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Abstract

We discuss an important property called the asymptotic equipartition property on empirical sequences in reinforcement learning. This
states that the typical set of empirical sequences has probability nearly one, that all elements in the typical set are nearly equi-probable, and
that the number of elements in the typical set is an exponential function of the sum of conditional entropies if the number of time steps is
sufficiently large. The sum is referred to as stochastic complexity. Using the property we elucidate the fact that the return maximization
depends on two factors, the stochastic complexity and a quantity depending on the parameters of environment. Here, the return maximization
means that the best sequences in terms of expected return have probability one. We also examine the sensitivity of stochastic complexity,
which is a qualitative guide in tuning the parameters of action-selection strategy, and show a sufficient condition for return maximization in

probability.
© 2005 Elsevier Ltd. All rights reserved.

Keywords: Reinforcement learning; Markov decision process; Information theory; Asymptotic equipartition property; Stochastic complexity; Return

maximization

1. Introduction

In information theory the weak law of large numbers is
known as the asymptotic equipartition property (AEP)
which was first stated in Shannon (1948) and then developed
by the type method in Csiszar (1998) and Csiszar and
Korner (1997). When a sequence of random variables is
drawn many times, independently and according to an
identical probability distribution, the AEP states that there
exists the typical set of the sequences with probability
nearly one, that all elements in the typical set are nearly
equi-probable, and that the number of elements in the
typical set is given by an exponential function of the entropy
of the probability distribution. In addition, the number of
elements in the typical set is quite small compared to the
number of possible sequences. If the AEP also holds on
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empirical sequences generated from a Markov decision
process (MDP) in reinforcement learning (RL), it facilitates
the analysis of the learning process since most of our
attention can be focused on the typical set of the empirical
sequences. This leads us to the question of whether or not
the AEP holds for an empirical sequence. The fact is that a
similar AEP holds but it is more complicated than the
original AEP. Using the type method, first we introduce an
information-theoretic formulation for almost stationary
ergodic MDPs in general and then describe the AEP that
holds on the empirical sequences. From the AEP, we
indicate the existence of an important factor called the
stochastic complexity which consists of the sum of
conditional entropies and elucidate that the return max-
imization is characterized by two factors, the stochastic
complexity and a quantity which depends on the parameters
of environment. Here, the return maximization means that
the probability of best sequences that yield the maximal
expected return goes to probability one. Also, useful
knowledge for tuning the parameters of action-selection
strategy is described by examining the sensitivity of the
stochastic complexity. Furthermore, we show that the
stochastic complexity is derived from the algorithmic
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complexity which was explored by Chaitin (Chaitin, 1977,
1987).

The organization of this paper is as follows. We
introduce some notation and the type of empirical sequence
in Section 2. Section 3 shows the main theorems associated
with the AEP. Using the AEP we analyze the RL process in
Section 4. Finally, we give some conclusions in Section 5.
Appendices A and B are the related theorems to the AEP
and those proofs, respectively.

2. Preliminaries

We concentrate on the discrete-time MDP with discrete
states and actions in this paper. Let cS’déf{s , 82, ...,5;} be the
finite set of states of the environment, A ={a,, a,, ...,a,} be
the finite set of actions, and Rodéf{rl, ry,...,7x} C R be the
finite set of rewards which are discrete real numbers. Notice
that |S|=1, |A|=J, and |Ry|=K. We assume that
elements in these sets are recognized without error by the
learner, hereinafter called the agent. We denote a time step
by t. The stochastic variables of state, action, and reward at
time step t (r=1,2,...) are written as s(¢), a(f), and r(?),
respectively. The agent improves the policy by observing
one-by-one each element of the empirical sequence that is
generated by the interactions between the agent and the
environment, as shown in Fig. 1.

Now let us consider the empirical sequence of n time
steps,

s(1),a(l),s(2),r2),a2), ...,s(n), r(n),a(n), r(n + 1).

Let r(n+1)=r(1) for notational convenience and let x =
{s(®),a(®), ()}, denote the empirical sequence of n time
steps. The state sequence, action sequence, and reward
sequence of the empirical sequence x € (8§ X A X Ry)" are
denoted by s={s®},, a={a@®},, and r={r(O}=,,
respectively. We use the term return to express the sum of
rewards.

Let q,-d;f Pr(s(1)=s;) be the initial probability distri-
bution and qg{ql,qz,...,qﬁ where ¢;>0 for all i. The
empirical sequence is drawn according to an ergodic MDP
specified by the following two conditional probability
distribution matrices. Henceforth, the conditional

Environment

Agent

re - rT
' af(t)

s(t) ‘ r(t+1)

s (++1)

r

te—t+1

Fig. 1. Interactions between the agent and the environment.

probability distribution matrix is simply called the matrix.
The policy matrix which the agent determines is an /XJ
matrix defined by

Pi1 P2 " Pu P
= def P21 Pn Py _ P(z) )
P Pnn " Pu P,

where p;; &f Pr(a(t) = ajls(t) = ;). According to this matrix,

the agent selects an action in a state at each time step. Note
that I'™ is actually time-varying because the agent improves
the policy in the process of RL. However, I'™ tends to be
constant as the policy goes to be optimal by the learning.
The state transition matrix of the environment is an 1J X IK
matrix defined by

Pun Puire .- Dl Pay

def | P1211 P1212 --- Puix P
FT det ' _ (. ) ’ )

Pyt Puiz - PUk Py

whegeef

Py = Pr(st + 1) = s, r(t + 1) = r|s(t) = 5;, a(t) = a;).
The agent does not know the matrix I'" of the environment
but can estimate it by observing the results for an action. We
assume that I'" is constant and that for simplicity of analysis
'™ is temporarily fixed for n time steps where n is
sufficiently large. For notational simplicity we define
I d=et(1" ™ I'"). Since MDPs are characterized by the finite
sets, the initial probability distribution, and the matrices, we
denote the MDP by M(S, A, Ry, q, I').

