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A Subspace Multiuser Beamforming Algorithm for
the Downlink in Mobile Communications

Nanyan Wang, Panajotis Agathoklis, and Andreas Antoniou

Abstract—A new algorithm for downlink multiuser beam-
forming in mobile communications is described. The optimization
problem is reformulated by modifying the constraints so that
weight vectors of different mobile stations are optimized in a
reduced feasible region which is a subset of that of the multiuser
beamforming problem. The downlink beamforming weight vec-
tors of different mobile stations are then jointly optimized in
a subspace instead of searching in the entire parameter space.
Simulation results show that the modified optimization problem
leads to solutions that satisfy the signal-to-noise-plus-interference
ratio specification at each mobile station and that the total power
transmitted from the base station is very close to the optimal one.
The solution of the modified optimization problem requires signif-
icantly less computation than the optimal multiuser beamforming
algorithms.

Index Terms—Antenna arrays, beamforming, downlink.

I. INTRODUCTION

CURRENT mobile communication systems suffer from
multiple-access interference, which not only limits the

system capacity but also significantly increases the required
transmission power for quality service. One of the most
promising approaches to meet these challenges is through the
use of adaptive beamforming and power control [1], [2].

In the downlink of mobile communication systems, the goal
of beamforming is to concentrate the power transmitted from
the base station (BS) in the direction of the target mobile station
(MS) and reduce interference on the downlink signals to other
MSs. In the single-user beamforming (SUB) approach [3]–[5],
the downlink weight vectors for different MSs are obtained by
maximizing the downlink signal power to the target MS relative
to the total power radiated in the direction of other MSs. Based
on the weight vectors obtained, the BS transmitted power of dif-
ferent mobiles can then be computed to minimize the total BS
transmitted power and satisfy the signal-to-noise-plus-interfer-
ence ratio (SINR) specification at each MS [6]. The SUB ap-
proach is computationally simple but provides a suboptimal so-
lution to the problem of minimizing the BS transmitted power.

In the multiuser beamforming (MUB) approach, the BS
weight vectors for all MSs are jointly optimized. In [7], MUB
is formulated as an optimization problem where the BS weight
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vectors for different MSs are jointly optimized so as to satisfy
given SINR specifications at MSs and, at the same time, the
total power transmitted from the base station (BS) is minimized.
The optimal MUB turns out to be an optimization problem with
nonconvex quadratic constraints. Two classes of algorithms
have been developed for MUB, namely, duality-based [6], [10]
and semidefinte programming (SDP)-based [11]–[13] MUB
algorithms. The duality between the uplink and downlink was
originally presented and discussed in [6]. It has been shown
that the optimal downlink weight vectors can be obtained
through the use of a virtual uplink. Based on duality, an optimal
MUB algorithm for multicell is developed to iteratively obtain
the optimal downlink weight vectors. An early version of the
duality-based algorithm [6] tends to converge more slowly as
the SINR requirements become more stringent. The duality
between the uplink and downlink was further discussed in
[8] and [9], and a new duality-based MUB algorithm was
proposed in [10] where several stopping criteria are proposed
to improve the convergence behavior of the iterative algorithm.
An SDP-based MUB algorithm can be found in [11]–[13],
where the optimal MUB optimization problem is relaxed into
a SDP optimization problem after Lagrangian relaxation [14].
The weight vectors are then obtained from the optimal solution
of the SDP problem. However, the amount of computation
required in this approach is high and it increases rapidly as the
number of antenna elements is increased.

In this paper, a new downlink MUB technique for mobile
communications is developed. An earlier version of this tech-
nique was presented in [16]. The MUB optimization problem in
[11] is reformulated by modifying the SINR constraints so as
to obtain a feasible region for the solution which is a subset of
the region of the original optimization problem. The BS weight
vectors of different MSs are then jointly optimized in their corre-
sponding subspaces instead of the entire parameter space. Sim-
ulations of CDMA systems with various numbers of antenna
elements show that the modified optimization problem leads to
a solution that satisfies the SINR specification at each MS while
the total power transmitted from the BS is very close to the op-
timal one. In addition, the solution requires significantly less
computation than the optimal MUB.

II. SYSTEM MODEL

Consider the MUB system illustrated in Fig. 1, where a -el-
ement antenna array is deployed at the BS and an omnidirec-
tional antenna with unit gain is deployed at each MS. Signal

to MS is first split into signals corresponding to an-
tenna elements, which are then weighted by the beamforming
weights. The beamforming weights corresponding to different
MSs, which determine the BS radiation pattern and downlink
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Fig. 1. Block diagram of a downlink beamforming system at the BS.

signal power, are jointly computed based on the channel infor-
mation obtained. Then, the weighted signal components to dif-
ferent MSs are combined branch by branch and transmitted from
each antenna element.

