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Abstract—The connectivity of ad hoc networks has been extensively studied in the literature. Most recently, researchersmodel ad hoc

networks with two-dimensional lattices and apply percolation theory for connectivity study. On the lattice, given amessage source and

the bond probability to connect any two neighbor vertices, percolation theory tries to determine the critical bond probability abovewhich a

giant connected component appears. This paper studies a related but different problem, directed connectivity: what is the exact

probability of the connection from the source to any vertex following certain directions? The existing studies in math and physics only

provide approximation or numerical results. In this paper, by proposing a recursive decomposition approach, we can obtain a closed-form

polynomial expression of the directed connectivity of square lattice networks as a function of the bond probability. Based on the exact

expression, we have explored the impacts of the bond probability and lattice size and ratio on the lattice connectivity, and determined the

complexity of our algorithm. Further, we have studied a realistic ad hoc network scenario, i.e., an urban VANET, where we show the

capability of our approach on both homogeneous and heterogeneous lattices and how related applications can benefit from our results.

Index Terms—Connectivity, square lattices, bond percolation, ad hoc networks

Ç

1 INTRODUCTION

IN ad hoc networks, nodes can be distributed in the space
without any preexisting communication infrastructures.

To deliver a message to its destination, short-range con-
tacts and multi-hop wireless communications are needed.
Such scenarios are termed as wireless, mobile, or vehicular
ad hoc networks (W/M/VANETs) or delay/disruption-
tolerant networks (DTNs). In general, the connectivity in
ad hoc networks can be defined as the connection probabil-
ity of any two nodes via multiple intermediate connections.

The connectivity problem in two-dimensional (2D) ad hoc
networks has attracted lots of attention, most recently with
geometrical probability, stochastic geometry, and percola-
tion theories [1], [2], [3].When the network can be adequately
modeled as a 2D square1 lattice (e.g., VANET in city blocks),
percolation theory has been widely used. Initially in statisti-
cal physics, percolation theory studies the process of liquid
filtering through porous materials. The bond probability
indicates the connection probability of any two neighbor
vertices. If the percolation directions are given, i.e., the

connection between any two neighbor vertices is directed,
such type of percolation is called directed percolation (DP).

In this paper, we study a related but different problem of
DP: directed connectivity (DC), i.e., given a message source
and the bond probability to connect neighbor vertices on a
square lattice, what is the probability for the message to
reach an arbitrary vertex following certain directions? The
problem appears to be similar to DP at the macroscopic
level, but different microscopically as DP only cares about
the existence of a giant component, while DC has to deter-
mine the exact connectivity to each vertex, which is more
relevant to network connectivity.

Despite the efforts inmore than half a century, DP andDC
are mostly studied on their convergence and critical behav-
iors with approximation results or numerically by simula-
tion, from high dimensions [4] to two dimensions [5], [6], [7].
For DP, one of the most related work determined the critical
probability analytically of a square lattice where the vertical
bond probability is py and the horizontal probabilities are 1
and px interleaved at different layers [5]. Conceptually, DC
problems are even harder thanDP. ForDC, authors in [6] dis-
covered the relations between the connectivity and the per-
colation distance, the connectivity and percolation angle,
respectively, but only with approximation. However, by
extending our previous work on 2D ladder connectivity [8]
and by proposing a new recursive decomposition approach,
we have obtained the exact analytical expressions for the DC
problem on square lattices. The approach can be extended to
lattices with different horizontal and vertical bond probabili-
ties, and different tessellation shapes.

This paper makes the following contributions. First,
for the first time in literature to the best of our knowl-
edge, it gives the exact analytical solution to the DC
problem on square lattices and can quickly determine
the network connectivity without lengthy simulation.

1. Following percolation notations, square lattice is a lattice of square
cells. We use symmetric lattice to refer to the same number of horizontal
and vertical cells in a 2D finite lattice, and strip lattice when the number
of cells in one dimension is fixed but that in the other varies.
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Even though the results are based on square lattices,
they can offer valuable insights when clustering and
aggregation are possible in full 2D networks. Second, we
explore the obtained analytical expressions and analyze
the impact of the bond probability, and the lattice size
and ratio on network connectivity, in addition to deter-
mining the complexity of the proposed approach. Third,
we apply the approach to an urban VANET scenario to
show the extensibility of the approach. Inspired by some
existing work [8], [9], we carefully mapped the urban
VANET message propagation to the DC problem. Both
homogeneous and heterogeneous cases are discussed
and valuable insights are discovered about how the
applications can benefit from the results.

The remainder of this paper is organized as follows. In
Section 2, we review the most related work to the connectiv-
ity problem in ad hoc networks and its relation to the
directed connectivity. We present our analysis framework
and derivation in Section 3. Further, we determine the algo-
rithm complexity, verify the algorithm correctness and
explore the analytical connectivity expressions in Section 4.
Section 5 offers an extension of our approach to a real-world
problem, i.e., directed connectivity in urban VANETs. Fur-
ther discussion and conclusions are presented in Section 6
and 7, respectively.