2.1. Type of empirical sequence

Let n; (n;<n) denote the number of times that a
state s; €8 occurs in the empirical sequence of n time
steps, x =(s,a,r) €(S X A XRy)". In a similar manner,
let n; (n;j<n;) be the number of occurrences of ¢
such that (s(7),a(t)) = (s;,a;)) €S X A in the empirical
sequence. With an additional ‘cyclic’ convention that s(n),
a(n), and r(n+1)=r(1) precede s(1), a(1), and r(2), let
ngig (npr<n;) denote the number of occurrences of t
such that (s(2), a(r),s(t + 1), r(t + 1)) = (s, aj, 57, 1) ES X
A XS XR, in the empirical sequence. Note that the
cyclic convention is for simplicity of development. The
discussions in this paper strictly hold even if we do not
assume this convention. The relationship among the non-
negative numbers n, n;, ny, and n;; is expressed as

n=ini=izj:nij=zz]22inljﬂk- 3)



64 K. Iwata et al. / Neural Networks 19 (2006) 62-75

Now we define the type of s; €8 by
fi=" )

n
The type is generally called the empirical distribution
(Han and Kobayashi, 2002, p. 42) because we can regard
each sequence as a sample from a stochastic process.
Also, the joint-type of (s;,a;) €8 X A is defined as

= 5)
n
Let us denote all the types and the joint-types by
def
Fs =({1./25 01> (6)
and
fu oo fu

def | S S oo Sfu
sa=1 . . .

fn Joooo fu
respectively. In this case we say that the state sequence s
and the state-action sequence (s, @) have the type Fg and
the joint-type Fg 7, respectively.

Conditional type relative to policy. If n;> 0 for all i, then
the conditional type g; of (s;,a)) €8 X A given a state
sequence s € 8" is defined as

def

However, if there exists i such that n,=0, then we cannot
uniquely determine the conditional type (see Example 2.1).
To avoid such a case, we consider the set of action
sequences given any state sequence s having the type F ¢ and
an I XJ matrix ®" : § — A expressed as

&1 812 - 8u Gay
o def 81 82 - 8w _ G ©)
8&n 8n -+ 8u G

In short, n;; is decided by n; and g;; for every i and j. The
set of action sequences, which is uniquely determined in this
way, is referred to as ®™-shell (Csiszdr and Korner, 1997,
p. 31) of s and denoted by C*(®7,s). The entire set of
possible matrices @™ for any state sequence with the type
Fg is simply written as AJ.

Example 2.1. Let [=J=2, the state sequence
s=(s1,51,51,5) € &§*, and the action sequence a = (ay,aj,
s, 0a,) € A*. Then, from the definition of (8) we obtain
g11=g12=1/2. Also, because of n,=0, letting g, =w
where 0 <w <1 we have g,; =w and g, =1 — w. Therefore,
we cannot uniquely determine the conditional type.

Example 2.2 (®"-shell). Let /=J=2, again. For the
state sequence s = (s, 5,5, 5,) €S* with the type Fy=

the set of state sequences ~___..--------oeeeee
in C" (®T,Fg,) _.

o C(@F,8)

Fig. 2. Structure of the d®-shell.

(3/4,1/4) and the matrix,

P = (811 g12) _ 2313 ’ (10)
821 82 0 1

the ®™-shell of s is C*®,s)=1{(a,a,,a, a,),(a,,a,

ai,ay),(ay,ay,a;,a)}.

Conditional Markov type relative to state transition. In a
slightly different manner we need to deal with the
conditional Markov type'. We consider the set of state-
reward sequences such that the joint-type is Fg 7 given any
action sequence and an IJ X JK matrix: @7 : § X A — § X
R, designated by

811 8z .- 811K G

def | 81211 81212 .-+ 812k G
' =" an

gt 82 -+ 8UIK Gy

The set of state-reward sequences is referred to as ®"-
shell and denoted by C"(®T, F ;). The entire set of possible
matrices @" such that the joint type is F 7 for any action
sequence is simply written as AT, )

For simplicity, we define <I>d=er(<1>7‘, ®") and
A, &ef AT X AT. The set of empirical sequences that
consists of the ®™-shell and @ -shell is called the ®-shell
and denoted by C"(®, Fy, Fg 7). The structure of the ®-
shell is depicted in Fig. 2. When a joint-type Fg 7 and a
matrix @ are given, the ®”-shell having the type F is
uniquely determined and then the combination of each
element in the ®"-shell and a matrix ®™ produces the ®™-
shell. Therefore, the d-shell is uniquely determined. Notice
that
'@, Fs. Fspl = Y. 1C"(@7. ). (12)

(s'rHEC"(®" Fs 1)

In this case we write that the empirical sequence has the
conditional type matrix ®.

2.2. V-typical and W-typical sequences

In order to prove the AEP on empirical sequences, we
have to introduce the V-typical sequence with respect to

! For Markov type, see Davisson, Longo, and Sgarro (1981).
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the state sequences and the W-typical sequences with
respect to the state-action sequences.

Definition 2.1 (V-typical and W-typical sequences). We
assume the existence of the following two unique stationary
probability distributions,

def

V=W,va,...,vp), (13)
Wi Wiz ... Wy

Wd;f w.21 w.zz W.z‘] ’ (14)
wYn Wp o o... Wy

and assume that Fg¢ and Fg 7 tend to V and W as n— o,
respectively. The stationary probability distributions are
uniquely determined by the MDP, M(&8, A, Ry, q, I'). In this
case, there exists a sequence of positive k,, such that k,, — o
as n— o and if the type Fy of a state sequence s €S”
satisfies

1
D(Fs|IV) = filog ég Kn» (15)
i=1 i

then we call the state sequence a V-typical sequence. The set
of V-typical sequences is denoted by
Cy (V) &t e S"|D(Fg||V)<«k,}. In a similar manner,
there exists a sequence of positive &, such that £,—0 as
n— oo, and if

1 J f
D(FsAllW) => "> filog “L<§, (16)

1

i=1 j= Wij

holds, then the state-action sequences (s,a) € (S X A)"
are referred to as W-typical sequences. We define the set of
W-typical sequences as C’gﬂ(W)déf{(s,a) e s xXay
ID(FsAllW)<E&,}.

In the rest of this section, we will introduce a few basic
conventions in information theory (Cover and Thomas,
1991, Chapter 2). Let us use the convention that 0 log 0=0

henceforth. The function H indicates the entropy. For
instance, we write the entropy of P; in (1) for any i as

J
HP) = — > pjlog py, (17)
j=1

and describe its conditional entropy given V as
I
H(T™|V) = Z vH(P). (18)
i=1
Also, as used in (15) and (16), the divergence is

designated by the function D. The divergence between ®™
and '™ given F is denoted as

1
D(®7|IT|Fs) = Y £iD(GpIP), (19)

i=1

where

J
8ij
D(GylIPy) = gylog=L. (20)

= i

3. Asymptotic equipartition property

In this section, it is elucidated that the empirical
sequences generated from almost stationary ergodic MDPs
have the AEP. Now we are in a position to give the
definitions of the typical sequence and the typical set of
empirical sequences, which will lead us to show that the
AEP holds on empirical sequences.