After down-converting to baseband, the desired downlink
signal received from the th path at MS is given by

(1)

where is the complex channel response for the th path of
MS , is the normalized transmitted signal to MS ,
is the path delay, is the BS beamforming weight vector of
MS , is the direction of departure of the th path from BS
antenna array to MS , and is the -dimension column
vector known as the BS antenna-array response vector.

The cochannel interference (CCI) received through
the th path at the target MS caused by the downlink signal
to MS can be represented by

(2)

The received signal at MS consists of the desired downlink
signal and the CCI caused by the downlink signals to other MSs.
If the number of MSs in a BS service area is and the number
of dominant paths from the BS to MS is , then the received
signal at MS can be represented by

(3)

where is the noise which is assumed to have zero mean
and covariance .

III. DOWNLINK BEAMFORMING AND POWER CONTROL

A. Optimal Downlink MUB

The optimal beamforming weights can be determined by min-
imizing the total power transmitted from the BS such that a
given SINR specification is achieved. The power transmitted
from the BS for each MS is proportional to the -norm of the
corresponding weight vector. Let denote the -norm

of the BS weight vector for mobile . The downlink MUB
optimization problem can be formulated as

subject to

for (4)

where

(5)

In the above equation, is the noise variance at MS , is
the required minimum SINR at MS ,

(6)

is the received downlink signal power at MS , and

(7)

is the received power of the CCI at MS caused by the downlink
signal to MS . Matrix of the downlink signal to MS is
given by

(8)

Matrix , for , needs to be estimated in order
to solve the MUB problem. In the case of time-division duplex
systems where the uplink and downlink channels are reciprocal,
it can be obtained through uplink channel estimation [6]. In the
case of frequency-division duplex systems where the frequency
channels used in the downlink and uplink are different, matrix

, for , can be estimated via feedback sig-
naling [10], [15].

B. New Downlink MUB Algorithm

In this section, a new MUB approach is presented. The basic
idea is to optimize the BS weights for each MS in a subspace
spanned by its antenna response vectors and, therefore, reduce
the number of variables considered in the SDP problem. As
will be shown, the proposed algorithm requires less computa-
tion than the optimal MUB while maintaining the total power
transmitted from the BS at a level close to the optimal one.

The proposed approach is based on the decomposition of the
range space of . Matrix in (8) is Hermitian and positive
semidefinite and, hence, it has real and nonnegative eigenvalues.
It can be decomposed as

(9)

where and .
Since is a set of orthonormal eigenvectors of
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matrix which is a basis of vector space , the weight vector
can be expressed as

(10)

Generally, the rank of matrix is less than . In such a case,
the span of , which is the set of the eigenvec-
tors associated with the nonzero eigenvalues ,
is the subspace of the downlink signal to MS . The sub-
space can also be selected as the set of the eigenvectors
associated with the largest eigenvalues due to the presence
of noise component. The span of the remaining eigenvectors

is the orthogonal complement of the
subspace . If we let

then matrix can be rewritten as

(11)

where . Vector can now be par-
titioned as

(12)

where the components of vector and the compo-
nents of vector are the components of in subspace and
its orthogonal complement , respectively. Thus, the weight
vector can be rewritten as

(13)

Since

(14)

(15)

(16)

the BS transmiited poser for MS can be derived as

(17)

where and are the power in the sub-
space and its orthogonal complement , respectively. If we
substitute (13) into (6), the received signal power at MS
can be expressed as

(18)

If we define where
, the received signal power

in (18) can be rewritten as

(19)

Similarly, the received power of CCI at MS caused by
downlink signal to MS can be expressed as

(20)

Applying the triangle inequality to (20), we have

(21)

where

(22)

(23)

Let us now consider a modified optimization problem that has
the same objective function as the optimization problem in (4)
but different constraints from those in (5), i.e.,

for (24)

where

(25)

Proposition 1: The feasible solution of the modified opti-
mization problem in (24) satisfies the SINR specification at each
MS.

Proof: Let and denote the feasible regions of the
original optimization problems in (4), namely, (5), and the mod-
ified optimization problem in (24), namely, (25), respectively.
Consider a feasible solution in such that

From (21), it can be readily shown that

for

and hence it follows that

for

Therefore, , and any feasible solution in is also
a feasible solution in . Thus, the modified optimization
problem leads to a solution that satisfies the SINR specification
at each MS.

Proposition 2: The optimal solution of the modified opti-
mization problem in (24) is obtained when for

.
Proof: The proposition will be proved by contradiction.