2 RELATED WORK

Connectivity of ad hoc networks has been extensively stud-
ied, mostly in the 2D euclidean spaces [10], [11]. Without
fixed communication infrastructures, nodes in ad hoc net-
works have to rely on their neighbors or leverage the mobil-
ity of them to deliver messages to the destination, often in a
multi-hop manner through wireless communications and/
or short-range contacts. As a result, the connectivity has to
be characterized probabilistically. A wide variety of ad hoc
networks exist, ranging from stationary (sensor networks
[12]) to mobile ones. VANET is a special type of the latter,
where vehicles are involved as the communication source,
destination and relay [8], [13], [14]. The unique vehicle
mobility introduces more challenges to connectivity, but
also offers new opportunities. For example, along a high-
way, vehicles travel in one dimension, possibly also com-
municating with the vehicles on the reverse direction. In a
city block scenario, a 2D square lattice is often used to
approximate the road grid.

Analytical and algorithmic tools in graph theory and
computational geometry have been widely used in the
modeling and analysis of connectivity in ad hoc networks
[15], together with geometrical probability, stochastic
geometry, and percolation theories in recent years. For
example, a connected dominating set is introduced in ad
hoc networks to create a virtual backbone for the network
[16]. Geometrical probability tools offer the characteriza-
tion of distance distributions among nodes in and
between different geometry shapes (e.g., triangles, rectan-
gles and hexagons [17], [18], [19]), and stochastic geome-
try tools further introduce the time line in the random
process of node coverage and connectivity [20]. Addi-
tional nodes can be deployed, sometimes even mobile
ones, to improve the connectivity.

Most recently, percolation theory has found a wide range
of applications in networking research, particularly on the
connectivity in ad hoc networks [21], [22], [23], [24]. Many
networking scenarios can be adequately modeled as perco-
lation on square lattices, either individually (e.g., VANET in
city blocks) or after clustering and aggregation (cluster
heads in wireless sensor networks). Although many 2D reg-
ular tilings are used (e.g., hexagons for cellular systems and
rhombuses or triangles for cells with directional antennas),
square lattices are most widely used. For messages with a
given destination, or vehicles traveling in certain directions,
geographical forwarding is often deployed to minimize the
network overhead due to flooding [8]. Thus directed perco-
lation becomes a premier model in such scenarios, and most
existing work applies the results from isotropic or directed
percolation on square lattices.

Motivated by the VANET connectivity in city scenarios,
this paper studies the DC problem on square lattices. We
try to establish the analytical expression for the directed
connectivity from a given message source to any possible
destinations in the network. The most related work is pre-
sented in [6], where PR;p indicates the probability of a pair
of sites at 0 and R being connected with directed bond
probability p. There exists a value pc such that for p < pc,
PR;p � expð�jRj=�Þ with � � ðpc � pÞ�n; pc and n can be esti-
mated numerically. This approximation indicates an expo-
nential decay of PR;p when p < pc and the exponent is
determined by how far away the bond probability is from
the critical bond probability. For p > pc, percolation hap-
pens and there is always one (or more) infinite path (i.e.,
giant component). But this does not mean the sites 0 and R
are connected. The work further discussed the impact of
percolation angle on PR;p, showing that the peculation can
only happen within a “corn” area along the diagonal of the
two connection directions.

Different from the existing work focusing on the conver-
gence behaviors of directed connectivity with approxima-
tion results obtained either by simulation or numerically,
we explore the exact connectivity expression between any
two sites as a function of the bond probability. In addition,
we extend our work to more general DC problems with var-
iable bond probabilities, which is more desirable than most
of the existing work [5], [6] which just consider either identi-
cal bond probability or different probabilities only between
horizontal and vertical bonds.

3 ANALYSIS FRAMEWORK

In this section, we first give the system model for directed
connectivity, and then present the analytical framework
and derivation results for lattices with size varying from
1 � 1 and 2 � 2 tom � n.

3.1 System Model

As shown in Fig. 1a, we consider a 2D lattice Lðm;nÞ, with
edges parallel to the x and y axes for notation convenience.
A message is generated at the origin O ¼ ð0; 0Þ at time t ¼ 0,
and propagated along the lattice edges in the directions
indicated by arrows. Assuming the bond probability p of
any two neighbor vertices, what we want to know is the
connection probability from the origin to ðm;nÞ, as a
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function of p. The derivation of bond probability p varies in
different applications. For instance, in Section 5, we con-
sider p as the probability of any two adjacent road intersec-
tions in urban areas being connected and the detailed
calculation could be referred to [8]. To be more general,
bond probabilities in a lattice network could be different
from edge to edge. But for the simplicity of presenting our
approach, we assume a homogeneous p in this section. Het-
erogeneous case is presented as an extension in Section 5.

Even with the simplified model, it is still a hard problem
to derive the connection probability at vertex ðm;nÞ,
denoted as P ðm;nÞ. For example, to reach ðm;nÞ, the mes-
sage can go through ðm� 1; nÞ or ðm;n� 1Þ as the last hop.
However, even if P ðm� 1; nÞ and P ðm;n� 1Þ were known,
it is still difficult to derive P ðm;nÞ, as the paths from ð0; 0Þ
are not independent before they reach the last hop. A brute-
force approach has to enumerate all possible paths and
overlapping (i.e., when different paths share the same
edges) and its complexity suffers the combinatorial explo-
sion on the exponent. This is also the reason why the exact
result of DC remains unsolved for so many years.