Definition 3.1 (I'-typical sequence and I'-typical set). If
the matrix ® € A,, of the conditional types with respect to
an empirical sequence x=(s,a,r)E(S XA XRy)"
satisfies

D(®™||T™|Fg) + D(®"||TT|Fg 1) < A, (1)

for any matrix I'" and positive number A,,, then the empirical
sequence is called a I'-typical sequence. The set of such
empirical sequences is also called the I'-typical set and
denoted by €} (I'). That is, C; (T') is given by

n def n
G, @M= o CU®,Fs,Fs7). (22

D(®7||T™|F5)+D(@"|ITT|Fs 1)<,

Fig. 3 illustrates the concept of Definition 3.1. The matrix
® of the I'-typical sequence exists in the neighborhood
of I', shown by the shaded circle on the manifold spanned
by I'.

From the theorems, presented in Appendix A, we can
derive the following three theorems regarding the AEP on
empirical sequences. We begin with the theorem similar to
Wolfowitz (1978).

Theorem 3.1 (Probability of the I'-typical set). If 1,—0
as n— o and A, satisfies

P (IJ + PJK)log(n + 1) + log I —log v S

n

0, (23)
n

The set of all sequences of n time steps
Manifold spanned by I'

I'-typical set

empirical sequence

I'-typical sequence

{® e A|D(@"|T™|Fs) + D (®T||T7|Fsa) <A}

Fig. 3. I'-typical set and I'-typical sequence.
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where

def .
v=__ _min Diji'k, 24
1<i,i' <L1<j<TI<k<K:pyy, >0
there exists a sequence {¢,(I, J, K, A,)} such that ¢,(/, J, K,
A,)— 0 and then

Pr(C; D) =1 —¢,(I,J,K, ). (25)

Note that nA,— o because of Eq. (23). The proof is
given in Appendix B.4. This theorem implies that the
probability of the I'-typical set asymptotically goes to one
independently of the underlying probabilistic structures, I'™
and I'". Next, the following theorem indicates the fact that
all elements in the I'-typical set are nearly equi-probable.

Theorem 3.2 (equi-probability of the I'-typical sequence)
Afs €6 (V), (s,a) €CZ (W), x €C; (T) such that k, —0,
£,—0, ,—0, as n— o, then there exists a sequence
{p., J, K, K, &, A,)} such that

pull,J, K, Ky €y Ay) = 0.

Then,
] 1
0¥ _ ) < —log Pr(x) — {H(T™|V)
n n
]
+HTT W)} < —% T4, +p, (26)

where v is given in (24) and

def

u= q;- 27

min
1<i<I:¢;>0

This theorem is proved in Appendix B.5. Finally, we
present the theorem which implies that the number of
elements in the I'-typical set is written as an exponential
function of the sum of the conditional entropies.

Theorem 3.3 (Bound of the number of the
I'-typicalsequences). If s Cy (V), (s,a) €C; (W), xE

ﬁ” (T") such that k,—0, &,—0, 4,—0,asn— 00; then there
exist two sequences, {({,(I,J, K, k,, §,, A,)} and {n,(I, J, K,

Kns gm An)}, such that
Cn(la J’ K’ Kn’ 5"’ An) - 0’ nn(l’ J’ K7 KI‘H En, An) il 07

respectively. Then, the number of elements in the I"-typical
set is bounded by

exp[n{H(T™|V) + H(I''|W) — £, }1 < |C} (D)

< expln{H(T"|V) + HIT"|W) +n,}1. (28)

The proof is given in Appendix B.6. The ratio of the
number of I'-typical sequences to that of all empirical
sequences x € (8 X A X Ry)" of n time steps is

[SFReD)
s < H(T™ H("
WKy = exp[n{H(T'™|V) + HT'[W) + 1,
—logl —logJ —log K}] — 0, (29)

as n— %, when the probability distributions of T'™ and T'"
are not uniform distributions, that is,

H(T™|V) < log I, (30)

H(I'T|W) < log J + log K. (31)

Hence, we can say that the I'-typical set is quite small in
comparison to the set of all empirical sequences. None-
theless, their existence is important enough because the total
probability is almost one.

Remark 3.1. The equation (28) shows
|3, (D)= exp[n{HT™|V) + HT [W)}], (32)

where the notation = indicates that both sides are equal to
the first order in the exponent, namely,

1
lim —log|C} ()|
frac .

= li_%%log exp[n{H(I'™|V) + H(I'" [W)}], (33)

(Cover and Thomas, 1991, p. 55).

4. The role of stochastic complexity in reinforcement
learning

The agent learns the optimal policy via return max-
imization (RM) in RL. A number of studies have been made
on the analysis of the process of RM (Jaakkola, Jordan, and
Singh, 1994; Kushner and Yin, 1997; Singh, Jaakkola,
Littman, and Szepesvari, 2000), but most of the studies
focus on concrete stochastic approximation methods such as
temporal difference (TD) learning. The aim here is to
explore a more general mechanism of RM, how the
probability of the subset of best sequences in terms of
expected return is maximized, from a viewpoint of
Shannon’s ideas. In this section, we state the existence
of an important factor called the stochastic complexity and
show new insights about the role of the stochastic
complexity in RM. We also discuss a sensitivity helpful in
tuning the parameters of action-selection (AS) strategy and
exhibit a sufficient condition for RM. We first give a review
of the TD learning and typical AS strategies.

4.1. Temporal difference learning and action
selection strategy

Let Q;; denote the estimate of an action-value function
(Sutton and Barto, 1998, Chapter 3) with respect to a state-
action pair (s;, ;) € § X A. Let A; be the set of indices of
actions available in a state s; €8. The TD learning is an
iterative approximation method to directly update the
estimate of the action-value function from an observed
event, without explicitly treating the matrix I'" of
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the environment. We introduce the one-step version of
Q-learning (Watkins and Dayan, 1992), here. At each time
step ¢, for an observed one-step event (s(), a(), s(t + 1),

r(t+ 1)) =(s;, a;, sy, 1), the estimate Qy; is updated by

Qij — Qij + 0415Qiji’, (34)
where «, is a learning rate at time step ¢ and

00 = + ngg% Qi — Oy (35)

where v denotes the discount factor that controls the relative
importance of an immediate reward and delayed rewards.
The learning rate o, where 0 <, <1, is gradually decreased
with respect to ¢ such that the trajectory of the mean ordinary
differential equation of Q;; has a limit point. Under certain
conditions (Dayan, 1992), it was proved that all Qj
converge to the expected values with probability one. The
convergence theorem was extended to more general
versions using the stochastic approximation method in
Jaakkola et al. (1994) and Tsitsiklis (1994).