Assume that the optimal solution of the problem in (24) has the
form

for (26)

and for at least one MS. Consider a nonoptimal
solution

for (27)
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Quantities and for
can then be obtained by substituting (26) and

(27) into (25), which leads to

for
All of the constraints in (24) are satisfied using the weights

and, therefore, is a set of
feasible solutions. Substituting (26) and (27) into the objective
function in (24), we obtain the total BS transmitted powers as

(28)

(29)

respectively. Hence, from (28) and (29), it follows that

(30)

This leads to the contradiction that the nonoptimal beamforming
weights are better than the optimal beam-
forming weights . This contradiction implies
that the optimal beamforming weight vectors of the modified
optimization problem in (24) are obtained when for

.
Since only the components of vector , for

, need to be considered, the optimization problem
in (24) can be reformulated as

subject to

for (31)

Further, if we define for and relax
the constraint implied by this definition, then
the optimization problem in (31) can be rewritten as an SDP
problem of the form

subject to

for (32)

Based on the solution , for of the optimiza-
tion problem in (32), can be calculated as

for (33)

TABLE I
PROPOSED SUBSPACE MUB ALGORITHM

where is the eigenvector associated with the nonzero (or
largest) eigenvalue of matrix . Hence, from (13), the
weight vectors can be obtained as

for (34)

An algorithm based on the method described is summarized
in Table I.

The proposed MUB algorithm solves the modified opti-
mization problem in (32) instead of the original optimization
problem in (4). Because of proposition 1, the solution of the
former will satisfy the SINR specifications of the original opti-
mization problem. Furthermore, the solution can be obtained in
a subspace of the optimization parameter space of the original
problem due to proposition 2. The number of variables to
be considered in the modified optimization problem and the
original optimization problem, and , respectively, can be
readily obtained as

(35)

(36)

The use of more antenna elements is an effective way to reduce
the transmitted power, improve the quality of service, and in-
crease the capacity of a mobile communication system. How-
ever, it can be shown from (36) that the number of variables
required in the original optimization problem is of order
and thus its computational complexity increases rapidly with the
number of antenna elements. This tends to render the problem
less tractable for real-time applications. In contrast, the number
of variables in the modified optimization problem depends only
on the downlink channels. Since and, in most cases,

for , is much smaller than . Thus,
the solution of the modified optimization problem requires sig-
nificantly less computation than the optimal MUB. In addition,
as will be illustrated in Section IV, the power transmitted by the
BS is close to that of the optimal MUB. In the extreme case
where , for , the modified optimiza-
tion problem is equivalent to the original optimization problem,
and, thus, the two problems have the same computational com-
plexity.

IV. SIMULATION RESULTS

Direct-sequence code-division multiple-access systems with
the number of antenna elements ranging from three to eight
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Fig. 2. Comparison of computational complexity.

Fig. 3. Comparison of BS transmitted power.

in the BS array were simulated. The information bit-to-back-
ground power spectral density ratio of the received
signal was set to 10 dB and was set to 10 dB for

. Twenty MSs and an angle of path spread of
for each MS were assumed. The spacing of the antenna array
was set to . The performance measures in the sim-
ulation were the total power transmitted from the BS and the
computational complexity in terms of CPU time averaged over
1000 runs. In each run, the SUB [6], the proposed MUB, the
optimal MUB using SDP [11], and the optimal MUB exploiting
the duality between the uplink and the downlink [6] were simu-
lated. As can be seen in Fig. 2, the computational complexity of
the proposed MUB algorithm is significantly reduced relative to
that of the optimal MUB. The MUB is insensitive to the increase
of antenna elements since the number of variables in the SDP
depends only on the downlink channels whereas the number of
variables and, in turn, the computational complexity of the op-
timal MUB using SDP increases rapidly with the number of an-
tenna elements. This confirms the discussion in Section III-B. It

can also be observed that, when the number of antenna elements
is small, the optimal MUB algorithm that exploits the duality
between the uplink and the downlink requires high computa-
tional complexity due to its low rate of convergence in the case
of a stringent SINR specification. The relative power transmitted
from the BS versus the number of antenna elements is shown in
Fig. 3. It can be observed that the total transmitted power using
the proposed MUB algorithm approaches that achieved by the
optimal MUB.

V. CONCLUSION

A new downlink MUB algorithm for mobile communications
has been developed. In the new algorithm, the weight vectors of
different MSs are jointly optimized in their corresponding sub-
spaces instead of searching in the entire parameter space. Using
the proposed algorithm, the number of variables considered in
the SDP problem is reduced and its computational complexity
is significantly reduced relative to that of the optimal MUB al-
gorithms. In addition, the proposed algorithm leads to solutions
that satisfy the SINR specification at each MS and at a total BS
transmitted power which is close to the optimal one.
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