To facilitate the presentation, we also illustrate some
basic principles and simple cases in Fig. 1. First, if there are
two directed paths A and B connected by a common vertex
serially as shown in Fig. 1b, the end-to-end connectivity is
P ðABÞ ¼ P ðAÞP ðBÞ, as A and B are always independent
with directed edges. Here, we define P ðAÞ and P ðBÞ as the
probabilities that path A and B are connected, respectively.
Second, if there are two parallel paths A and B connecting
the source and destination as shown in Fig. 1c, the source-
to-destination connectivity is P ðAþBÞ ¼ P ðAÞþ P ðBÞ �
P ðABÞ according to the principle of inclusion and exclusion
(PIE). These two principles can be used to solve the 1 � 1 lat-
tice problem as shown in Fig. 1d: P ðAÞ ¼ P ðBÞ ¼ p � p ¼ p2,
and P ð1; 1Þ ¼ P ðAÞ þ P ðBÞ � P ðAÞP ðBÞ ¼ 2p2 � p4 as A
and B are independent and not mutually exclusive. Later
we find that we also encounter a triangular cell as shown in
Fig. 1e, and the end-to-end connectivity in this case is
PT ð1; 1Þ ¼ pþ p2 � p � p2 ¼ pþ p2 � p3. The cases become
more complicated when A and B are also dependent.

3.2 2 � 2 Lattices

Following the same principles, we attempt to solve the 2 � 2
lattice problem as shown in Fig. 2. Similarly, the top-left-
most path A and the union of all other paths, B, are identi-
fied. But the difference from Section 3.1 is that they are no
longer independent (as A and B have many overlapping

edges). A naive approach is to consider each edge along A
separately and check the impact of their connection status
on B. Depending on each edge being connected or not, there
are 24 cases of a single path A and many more cases will be
introduced in B. If using the PIE principle, after the first
level of decomposition, to further decompose B, which has
more than two layers, is very difficult, if not impossible.
This is because most edges, other than the bottom-rightmost
two, are shared by many paths. This also renders our previ-
ous approach [8] on one-layer ladders not applicable to
multi-layer lattices. Observing A is a single path (i.e., no
branches possible), we can have a simple partition on it. As
shown in Fig. 2a, define Si as the event that the last i edges
along A leading to the destination are all connected, but the
last ðiþ 1Þth one is not, so P ðSiÞ ¼ pið1� pÞ for
0 � i � mþ n� 1. For the origin and destination to be con-
nected, we then have mþ nþ 1 mutually exclusive cases,
including BjSi and A being connected where P ðAÞ ¼ pmþn.
Define the probability that B is connected given Si as
P ðBjSiÞ, we have

P ðm;nÞ ¼ P ðAþ BÞ ¼ 1� P ðB þAÞ
¼ 1� P ðB AÞ (1)

¼ 1� P

�
B
[mþn�1

i¼0

Si

�
(2)

¼ 1�
Xmþn�1

i¼0

P ðBjSiÞP ðSiÞ (3)

¼ 1�
Xmþn�1

i¼0

ð1� P ðBjSiÞÞP ðSiÞ

¼ P ðAÞ þ
Xmþn�1

i¼0

P ðBjSiÞP ðSiÞ; (4)

where (1) is due to De Morgan’s law, (2) due toS mþn�1
i¼0 Si ¼ A, (3) due to Si being mutually exclusive, and

(4) due to
Pmþn�1

i¼0 P ðSiÞ ¼ P ðAÞ ¼ 1� P ðAÞ, i.e., A and Si

partition and constitute the entire event space in total
probability.

For Lð2; 2Þ, given S0, no end-to-end connection is possi-
ble via vertex ð0; 2Þ or ð1; 2Þ, so we can discard the edges
adjacent to the two vertices and have BjS0 as shown in

Fig. 2. The decomposition of a 2 � 2 lattice.
Fig. 1. System model and basic principles.
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Fig. 2a. Given S1, it implies that ð1; 2Þ and ð2; 2Þ are con-
nected, and B does not include any edges from ð0; 2Þ, so we
can merge ð1; 2Þ with ð2; 2Þ in B to obtain BjS1. Since S1 and
S2 have the same effect, they are illustrated as BjS1j2 in
Fig. 2a. Given S3, no connection is possible through ð0; 1Þ, so
the edges adjacent to it have to be removed; it also implies
that ð0; 1Þ, ð0; 2Þ, ð1; 2Þ and ð2; 2Þ are connected sequentially,
so they can be merged, as BjS3 in Fig. 2a.

After this decomposition, we have BjS033. Using the serial
principle, BjS0 can be decomposed into a 2 � 1 lattice (or
ladder) and an edge. Fig. 2b shows how we further decom-
pose the ladder into A0, B0 and B0jA0 following the condi-
tional probability approach that we previously proposed
for ladders specifically [8], while Fig. 2c shows the new total
probability approach with B0jS0

032, which can both be solved
directly using the serial principle, P ð1; 1Þ and PT ð1; 1Þ: the
results are the same, but the new approach is simpler, espe-
cially when we have multi-layer lattices. Similarly for BjS1j2,
they are decomposed in Fig. 2d to components of known
connectivity (e.g., B00jS00

0 is the same as BjS0), and part of
BjS3 is decomposed in Fig. 2e, where the serial principle
and P ð1; 1Þ can be applied. Using the total probability
approach, the connectivity of the decomposed components
can be reassembled,

P ðAÞ ¼ p4; P ðBjS0Þ ¼ p8 � p7 � 2p6 þ 3p4;

P ðBjS1j2Þ ¼ �p9 þ 3p8 � 3p6 � 3p5 þ 3p4 þ 2p3;

P ðBjS3Þ ¼ p7 � 2p6 � p5 þ 2p4 þ p3:

Then P ð2; 2Þ can be recovered as follows:

P ð2; 2Þ ¼ P ðAÞ þ
X3
i¼0

P ðBjSiÞP ðSiÞ

¼ p12 � 4p11 þ 2p10 þ 4p9 þ 2p8 � 4p7 � 6p6 þ 6p4:

3.3 m � n Lattices

Following the new total probability approach, we attempt to
solve the generic m � n lattice problem as shown in Fig. 3a.
For clarity, we have omitted the arrow on edges in the fol-
lowing figures. Similar to BjSi in Section 3.2, we can first
remove the edges or merge the vertices on the top row of an

m � n lattice, as BjS03m�1, and then remove the edges or
merge the vertices along the leftmost column of the lattice,
as BjSm3mþn�1, by considering the top-leftmost path A and
events S03mþn�1, as well as their impacts on B.