Next, we review the following two AS strategies that
have been employed in many cases.

4.1.1. Softmax method

The softmax method (Sutton and Barto, 1998, Chapter 2)
is the most popular strategy and is also termed the
Boltzmann method when the exponential function is used.
Recall that p;; denotes the probability that the agent chooses
an action g; in a state s;. The policy probability is defined as

Py & m(B.0;) = %ﬁgﬂ (36)
where the partition function is
ZB)E Y exp(B0y). (37)

JEA;

The parameter § is gradually increased as n— o to
promote the acceptance of actions which may produce a
good return. Let us denote the value of § at time step n by 3,,.

4.1.2. e-greedy method

In the e-greedy method (Sutton and Barto, 1998,
Chapter 2), with probability e, the agent randomly chooses
an action from the possible ones. On the other hand, the
agent chooses the best action with the largest estimated
value with probability 1—e. That is, p;; is given by

def €
pij = T(6, Q) = 7 + (1 —eb;, (38)
def
where J;= |.A;| and

[ 1 if j=argmax,cz O,
def JEA XY
i = { (39)

0 if j+#arg max;cq,Qy '

The parameter € is gradually decreased such that e —0 as
n— oo. We denote the value of € at time step n by e,,.

Whether the softmax AS or the e-greedy AS is better is
unclear and it may depend on the task and on human factors
(Sutton and Barto, 1998, p. 31). Added to this, the explicit
role of the parameters 8 and € is also unknown. In the rest of
this section, we elucidate the mathematical role of the
parameters and the difference between the two strategies by
studying their effect in RM.

4.2. Stochastic complexity

We assume that the policy is improved sufficiently
slowly such that the AEP holds. Fig. 4 illustrates an RL
process on the manifold spanned by I'. This manifold is
called the information manifold (IM) (Amari and Han,
1989). Fuller explanation about the figure will be described
in the following section. We use Q:; to denote the expected
value of Q;; for all i,j, henceforth. Let p; = (8, Q) in the
softmax method and pl] (e, QU) in the e-greedy method.
Let I'™ be the pohcy matrlx whose components are given
by pl We define < ('™, IT'") and write the set of I'* as
ot {1"|l"7t I'™ } for notational convenience. The set Q is
given by changing the parameter of AS strategy, such as
and e. The optimal policy matrix is denoted by I'™ whose

(a)
Area given by (21)
D(r™|T™ Fs) Information manifold
A
Updating Qij
paating &1 Initial T

Trajectory of I' by updating Qjj.

n
Asymptotic decrease of A,
Fig. 4. Matrix I" on the information manifold. (a) illustrates the trajectory,

drawn by updating the estimates of the action-value function using TD
methods. (b) shows the changes of 4, with n.
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components are

P =

. { 1 if j=arg maxj/eﬂiQ;, w0

0 if j+argmax;cy, Qi*j, '

For example, in the softmax method we can write it as
" = {p;rj = r(0, Qi*j?}, and in the e-greedy method we can
also write it as I'™ = {p:; = 7t(0, Q;)}. Also, we define
r' o ), Fig. 5 shows Q in each method. As shown in
Fig. 5(a) and (b) the set of matrices ® such that (21) holds,
designated by the shaded circle, depends on n but not on (§ or
€. Note that the number of elements in Cj (I') depends on
or € because the parameter affects the value of H(I'™|V),
while the set of such matrices does not depend. We assume
that the neighborhood of the optimal matrix on the IM is
smooth (differentiable) for the parameters of the AS
strategy, such as 8 and e.

(a)
Q Area given by (21)
0
B
Q in the softmax method.
(b)

F*

Area given by (21)

Q in the e-greedy method.

Fig. 5. Set Q in the softmax and &-greedy methods. The matrix I'™" varies
with the changes of the parameter of the AS strategy, so that the set Q is
drawn as shown here.

According to Lemma A.l, the number of possible
conditional type matrices on the IM is determined by n, I,
J, and K. As n increases we can create empirical sequences
with arbitrarily close conditional type matrices to I'*. If the
environment, or specifically, the state transition matrix I'" is
constant, I" varies only with the changes of I'™. Hence the
area of possible @ on the IM is actually restricted. Now we
define a stochastic complexity that will play an important
role in the later discussion.

Definition 4.1 (Stochastic complexity). The stochastic
complexity (SC) is defined by

W) EHT™V) + HIT[W). (4D
This is referred to as complexity because the value of Y/(I")
is closely related to the algorithmic complexity as will be
discussed in Section 4.4.

To understand the role of the SC in RL, it is worth to
mention that the SC has a relationship to exploration (or
exploitation) (Sutton and Barto, 1998, Chapter 2) in some
cases. In short, the SC expresses the randomness of the
agent’s policy. Exploration is, in general, to search for
policies better than the current one, instead of the simple
randomness. One efficient way for such exploratory search
is to give a randomness to the policy as is done in the
softmax and e-greedy methods. In this case, a policy for
exploration is to enlarge the set of possible empirical
sequences, that is, the I'-typical set in order to widely
explore the environment. This is because the I'-typical set
has probability almost one according to Theorem 3.1. On
the other hand, using estimates of the action-value function
the agent has to select the best action with the largest
estimate of the action-value function to maximize the future
return. Such a policy for exploitation is to make the I'-
typical set smaller, so that only few empirical sequences
which yield high return are allowed to be generated in
practice. Thus, when the agent performs randomized
exploration in AS strategy, if the value of Y(I") is large,
then the policy is exploratory, and analogously if the value
is small, then the policy is exploitative. Of course, since the
SC does not assess the rewards of empirical sequence, we
have to consider both the SC and the rewards when we argue
the original sense of exploration in RL. In Iwata, Ikeda, and
Sakai, (2004) the estimated entropy (like the SC) of return
with respect to each state-action was formulated and a novel
criterion for AS strategy was proposed by combining the
estimated entropy with the estimates of the action-value
function.

