+2w. s+,

e Underdamped case: 0<{<1

F2-4JK<0 two complex conjugate poles
e Critically damped case: {=1

F2-4JK=0 two equal real poles
e Overdamped case: {>1

F2-4JK>0 two real poles
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Under damped case (0<(<1):

C(s) _

2
n

@

RS (s+lo,+ jo,Ns+lo, - jo,)
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o 1-¢? i B

v
b Cwn
P o
i o { =—=cosp
P o,

W, = 1-C?

®,. undamped natural frequency

0y -
C: dampingratio

damped natural frequency
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Unit step response:

R(s) = 1/s

C(S) — 1— _ S+ Cwn _ Ca)n

s (s+lw.f+aw° (s+lm )+,

c(t) =1- €| cosa,t + sinw,t t>0

4

C(t)=1—%e§w”tsin(a)nﬁt+9) t>0

B =+1-C7 6 = tan ‘15—

e(t) =r(t)-c(t) = egw”t[cosa)dt + Lsi no,t ] t=0
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Unit step response curves of a second order system
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Undamped case ({=0):

Unit step response;

c(t) =1-cosw,t t>0

Critically damped case ({=1):

Unit step Response: R(s) = 1/s

C(s) o ° o

n n

RS) s*+2w, +o.° - (s+m_)°

1
s(s+w, )’

C(s) =

ct)=1-e™(1+wmt) t=0
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Overdamped case ({>1):

Unit step Response: R(s) = 1/s

C(9=

U)|H

(S+§cq1 +o \/71XS+§cq1 -, ﬁ)

st
_E ) >0

e
af_i( S,
with s, = ++C7-1)a,
~[t -2 -1,

c(t) =1+

If || << s, thetransfer function can be approximated by

C(s) _ s,
R(s) s+,

and for R(s) = 1s
c(t)=1-e* t>0

with

=(<.T— Cz—l)a%
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0.8
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\A imate soluti
pproxima solurtion

Exact solution
c(=1+0077e~373_| 077¢ 027"

0.2 I
/
V_

Unit step response curves of a critically damped system.
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Transient Response Specifications

Unit step response of a 2™ order underdamped system:

cir) |

ty delaytime: timeto reach 50% of c(c) for the first time.
t risetime: timeto risefrom O to 100% of c(x).

t, peaktime: timerequired to reach thefirst peak.
oft,) — (=)
o)
ts settlingtime:  timeto reach and stay within a 2% (or

5%) tolerance of the final value c().

Mp maximum overshoot : 100%

04<(<0.8

Gives agood step response for an underdamped system
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Risetime t; time from 0 to 100% of ¢(«)

ot)=1 = 1-€°“ (cosy,t +Lsi na,t)=1

J1-C2

sinw,t, =0

¢
J1-C°

cosm,t. +

Peak time t,: time to reach the first peak of c(t)

dc (t . 0 _tw
d’f ) i, =0 = (Snawyt,) : ”CZeC”tp:O
snwyt, =0
T




M aximum overshoot My:

T
t=t, = —
(OF

Coft ) eria) ¢
M, =dt,) =1-e"*""*'(cosT+

e

sinm)

Settling time tg:

oot

c(t)=1- hsir{wdtﬂanl 1252 ]

ot
. . e n
approximate ts using envelope curves: env(t) =1+ e
clf) |
1+ . o
'."'I—_fl
1+ S
PALE ik ot
Lay
1 K_
1=
J1 -2
s 4 ‘ r £ 2 3|T e
\J"ITE_:2
z:ﬂ _14»2 (%r —cos7!' )

Pair of envelope curves for the unit-step response curve

4 4 3 3

2% band: tS:E:C—(I)n 5% band tszgza

n
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Settling time ts versus C curves{T = 1/(Cm,) }
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| mpulse response of second-order systems

2
0

C(s) = i
() s*+2lw s+’ R =1

underdamped case (0< { < 1):

e ““'sinm y1- %t t>0

c(t) =
vl C

the first peak occurs at t=1to

and the maximum peak is

- i S
O(to) 6on eXp[ \/ﬁt C ]
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critically damped case ( { = 1):

ct)=w te™™ t>0

overdamped case ( £ >1):

W W
c(t) = D e - e %! t>0

NI N
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Unit-impulse response for 2" order systems
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Remark: Impulse Response = d/dt (Step Response)

eln) | .
Unit-impulse response

Relationship between t,, M, and the unit-impulse response curve of a system

Unit ramp response of a second order system

2
W, 1

2 a2 R(S):1/52

Cls)=—
s“+2lw,+w,” S

for an underdamped system (0< (< 1)

2
ct)y=t- 2§+e‘5‘"t gcoswdt+ﬁsinwdt t>0
Wy, ), 1—§2

n

and the error:

e(t) = r(t) —c(t) = t—c(t)
at steady-state:

()= |im eft)=2

t—oo n
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Examples:

a. Proportional Control

R(s) E(9) 1 e
$? " s(Js+F)
2
C(s) _ @,
R(S) s*+2w,+o]
with
K
ER
F
3= 2{w, =20
f__F
2 JK

Choose K to obtain ‘good’ performance for the closed-loop system
For good transient response:

04<(<0.8 - acceptable overshoot

o, Sufficiently large - good settling time
For small stead- state error in ramp response:

: 2 2F F
=)= lime)= o= =

> n

- largeK

Large K reduces &) but also leadsto small £ and large M,
—>Compromise necessary
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b. Proportional plus derivative control.

C(s)

RO EO) KtK,s 1
C(s) _ K, +Kgs
Rl J&+(F+K,)s+K,
with
F + Ky K,

PN I

The error for aramp responseis.

s?J+sF
E(s)= -R(s
) SPI+s(F+Ky)+K, S
and at steady-state:
! F
e(°°)=||mSE(S)=K—
s—0 p
. K,
using 7=
c(s) o,’ S+ Z

R(s) z s2+2lw s+’
Choose K, K to obtain ‘good’ performance of the closed-loop system

For small steady-state error in ramp response 2> K, large

For good transient response > Ky sothat 0.4<(<0.8
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c. Servo mechanism with velocity feedback

sO(s)

R(s) + + K o)
Js+F S
Kh

Transfer function

O(s) K

R(s) Js*+(F+KK,)s+K
where

o= FHKK,

24/ KJ

w, =\ (not affected by velocity feedback)
F
() = Pa for aramp

Choose K, K}, to obtain ‘good’ performance for the closed-loop system
For small steady-state error inramp response =2 K large

For good transient response 2> K, sothat 0.4<{<0.8

Remark: The damping ratio { can be increased without
affecting the natural frequency o, in this case.
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Effect of a zero in the step response of a 2" order system

C(s)_ o, S+ z
R(s) z s*’+2lw.s+w,’

cl(r)

Unit-step response curves of 2™ order systems