After this decomposition, similar to Section 3.2, we need to
further decompose the components eventually to the ones of
known connectivity. For example, BjS0 contains an
m � ðn� 1Þ lattice and an edge, which leads to a recursion
among lattices. BjSmþ1 is further decomposed in Fig. 3b and
similarly for all the other BjSis. Although all BjSis and their
decomposed components have different structures, we have
found the similarities between these structures during the
decomposition process, andwe can introduce a generic struc-
ture calledTower to formulate the recursions among them.

Fig. 4a shows the generic structure of Tower T . All the
decomposed components of them � n lattice, plus the lattice
itself, can be regarded as a special case of T . T has a layered
structure, with more blocks near the bottom, as we remove
edges and merge vertices gradually along the top-leftmost
portion of the tower. The source is the bottom-leftmost ver-
tex at ð0; 0Þ, and the destination is the top-rightmost one at
ðm;nÞ. On each layer, there are two types of building blocks:
triangles and rectangles. Each triangle~, on layerK in Fig. 4,
is composed of two shortcuts to ðm;nÞ and one or two ordi-
nary lattice edges. A rectangle tu, is the block originally in
the lattice and not affected by the decomposition process
yet. Depending on the number (ti) of ~s and that (ri) of tus,
we can denote layer i by ðti; riÞ, except for the base b which
is represented by the number of the bottom edges. Taking
into account all the layers in a configuration for the tower,
we can denote it by T ððt0; 0Þ;tK

i¼1ðti; riÞ;tN
i¼Kþ1ð0; riÞ; bÞ,

where t represents a series of layers. Be aware that we dis-
tinguish four types of layers: 1) the top layer 0 with ~s
only; 2) the mixed ones of both ~s and tus from layer 1 to
K; 3) the ones with tus only from layer K þ 1 to N ; 4) the
base b. For example, T ðtn�1

i¼0 ð0; mÞ;mÞ is the original m � n
lattice, T ðð1; 0Þ;tn�1

i¼1 ð0;mÞ;mÞ is the BjS1 in Fig. 3,
T ððm� 1; 0Þ; ð0;m� 1Þ;tn�1

i¼2 ð0;mÞ;mÞ is BjSmþ1, and
T ððm� 1; 0Þ;tn�1

i¼1 ð0;m� 1Þ;mÞÞ is BjSmþn�1.

Fig. 4. The decomposition of a Tower.

Fig. 3. The decomposition of anm � n lattice.
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For a generic tower as shown in Fig. 4, we can identify
the top-leftmost path as A and a series of events Si. Recall
that Si means the last i edges along A leading to ðm;nÞ,
including the original lattice edges (either horizontal or ver-
tical) and shortcut edges, are connected, but the last
ðiþ 1Þth one is not. Let si represent the last broken edge
toward ðm;nÞ and the edge si corresponds to the event Si. It
is important to recall that the decomposition happens seri-
ally from event S0 to Sb, corresponding to Fig. 4a. Each
decomposition (e.g., Si’s) is performed on the tower
obtained from the previous decomposition (i.e., Si�1’s).
Essentially we have four types of edges along A: 1) one
shortcut edge (e.g., s0 in Fig. 4a) on layer K; 2) horizontal
edges (e.g., s1 and s2), of which there are riþ1 � ti � ri on
each layer for i � K; 3) at most one vertical and topmost
corner edge (s3 or sa or sb) on each layer for i > K and
ri > ti�1 þ ri�1; 4) at most one vertical but not topmost
edges (s4) on each layer for i > K and ri ¼ ri�1. In the fol-
lowing, we will show how each type of Si can reduce a
tower to another of less complexity.

3.3.1 The Shortcut Edge along A

For example, s0 is in A but not in B, so whether it is broken
or not does not affect B, and BjS0 ¼ B as shown in Fig. 4b.
Using the tower notation, T ð. . . ; ðtK; rKÞ; . . .Þ !

So T 0ð. . . ;
ðtK � 1; rKÞ; . . .Þ with the absence of the shortcut edge at
layer K, and no changes in other layers, so the tower com-
plexity is reduced.

3.3.2 The Horizontal Edges along A

For s1, it is in both A and B, and if it is broken but s0 is con-
nected, it will remove all the horizontal edges left to it on
layer K and introduce a shortcut to ðm;nÞ directly on layer
K þ 1, as shown in Fig. 4c. Using the tower notation,
T ð. . . ; ðtK; rKÞ; ð0; rKþ1Þ; . . .Þ !