4.3. Stochastic complexity and return maximization

We will show the relationship between the SC and RM in
RL. We use the term RM to maximize the probability that
the best sequences appear, but does not mean a lucky case in
which the best sequences appear unexpectedly.



K. Iwata et al. / Neural Networks 19 (2006) 62-75 69

Definition 4.2 (Return maximization). We denote a proper
subset of best sequences by

+ def

Y €(§ X AXR,)'|®@" =™  where ™ € AT}

(42)

Then, RM means that the subset of best sequences
asymptotically has probability one, that is, ¢} (I') =, as

n— o,

The following theorem states that RM can be performed
under a proper AS strategy so that the estimates of the value
function eventually converge to the expected values.

Theorem 4.1 (RM near the end of process). If the agent’s
policy tends to be optimal, then x;; C C7 (I') holds and the
probability Pr(x)) of RM satisfies

x|

Pr(x)) — s
f0) = Tex (o

(43)

for sufficient large n. Then, as n— % and l"—>l"T,
Pr(x )— 1.

The proof is given in Appendix B.7.

Hence, we consider that x| C G” _(I') and then reduce the
I'-typical set such that C} (") = X} as n — . Here the key
points are that

e by updating the estimates the agent has to improve the
policy matrix I'™ as quickly as possible such that the I'-
typical set includes the empirical sequence having the
conditional type matrix '™, that is,

D™ [|TT|Fg) < A, (44)

(see Fig. 4(a)), and then

e the agent is required to shut out empirical sequences
except the best sequences from the I'-typical set in
order to assign high probability to the best sequences
(see Fig. 4(b)).

The algorithm for the former is simply TD learning.
Fig. 4(a) illustrates that I" on the IM is refined by a TD
learning such that the I'-typical set includes the empirical
sequences having the matrix I'* of the conditional types,
that is, (44) holds. It is known that the convergence order of
TD learning is at most 1/,/n (Kushner and Yin, 1997). After
satisfying (44) the agent has to allot higher probability to the
I'-typical set. The goal of the latter is to make the number of
elements in the I'-typical set small while satisfying (44).
This leads to the result that the subset of the best sequences
occurs with high probability because according to Theorem
3.2 all the I'-typical sequences of n time steps have the same
probability for sufficiently large n. From Theorem 3.3 we
see that the number of elements in the I'-typical set is
dependent on the SC y/(I') and the quantity 4,, and that the
smaller each value is, the smaller the number of elements.
Recall that by tuning the parameters of the AS strategy

the agent can control only the SC. This leads us to the
question of how sensitive the parameters such as § and € are
for controlling the SC. The following theorems answer this
question.

Theorem 4.2 (Relationship between 8 and SC). The value
of Y(I') decreases as @ increases. The derivative of Y(I")
with respect to 3 is

dy(T) B 1 J J
TR SN b2 (ﬁ))2 ,Zj, (@5 =0y
X exp(B(Q; + Qi) ¢ 45)
In particular, if 83— o, then
w(I) - HT[W). (46)

Theorem 4.3 (Relationship between € and SC). The value
of Y(I') decreases as €e—0. The derivative of Y(I') with
respect to € is

) < 1
i -{0-3)

i=1
€ €
X(logz—log (Z—I—l—e))}. 47)

In particular, if e— 0, then Y(I") coincides with (46).

Theorems 4.2 and 4.3 are proved in Appendices B.8 and
B.9, respectively. The equations (45) and (47) denote the
sensitivity for the randomness of the policy. The main
difference between the two methods is that the estimates of
the action-value function affect the derivative of the SC
directly in the softmax method but not in the e-greedy
method. Theorems 4.2 and 4.3 draw an attention to the
important dependence, often overlooked in tuning the
parameter. In general, it is difficult to tune § and e well
and the tuning forms depend only on # in the literatures. For
example, B,=c" or ¢,=c/n is adopted and then c is
optimized by trial-and-errors, although the result of the
tuning strongly depends on the values of v;, Oy, and J; for
every i and j, as explicitly shown in Theorems 4.2 and 4.3. In
other words, one of the causes of the difficulty is that the
sensitivity cannot be considered on the above tuning. In fact,
since all the values of Q;; and J; are available for the agent
and all the value of v; can be approximated by the values of
the type, the agent can calculate the sensitivity asymptoti-
cally. Accordingly, the sensitivity may be a guide for tuning
the parameters appropriately. The importance of knowing
the sensitivity has been also pointed out in Dearden,
Friedman, and Russell, (1998), first.

Example 4.1 (A guide of RM). The sensitivity is not
something like a quantitative criterion to be directly used by
itself in practical issues because of its generality. However,
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it can be used as a qualitative guide in choosing a tuning
which depends on each case. Here, we calculate the
sensitivity approximately to gain an insight into the RM
speed. Let c be an arbitrary constant value. When we choose
€, = c/n, there exists a non-negative value ¢’ such that

2=l

~ —'log n,

(48)

where n is sufficiently large. The value of ¢’ can be
computed by {f;,J;},. Due to |} ()| = exp(ny(T)) for
sufficient large n,

d 1 _ n

_d dyI) _ , nlogn
de €7 (D)

[Cr @ de © exp(ay(T)’

where ¢” is a non-negative value which depends on ¥(I')
and ¢’. This is a qualitative guide for checking the RM
speed, dPr(x,)/de, near the optimal policy because from
Theorem 4.1

(49)

|

Prl‘"—»—,
L= 1)

(50)
for sufficient large n. Thus, we can estimate the RM speed
near the end of learning process and can select a tuning
referring to it. If we think that the estimated speed is too fast
for a given environment, choose more slower tuning such as
€, = c/log n. Of course, this is a rough utility but have an
interesting potential by combining it with other criteria. In
the case of the softmax method, similarly, when 8 =¢", there
exists a non-negative value ¢’ such that

dy(T') I n
~— 1
a8 cc, (51
where n is sufficiently large. Then, we have
d 1 " nc"
B : (52)
dg 1C5 I ° expny(I)

for sufficient large n.