S1 T 0ð. . . ; ðtK � 1; rKÞ; ð1; tKþ
rK � 1Þ; . . .Þ, i.e., one ~ on layer K is removed, but one ~
on layer K þ 1 is introduced. However, the number of tus
on layer K þ 1 has been reduced to rK þ tK � 1. Recall that
rK þ tK � rKþ1 for a valid tower, the tower complexity is
reduced overall as well.

For s2, if it is broken but s1 and s0 are connected, it will
also remove all the horizontal edges left to it on layer K and
introduce a shortcut on layer K þ 1, as shown in Fig. 4d. In
fact, all horizontal edges along A will have the same behav-
ior, and since they always remove at least one tu on the next
layer and only introduce one ~ on the next layer, therefore,
the tower complexity keeps decreasing with s1j2-like edges.

3.3.3 The Vertical and Topmost Corner Edges along A

For s3 on layerK þ 1, if it is broken but s0��2 are connected, it
will have the same effect as S2, since s3 is the topmost edge of
a vertical path segment and there are no branches between s2
and s3, so the reduction is shown asBjS2j3 in Fig. 4d.

3.3.4 The Vertical but Not Topmost Edges along A

For s4 on layerK þ 2, if it is broken but s0��3 are connected, it
will remove a tu from the same layer, without introducing
any~ in any layer, as shown in Fig. 4e. Using the tower nota-
tion, T ð. . . ; ð0; rKþ2Þ; . . .Þ !

S4 T 0ð. . . ; ð0; rKþ2 � 1Þ; . . .Þ. In fact,

all vertical but not topmost edges alongAwill have the same
behavior, and since they always remove one tuwithout intro-
ducing a~, the tower complexity is further reduced.

3.3.5 The Base

On the base line, serial and parallel principles can be
applied to reduce the tower complexity. For example, as
shown in Fig. 4f, if layer N has tN ~s and rN tus, it implies
that the base layer has b� ðtN þ rNÞ edges along a single
path of connectivity pb�ðtNþrN Þ, so P ðT ð. . . ; ðtN ; rNÞ; bÞÞ ¼
pb�ðtNþrN ÞP ðT 0ð� � � ; ðtN ; rNÞ; tN þ rNÞÞ using the serial princi-
ple. For the tN ~s, each of them implies two parallel paths:
one by the shortcut to the destination directly, and another
through a horizontal edge and then a smaller tower. Since
these two paths are mutually exclusive, the PIE principle
applies as P ðT 0ð. . . ; ðtN ; rNÞ; tN þ rNÞÞ ¼ pþ ð1� pÞP ðT 00

ð. . . ; ðtN � 1; rNÞ; tN þ rNÞÞ. The PIE principle can be applied
repeatedly until the base becomes ~ free. After that,
another top-leftmost path A0 and layer K0 can be identified
and the above procedures can be repeated to further reduce
the tower complexity, until the decomposition leads to the
components of known connectivity.

3.3.6 The Overall Recursion

According to Fig. 3 and Eq. (4), the recursion process can by
summarized using the following theorem:

Theorem 1. For a lattice with size m � n, the connection proba-
bility at vertex ðm;nÞ,

P ðm;nÞ ¼ P ðAÞ þ
Xmþn�1

i¼0

P ðBjSiÞP ðSiÞ;

where P ðSiÞ ¼ pið1� pÞ and P ðBjSiÞ are

P ðBjS0Þ ¼ p � P ðm;n� 1Þ;
P ðBjS1Þ ¼ P ðT ðð1; 0Þ;tn�1

i¼1 ð0;mÞ;mÞÞ;
� � �

P ðBjSm�1Þ ¼ P ðT ððm� 1; 0Þ;tn�1
i¼1 ð0;mÞ;mÞÞ;

P ðBjSmÞ ¼ P ðT ððm� 1; 0Þ;tn�1
i¼1 ð0;mÞ;mÞÞ;

P ðBjSmþ1Þ ¼ P ðT ððm� 1; 0Þ; ð0;m� 1Þ;tn�1
i¼2 ð0;mÞ;mÞÞ;

� � �
P ðBjSmþn�2Þ ¼ P ðT ððm� 1; 0Þ;tn�2

i¼2 ð0;m� 1Þ; ð0;mÞ;mÞÞ;
P ðBjSmþn�1Þ ¼ P ðT ððm� 1; 0Þ;tn�1

i¼2 ð0;m� 1Þ;mÞÞ;

with termination conditions given in Sections 3.1 and 3.2.

The derivation of the theorem is described early in this
section and its correctness will be proved in the following
section. Note that the tower complexity is always reduced
by each recursion, so the entire decomposition process will
terminate for sure, and then the components can be reas-
sembled, as well as the connectivity back to P ðm;nÞ.

4 PERFORMANCE EVALUATION

In this section, we first offer the complexity analysis of the
proposed method to obtain the connectivity expressions of
m � n lattices. We then verify its correctness by both sym-
bolic analysis and simulation. The impact of bond
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probability and lattice size on the end-to-end connectivity is
also discussed. In addition, we exhibit some connectivity
expressions of lattices with various sizes. Because the con-
nectivity expression is a function of bond probability, by
analyzing the expressions, we uncover more insights into
the impact of bond probability.