Next, we consider another important factor A, for
making the number of elements in the I'-typical set
smaller. Fig. 4(b) shows the changes of A, with n where
the lower bound of A, is given by (23). There may be a
tighter bound in various situations such that MDPs have a
deterministic rule because the bound was derived under
the condition that I"' has no constraint. In other words,
the bound means a sufficient condition for RM. Hence, the
first order of the bound is tightest and valid only when the
agent takes ‘randomized’ AS strategies® such that ;>0

for every i and j in the environments where p;;,>0 for

2 For example, the softmax and e-greedy methods with the parameters
B <o and €>0, respectively.

every i, j, i’ and k. In such cases, the bound suggests that
the convergence rate of D(@®,[|T") going to zero is at most
(logn)/n and its coefficient is (IJ+I°JK). The conver-
gence rate indicates how fast the policy reflects on the
structure of empirical sequence. The coefficient also
implies that in applications a lot of time steps are
required for agreement between the current matrix I and
the matrix ® of the conditional types regarding the
empirical sequence when the state, action, and reward sets
are large.

4.4. Stochastic complexity and Kolmogorov complexity

In this section we show the relationship between the SC
and the Kolmogorov complexity (KC) (Cover and Thomas,
1991; Li and Vitanyi, 1997). The SC is also reasonable from
the point of view of algorithmic complexity. Let /(x) denote
the length of the sequence x. Let U(qg) be the output of a
universal computer U when presented with a program g.
The KC of a sequence x is defined as the minimal
description length of g (Cover and Thomas, 1991,
pp. 147-148).

Definition 4.3 (KC and conditional KC). The KC K;,(x) of
a sequence x with respect to a universal computer U is
defined as

Ky = mln (). (53)

U(g)=x
the minimum length over all programs that print x and halt.
If we assume that the computer already knows the length of
the sequence, then we can define the conditional KC
knowing I(x) as

KyGllo) = min  U(g). (54
Ulg.lx)=x
This is the shortest possible description length if the length
of x is made available to the computer U.
Since the length I(x) of an empirical sequence x € (& X
A X Ry)" is 3n, consider
Ky (x|3n) = i (). 55
u(X| n) q:ugl,.%lr})=x (Q) (35)
Note that Ky;(x|3n) denotes the algorithmic complexity to
print x and halt. The following theorem shows that the

expected value of Ky;(x|3n) is asymptotically equal to the
SC.

Theorem 4.4 (Relationship between KC and SC). If
s (V), (s,a) €C; (W), and x <} (I'), then there
exists a constant value ¢ such that

log v log 1
O8 < By Ky (el3m] — w(D) < p, + 22
1 1
(1T + IPTK) % + % (56)
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for a computer U and all n. In particular, if I'>I'* as
n— o, then

1
lim —Ep- [Kq (x[3m)] = y(I'). (57)

The proof is given in Appendix B.10. The SC is so called
because of this relationship.

5. Conclusions

In this paper, we have formulated almost stationary
ergodic MDPs by the type method and shown that the AEP
holds on empirical sequences in such processes. Under a
proper AS strategy which guarantees the convergence of the
estimates, the RM is characterized by the SC y(I") and the
quantity A4,. We examined the role of these factors on RM
and then derived the sensitivity of the SC, which is a
qualitative guide in tuning the parameters of AS strategy.
Also, we showed the bound of the convergence speed of the
empirical sequences tending to the best sequence in the
worst cases. Using the results of Merhav (1991) and Merhav
and Neuhoff (1992) the discussions in this paper can be
readily extend to the more general case where the source of
empirical sequences is a unifilar source (Han and
Kobayashi, 2002, p. 77) in a similar manner.
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Appendix A. Related theorems

We will show a number of theorems related to the AEP.
Obviously, from (Csiszar and Korner, 1997, Lemma 2.2) we
obtain the following lemma which plays a major role in
determining the AEP.

Lemma A.1 (Number of elements in the set of possible ®)
. The size of AJ; is upper bounded by

AT < (n + DY, (A1)
Analogously,
IATI < (n + DIK, (A2)

Accordingly, the number of elements in the set of possible
& is upper bounded at most by a polynomial order of n,

that is,
IA,l < (n + DK (A3)

The following lemma states the fact that the discrepancy
between the empirical entropy and the entropy asymptoti-
cally goes to zero.

Lemma A.2. Let ®#= A, denote the matrix of the
conditional types with respect to the empirical sequence
which satisfies s € Cy (V), (s,a) € C; (W), and x € C; (I).
Then, if A, <1/8, we obtain '

21
IH(@7|Fs) — HITIV)| < 2k, log J = v/24,log =+,
(A4)
[H(®"|Fg 1) — H(T'IW)| < \/2¢,log I
J2A
+ +/2¢,log K — +/2A,log - (AS)

I’JK -
For the proof of this lemma, see Appendix B.1.

Now we show that the number of sequences with the
same conditional type matrix increases exponentially for n.

Theorem A.1 (Bound of |[C"(®, Fy, Fs 7)|). For every state
sequence s € 8" with the type Fy and matrix ®™ : § - A
such that C" (@7, s) is not empty,

exp{nH(®™|F )}

D SIC@TSI < explnH@TIFL - (A6)

Also, for every action sequence a € A" and matrix ®" :
8 X A — 8§ X R, such that C"(®T, F ;) is not empty and
the joint-type is Fg 7,

exp{nH(®|Fs.2)}

nl (n + 1)K <|C"(@T, Fy0)| < Iexp{nH(®" |F s 1)}

(A7)
Therefore, for every x € (8§ X A X Ry)" with the type Fg
and the joint-type Fg 7 and for the matrix @,
exp[n{H(®"|Fs) + H(®|Fs.2)}]
n(n + 1)IJ+121K

< Iexp[n{H(®"|F ) + H(®"|Fg 1)} (A8)

< |Gn(q>’Fé’»FSﬂ)|

The proof is given in Appendix B.2. There also exist the
following bounds on the probability of the ®-shell.

Theorem A.2 (Bound on probability of C"(®, F, Fg 7)).
For every matrix @ such that C"(®, Fg, Fs 7) is not empty,
Pr(C"(®, Fg, F 7)) is bounded by

uexp[—n{D(®@T||T™|Fy) + +D(®"||TT|Fs )N
n"(n + 1)11+121K
< Pr(C(®, Fy, Fs2)) < v 'Texp[—n{D(®"||T™|Fy)
+D(@"[|ITT|Fg )}, (A9)
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where v and u are defined by (24) and (27),
respectively.

The proof is given in Appendix B.3. This theorem
implies that empirical sequences with conditional type
matrix @ far from I' are not likely to be generated
in practice. The term ‘far’ here means that the
divergence between @ and I' is large. We have
mentioned the theorems to be used in the proofs of
Theorem 3.1-3.3.