4.1 Computational Complexity

As being aforementioned, one existing approach to cal-
culating the exact square lattice connectivity with size
m � n is to use the PIE principle. P ðm; nÞ can be obtained
by enumerating all possible source-destination paths
(i.e., mþn

n

� �
paths of mþ n segments each), crosschecking

their overlapping segments, and calculating the probabil-
ities for each combination of them. The complexity domi-
nated by the total number of path combinations is

Xmþn
nð Þ

i¼1

mþn
n

� �
i

� �
¼ 2

mþn
nð Þ � 1:

Because the source-destination connectivity on a lattice is

symmetric along the diagonal, i.e., P ðx; yÞ ¼ P ðy; xÞ, the

total complexity of the PIE approach is Oð2
mþn
nð Þ�1Þ.

In our proposed approach, the m � n lattice is decom-
posed into towers. Each tower is further decomposed into
towers of smaller scales. Thus the total complexity of our
approach is determined by the total number of compo-
nents generated from the entire decomposition process.
For each Tower, we define a Stair which is constructed
with all tus of the Tower. In other words, a Stair is the
remaining part of a Tower when removing its top and all
~s. The total number of different Stairs with height i is

mþi
i

� �
� mþi�1

i�1

� �� �
. Upon each Stair, there can be ~s with

height from 1 to n� i. Thus for each Stair with a height i,
there can be ðm� 1Þ � ðn� iÞ þ 1 cases of ~s on top of the
Stair. Each case, together with the corresponding Stair,
forms a Tower. Thus for the total number Nt of the inter-
mediate towers, which determines the complexity of the
proposed algorithm, for an m � n lattice,

Nt ¼
Xn�1

i¼1

mþ i

i

� �
� mþ i� 1

i� 1

� �� 	
� 1þ ðm� 1Þðn� iÞ½ 	

¼
Xn�1

i¼1

mþ i� 1

i

� �
� 1þ ðm� 1Þðn� iÞ½ 	:

For strip lattice cases where m 
 n, Nt can be calculated
explicitly, e.g., when n ¼ 2 and n ¼ 3, the complexity can be
expressed as

Ntðn ¼ 2Þ ¼ m2;

Ntðn ¼ 3Þ ¼ 1

2
m3 þ 5

2
m2 �m;

which shows the feasibility of our approach for strip lattices
with the drop of the complexity from exponential sense (i.e.,
Oð2

mþn
nð Þ�1Þ of the PIE approach) to polynomial sense.

Because of the symmetry of the lattice structure and for
the ease of the complexity expression, analysis and compar-
ison, letm ¼ n, then,

Nt ¼
Xn�1

i¼1

nþ i� 1

i

� �
� ½1þ ðn� 1Þðn� iÞ	

¼
Xn�1

i¼1

ðn2 � ðn� 1Þðiþ 1ÞÞðnþ i� 1Þ!
ðn� 1Þ!i!

¼ nð2n2 � nþ 1Þð2n� 1Þ!� ðn3 þ 1Þðn!Þ2

n!ðnþ 1Þ!

¼ ð2n2 � nþ 1Þð2nÞ!
2 � n!ðnþ 1Þ! � ðn2 � nþ 1Þ:

Applying the bigO notation, the complexity of our algorithm
is Oðn2 � ð2nÞ!

n!ðnþ1Þ!Þ. We can observe that ð2nÞ!
n!ðnþ1Þ! is the nth

Catalan number, which can be used to represent the number
of monotonic paths along the edges of a lattice with n � n
square cells, without passing above the diagonal. Asymptoti-
cally, the nth Catalan number grows asCn � 4n

n3=2
ffiffiffi
p

p . Thus, we
claim that the complexity of our algorithm to derive the
directed connectivity expression for an n � n lattice is
Oð ffiffiffi

n
p � 4nÞ.
Verified by the simulation running time, our newapproach

is much more efficient than the PIE approach that has the
combinatorial on the exponent. Shown in Fig. 5, for a 6 � 6 lat-
tice, the number of PIE basic operations, i.e., path enumera-
tions, has already reached a magnitude over 10250, while the
total number of Tower enumerations that our approach needs
has a magnitude below 104. Our approach is considered to be
viable, especially in many engineering applications where
one dimension of the lattice is limited, even though the other
dimension can grow to a large number, e.g., in a VANET city
block scenario with certain traffic flow directions. In addition,
due to the recursive manner of our approach, whenwe obtain
P ðm;nÞ, we have also obtained all P ðx; yÞ for x � m and
y � n as a byproduct, so the complexity should be amortized
over all m � n lattices. Further, during the recursion process,
the connectivity of precalculated components can be stored
for table lookup in new decomposition branches, which will
greatly reduce the recursion depth and running time.

4.2 Symbolic Verification

4.2.1 2D Ladders

In [8], we derived the connectivity for 2D ladders, which is
the connectivity from ð0; 0Þ to ðx; 1Þ on lattices, using

Fig. 5. The cost estimation for n � n lattices.
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another decomposition approach that is not extensible to
lattices of more than one layer. However, we can use that
approach to verify the new one. According to [8], the follow-
ing recursive expressions can be defined for P ðx; 1Þ

P ðx; 1Þ ¼ p½px þ P ðx� 1; 1Þ � pxuðxÞ	; x � 1;

uðxÞ ¼ p½pþ uðx� 1Þ � puðx� 1Þ	; x � 1;

where P ð0; 1Þ ¼ p and uð0Þ ¼ 0. By simplifying these recur-
sions, we can obtain the symbolic, non-recursive expression
of the 2D ladder connectivity as follows:

P ðx; 1Þ ¼ ðpxþ1ð�pxþ3ð1� pÞxþ1

� pðpððp� 2Þxþ p� 3Þ
þ 2ðxþ 1ÞÞ þ xþ 1ÞÞ=ððp� 1Þpþ 1Þ2:

(5)

With the new approach, as shown in Fig. 6 for illustration
purposes, we have the following recursions according to the
decomposition process of towers (essentially of~s)

P ðT ðði; 0Þ; xÞÞ ¼ px�i � P ðT ðði; 0Þ; iÞÞ;
P ðT ðði; 0Þ; iÞÞ ¼ pþ p � P ðT ðði� 1; 0Þ; i� 1ÞÞ

� p2 � P ðT ðði� 1; 0Þ; i� 1ÞÞ;

with P ðT ðð1; 0Þ; 1ÞÞ ¼ PT ¼ pþ p2 � p3. Then with the total
probability in the new approach,

P ðx; 1Þ ¼ pxþ1 þ
Xx�1

i¼0

P ðT ðði; 0Þ; xÞÞpið1� pÞ

þ P ðT ððx� 1; 0Þ; xÞÞpxð1� pÞ;
(6)

which comes to the same expression as (5). For example,
P ð0; 1Þ ¼ p, obviously, P ð1; 1Þ ¼ 2p2 � p4, the same as that
obtained in Section 3.1 using PIE, and

P ð2; 1Þ ¼ p7 � p6 � 2p5 þ 3p3;

P ð3; 1Þ ¼ �p10 þ 2p9 þ p8 � 2p7 � 3p6 þ 4p4;

� � � :
(7)

4.2.2 2 �2 Lattices

Because the approach used in [8] is not capable for lattices of
more than one layer, we have to use the PIE principle. Here
we use a 2 � 2 lattice as an example. To use the PIE principle,
we first identify all the paths from the source to the destina-
tion. For the case of a 2 � 2 lattice, there are 6 paths in total,
as shown in Fig. 7.

Using the PIE principle,

P ð2; 2Þ ¼ P ðA1 þA2 þA3 þA4 þA5 þA6Þ

¼
X6
k¼1

ð�1Þkþ1
X

1�i1 < ���<ik�6

Ai1 � . . . �Aik

� � !

¼ p12 � p11 þ 2p10 þ 4p9 þ 2p8 � 4p7 � 6p6 þ 6p4;

(8)

where ð�1Þkþ1 indicates the inclusion and exclusion. Simpli-
fying (8), we obtain the same result as that in Section 3.2
with the new approach.

4.3 Simulation Verification

For ladders of more than one layer, however, there are no
symbolic results in the literature, and the PIE complexity
grows extremely quickly due to the combinatorial factor on
the exponent. Thus we have to rely on the simulation results
to verify the new approach. In addition, based on the calcu-
lation results, we try to understand the end-to-end connec-
tivity from the lattice size and ratio perspective. In the next
section, we will look at the connectivity problem from the
viewpoint of bond probability by analyzing the connectivity
expressions.

4.3.1 Symmetric Lattices

Fig. 8 shows the connectivity of symmetric lattices whose
length equals to their width. With the same bond probabil-
ity, the connectivities of lattices with different size are plot-
ted. The bond probabilities we choose here are from
p ¼ 0:35 to 0:95. For all the following figures in this section,
the lines indicate the calculation results by using the
obtained connectivity expressions, and the point markers
show the results from the simulation. As shown in the
figure, the new approach gives very accurate numerical
results, which have a very good match with the simulation
results, but without lengthy simulations.

Obviously, for the same lattice, the higher the bond prob-
ability, the better the connectivity, because any adjacent ver-
tices have a higher chance to be connected. With the same
bond probability, however, the increase of lattice size does
not have the same impact on the end-to-end connectivity.
For small bond probabilities, i.e., from 0:35 to 0:65, a clear

Fig. 6. The decomposition of a Ladder.

Fig. 7. All source-destination paths of a 2 � 2 lattice.

Fig. 8. The connectivity of n � n lattices.

2464 IEEE TRANSACTIONS ON MOBILE COMPUTING, VOL. 13, NO. 11, NOVEMBER 2014

Authorized licensed use limited to: UNIVERSITY OF VICTORIA. Downloaded on November 03,2025 at 00:11:04 UTC from IEEE Xplore.  Restrictions apply. 



drop of connectivity can be observed. This actually corre-
sponds to the conclusion in [6], where the end-to-end con-
nectivity shows an exponential decay and the exponent is
determined by how far away the bond probability is from
the critical bond probability, i.e., around 0.6447 for the
directed bond percolation on square lattices. But when the
bond probability is reasonably large, i.e., higher than 0:65,
the connectivity remains stable.

It is also interesting to investigate how the end-to-end
connectivity increases with the rising of the bond probabil-
ity p for the same size lattice. When p is small, e.g., increas-
ing p from 0:35 to 0:45, only the connectivity for small n � n
lattices (e.g., n < 3) increases considerably, and the
increase diminishes very quickly for larger n. However,
when p is reasonably large, e.g., increasing from 0:55 to
0:65, even though the end-to-end connectivity still
decreases with a large n, the increase due to an increased p
actually amplifies as n increases. When p is further
increased, e.g., from 0:65 to 0:75, the end-to-end connectiv-
ities are no longer to decrease with n (more obviously
when p ¼ 0:85 or 0:95). Recall that percolation occurs
around p ¼ 0:6447 on an infinite lattice, the end-to-end
connectivity on a finite lattice also shows the deepest gra-
dient when p is around 0:65, illustrated by the gap between
curves of different bond probabilities in Fig. 8.