Appendix B. Proofs

Appendix B.1. Proof of Lemma A.2

From Kullback (1967), if s € C} (V), then

I
S = vil < V2DESIV). (B1)
i=1

Hence, by H(P;) <log J and (15),

[H(T™|Fg) = HI™ V)| =

<+v/2k,logJ

(B2)

1
> (= voH®P)
i=1

is satisfied. In the same way as Csiszar and Korner (1997),
Lemma 2.7, if 4,<1/8, then

[H(®T|Fs) — H(T™|Fy)l

24
= [H@® F5) — HIT™, Fy)l < —/2h,log 2. (B3)

From
[H(®"|Fg) — H(TT|V)| < [H(®T|Fg) — H(T™|Fy)l

+ [H(T™|Fg) — HTTV)I, (B4)
we have (A4). The equation (A5) can be derived

similarly.

Appendix B.2. Proof of Theorem A.l

First, we define

def l’li!

|C*" (G| = ———.
[T/ ny!

Since the actions given by s; have the type G;), from Dueck
and Korner (1979) we have

(BS)

exp{niH(G(i))}

(n; + 1y < |Gni(GZ§))| < eXp{n,»H(G(l-))}, (B6)

By [C"(®7, )| = [[i=1 |C"(G)l, |C"(®T, )| is bounded by

exp{nH(®~|F )}
[Ti=i(n + 1

Therefore, by Hle(n,» + 1) < (m+ 1)¥ we obtain (A6).

The proof of (A7) is different from the above proof
because C"(®T, F ;) is not only dependent on F g 7 but also
on the initial state s(1) because of Markov property. So for
any i and j we define

<|CHPT, 5)| < exp{nH(®"|F)}.  (B7)

~n;; def nl'
[C(G; | = —"H——. B8
( (j)) Hzl":l HkK=1 niji’k! (B8)

By following along the same lines as the proof of (A6)
above, we have

exp{nH(®"|F 1)}

DK |C"(@", Fs )| < exp{nH(®'|F 1)}

(B9)

The set C"(®", F ;) allows a unique reconstruction of
empirical sequence with C"(®7,s) only when the initial
state s(1) is known. Then, from Davisson et al. (1981), the
upper bound of C*(®T, F ;) is

(@, Fs )| < 1IC" (@, Fg 7)| < Iexp{nH(®" |F5 1)},
(B10)
because s(1) is not specified by the I sequences. Next, in the

same manner as Davisson et al. (1981), we obtain the lower
bound,

1 J — '
@ ool = [[[[ o i
i=1 j=1

1 K
i'=1 szl Njjirk !

exp{nH(®"|F5 1)}

nl](n 4 1)121K

1
> |C"(@®T, Fy 1) > (B11)
n

Thus we have proved that (A7) holds. Consequently, from
(12) we obtain (AS8).

Appendix B.3. Proof of Theorem A.2
The probability of x € (S X A X Ry)" is

Pr(s(1))
Pr(s(1)|s(n), a(n))
Pr(s(t + 1), r(t + 1)|s(2), a(?))}, (B12)

Pr(x) = [ [{Prta)ls@)
t=1

_ Pr(s(1) LT
~ PrGs(Ds(n), a(m) (H 117 )

i=1 j=1

1 J 1 K
il k
X TP )
i=1 j=1 i'=] k=1

(B13)
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_ Py
Pr(s(1)|s(n), a(n))
+D(@"|IT"|Fg) + H(@T|Fg) + H(®"|Fs 1)},

(B14)

pl—n{D(®"|IT"|Fy)

where Pr(s(n + D)|s(n), a(n)) =Pr (s(l)ls(n), a(n)) by the
cyclic convention. With the definitions of (24) and (27),
the probability of x is bounded by

pexp[—n{D(®"||T™|F) + D(@"||TT|Fy )
+ H(®"|Fy) + H(®"|F )} < Pr(x)
< v 'exp[—n{D(®"||TT|Fy)

+D(®"||T"|Fy 1) + H(®T|Fg) + H®"|Fs 1)},
(B15)
Using (A8) and
s on g N < on . .
reer(pin |C"(®, Fg, Fg2)|Pr(x) < Pr(C"(®, Fs, F 7))

< max

2D, Fy, Fg7)|P B1
xe@”(@,Fg,FA])l(”( B S é])l r(x), (B16)

we obtain (A9).

Appendix B.4. Proof of Theorem 3.1

Let us define the set of the matrix @ whose empirical
sequence does not belong to the set of the I'-typical
sequences as

Ain ={® € A, |D(@||TT|Fy) + D@ |IT"|Fg.2) > A,}.
(B17)

Then,

Pr(egu(r))=1—1>r( U C'(®,Fy,Fy j,)) (B18)

PeEA,

Following along the same lines as Csiszar and Korner
(1997) Theorem 2.15, with (A9) we have

Pr( U G"(@,F(;,F(gﬂ)> <v U + DK
PEA,
Xexp{—n min {D(®7||TT|Fy) +D(q>T||rT|Fé»ﬂ)}}.
dEA,

(B19)

Since  D(®T||TT|Fg) + D(®"||TT|Fg;)> 1, when
® = A/, substituting A, for the minimum value we obtain

Pr (q}éA C(®, Fy, Fgm) <v U + 1)K exp(—ni,),

(B20)

— exp [—n{xn (I +1PJK)log(n + 1) + logl — 1ong '
n

(B21)
We define
e (IJ, K, 2,) <
1J + I’JK)] 1) +logl—1
Xexp[—n{kn—(J-'_ JK)log(n + 1) + log ogVH’
n

(B22)

and hence ¢, — 0 as n— o if (23) is satisfied. Also, by (B18)
Theorem 3.1 holds.

Appendix B.5. Proof of Theorem 3.2

First, let us derive the lower bound. We define

on,J, K, Ky, € Ay) def /2k,log J + /28, log K

+v/28,log I —+/24, log —/24,log

1211(
(B23)

By (B15) we have
— log Pr(x) > log v + n{D(®"||TT|F) + D(®"||IT"|Fy )

+ H(®"|Fy) + H(®"|F 1)} (B24)
>log v + n{H(®"|Fy) + H(®"|Fs 7)}, (B25)
>log v + n{H(I'™|V) + H(T'T|W) — p,}, (B26)

where (B25) is obtained by the non-negativity of the
divergence and (B26) follows from Lemma A.2. Analo-
gously, the upper bound is obtained as follows:

—log Pr(x) < —log u + n{D(®"™||T|Fy)

+ D(@"[|ITT|Fgz) + H(®T|Fg) + H(®|F 1)},
(B27)

< —log u + n{H(®T|Fg) + H(®'|Fs ) + A,}, (B28)
< —log u + n{H(T™|V) + HI'T W) + A, + p,}.  (B29)
Thus dividing (B26) and (B29) by n we have (26).
Appendix B.6. Proof of Theorem 3.3

We first prove the lower bound. Using the fact that
C;, M) 2C (P, Fs, Fs7) and (A8), we get

1C;, M| = [C* (@, Fs, Fs)l, (B30)

exp[n{H(®™|Fy) + H(®T|Fg 7}
nlJ(n + 1)11+121K

€7, M = ; (B31)
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|C} ()| =exp [’l{H(‘I’ﬂF&’) + H(®"|Fg4)

2
(I + PIK)log(n + 1) + Llog n}] B32)
n

|C} (D) > exp[n{H(I'"|V) + H(T' W) — L}, (B33)

where (B33) is derived from Lemma A.2 and

Gl T K ks B 2) S P T K Koy Erps )

1J + IPJK)L 1)+ 1J1
+(J+ JK)log(n + 1) + Jogn‘ (B34)

n
Next, we consider the upper bound. By (A8) and (22), we

have
|Gzn(1—‘)| S ‘Pg\ . |en(¢7 FQSUF(Sﬂ)l’

D(®7||T™|Fs)+D(@"||ITT|Fs 1)<,

(B35)

2
1} (D) < I(n + DY X exp[n{H(®@T|F) + H(®"|Fs 1)},

(B36)
|3, ()] < exp[n{H(TT|V) + HOTTIW) +7,}],  (B37)
where (B37) is derived from Lemma A.2 and
LT KK & 2) S LT K KB D)

2
+ (IJ + I"'JK)log(n + 1) + log I. (B38)

n

Thus we have proved the upper and lower bounds in
Theorem 3.3.

Appendix B.7. Proof of Theorem 4.1

When the agent’s return is maximized, obviously
the subset of best sequences has to be included within the
I'-typical set. Hence, ¥}, C ¢5 (I') holds and then

Pr(x}) = Pr(C} (D)Pr(x}1C} (D). (B39)
From Theorem 3.1, for sufficient large n,
Pr(C} () = 1. (B40)

Since from Theorem 3.2 every element in Gﬁn(l") has the
same probability for sufficient large n, we have

x|
e (Ol

Pr(x;|C} () — (B41)

Therefore, (43) holds. Then, from the definition of ij as
n— o and I - T clearly we obtain Pr(y),) — 1.

Appendix B.8. Proof of Theorem 4.2

Differentiating (36) with respect to 8, we have

dr (8, Q) _ exp(ﬁQij)(QijZ B — Z, 1{QUeXp(ﬁQ,,)})
dg (Zi(B))*

(B42)
Using (B42) we get

d
Z 4 (M6.0)loe w(6.0)).  (B43)

d dr(8, Q)
dgs s’

2
d B U
#HC0 =z 5r { (; Q,-,exp(ﬂg,,-)>
J
—Zi(8) (Z Q%,-exp(ﬂQ,-,->) } (B45)

d
;3 —H(G) =

4 H(Gy) = - Z(log (8, Q) + 1) (B44)
j=1

j=1
d
—H(G,:
a5 G0 =~ 57 6))2 ;]Z@,, Q)

X exp(B(Qy + Q). (B46)
d
@H(Gm) <0. (B47)

Therefore, by dH(I™|V)/dB=>"1 v(dH(G)/dB) we
obtain (45). Also, on the limit §— o, H(P;)=0 holds for
all i. Hence we obtain (46).

Appendix B.9. Proof of Theorem 4.3

Differentiating (38) with respect to €, we have

dn(e,Q;) 1
TE2) 2y, B48
de Ji Y ( )

By (B48) we have

J

d
1% H(G;) = Z

j=l1

(Te(e, Qy)log (e, Oy)), (B49)

H(G(,))—Z(logrc(s Q) +1) dme, QU), (B50)

d
— 5 HGy) = Zlog( +(1 - e)e,j)

z j=1

J J
&
i=1 i J=1

(B51)
— d H(G;)=(1— 1 1 —1 + 1—
de (Gu) = 7; 0og _l 0g €
(B52)
d
—gH(G(i)) <0. (B53)
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Accordingly, using dH(T'™|V)/de = Y"1, v,(dH(G;,)/de) we
obtain (47). Also, on the limit §— o, H(P;)=0 holds for
all i. Therefore we have (46).

Appendix B.10. Proof of Theorem 4.4

First, let us consider the lower bound. Since the length
l(q) of the program ¢ satisfies the Kraft inequality (Cover
and Thomas, 1991, p. 154), we have

> exp(—lg)< 1. (B54)

q:U(g)halts

We assign to each x the length of the shortest program g
such that U(g,3n)=x & Gﬁn(l"). These shortest programs
also satisfy the Kraft inequality. Since the expected
codeword length must be greater than the entropy, we
obtain the following lower bound,

Er[Ky(x[3n)] > Er[—log Pr(x)], (B55)
Er[Ky(x|3n)] > log v + n{y(I") — p,}, (B56)
by (B26).

Next we consider the upper bound. Let ¢ denote a
constant value. We describe the matrix (® € A,, with respect
to the empirical sequence using log|A,| bits. Also, to
describe the index of the empirical sequence within the set
of all sequences having the same matrix of conditional
types, log |C"(®, F, F 7)| bits are required because the set
has less than |C"(®, F, Fg ;)| elements. Hence,

Ky (x13n) <log|C*(®, Fg, Fs )| +loglA,l +¢,  (B57)
Ky (x13n) < n{H(®T|Fs) + H(®@"|F5 )} +log I

+(J + PIK)og (n+ 1) + ¢, (B58)
Ky (x[3n) < n{y(T) + p,}

+log I+(1J + IPJK)log(n + 1) + ¢, (B59)

where (B58) follows from Lemma A.1 and (A8), and (B59)
follows from Lemma A.2. Again, taking the expectation and
dividing (B56) and (B59) by n yields the upper bound of (56).
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