4.3.2 Strip Lattices

In many engineering fields (e.g., VANET in a city block
scenario), we are more interested in propagating messages
along certain directions (or traffic flows). In this sense, we
shall focus more on the lattices with certain width, or
strips, which are less computationally complex in terms of
the connectivity expression derivation. Fig. 9 shows the
connectivity of lattices with different widths (n), when
n ¼ 2, 4 and 6 as examples. For any lattices with size m � n,
we can observe that the higher the bond probability, the
better connectivity. For each bond probability, with the
fixed lattice width and increasing length, the connectivity
first increases, followed by an eventual decrease. The
wider the lattice, the further the peak will occur. These
non-monotonic curves are very interesting to observe and
very important in engineering fields to determine the opti-
mal m, n and p for given applications. It shows that there
is a tradeoff between the total number of available paths
and the length of each path. For a lattice with the given
width, when the lattice length increases, the number of

paths will increase, which brings more possibilities of con-
nections between the source and destination. However,
the length of these extra paths increases as well, leading to
a lower probability to connect the source and destination
along each path. For the overall end-to-end connectivity,
the increase of path diversity has a positive effect,
while the increase of path length has a negative one. Con-
sidering the curves shown in the figure, before the peak
occurs, the positive effect of the path diversity is stronger
than the negative one of path length increase, leading to
the increase of connectivity probability. However, after the
peak occurs, the negative effect of path length increase
becomes dominating, which leads to the decrease of the
overall connectivity. The peak occurs around the cases
where the lattice length equals the width, which implies a
symmetric n � n lattice.

In all figures of this section, the numerical results from
the new approach are very accurate when compared with
the simulation ones. The analytical expressions obtained
from the decomposition process can be used for further
manipulation, e.g., derivatives, probability distribution
functions and higher-order moments. Discussion on the
expressions is presented in the next section.

4.4 Analysis on Connectivity Expressions

Our proposed approach provides us with the connectivity
expressions of m � n square lattices [25], which are polyno-
mial functions of bond probability p, e.g.,

P ð2; 3Þ ¼ p17 � 7p16 þ 15 � p15 � 6 � p14 � 9 � p13 � 5 � p12

þ 11 � p11 þ 8p10 þ 4p9 � 9p8 � 12p7 þ 10p5;

P ð3; 3Þ ¼ �p24 þ 12p23 � 56p22 þ 124p21 � 116p20 þ 34p18

þ 40p17 þ 11p16 � 68p15 � 22p14 þ 16p13 þ 25p12

þ 24p11 þ 12p10 � 24p9 � 30p8 þ 20p6;

P ð4; 2Þ ¼ p22 � 10p21 þ 37p20 � 58p19 þ 23p18 þ 20p17

þ 15p16 � 34p15 � 16p14 þ 6p13 þ 15p12 þ 16p11

þ 7p10 � 16p9 � 20p8 þ 15p6:

More are available at [25]. The first and second derivatives
of the polynomials indicate the change rates of the connec-
tivity and the first derivatives with regard to the bond prob-
ability, respectively. By computing the first and second
derivatives of such connectivity expressions, we can reveal
more insights quantitatively.

Fig. 9. The connectivity ofm � n lattices.
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4.4.1 Symmetric Lattices

Fig. 10a shows the n � n lattice connectivity over different
bond probabilities. For the same lattice, higher bond proba-
bilities always help achieve better connectivity. For most
values of p, smaller lattices always have higher connectivity.
However, when the bond probability is large enough, e.g.,
p > 0:8, it is even possible for larger lattices to have higher
connectivity due to many more paths.

All the connectivities increase significantly when the
bond probability is between 0:4 and 0:8, where a slight
increase of the bond probability will greatly increase the
connectivity over lattices. The sharp transition corre-
sponds to the same phenomenon in percolation on an
infinite lattice, but here we have more microscopic
results on the connectivity to any vertex on the lattice.
For each curve in Fig. 10a, the increasing slope, i.e., the
first derivative of connectivity polynomial, is large when
the bond probability is within a certain transition range.
To quantitatively define the transition range, we calcu-
late the two inflection points of the first derivative curve.
We call the range bounded by the two inflection points
the critical transition range in this paper. Following the
same legend as shown in Figs. 10a, 10b and 10c show
the first and second derivatives of connectivity expres-
sions of n � n lattices, where n is 2, 4, 6 and 8.

From Fig. 10b, the difference of critical transition
ranges for lattices of different size can be observed, e.g.,
for 2 � 2 lattice, the connectivity has a significant increase
when the bond probability falls in the range of
½0:43; 0:9	. However, with the increment of the lattice
size, the critical transition range shrinks, from ½0:43; 0:9	
for a 2 � 2 lattice to ½0:6; 0:79	 for an 8 � 8 lattice. Another
property that can be noted from the figure is that, the
larger the lattice is, the higher the connectivity increase
amplitude it has, which means a sharper rise. These two
observations imply that the larger the lattice size, the
less sensitive the connectivity is to the low bond proba-
bility, i.e., p 2 ½0; 0:4	, but more sensitive to the reason-
ably high bond probabilities, i.e., p 2 ½0:6; 0:8	.

By calculating the solution of the second derivative
equaling to 0, we can obtain a very important bond proba-
bility, i.e., pcðm;nÞ, where the connectivity curve achieves
the sharpest increase. This bond probability is also the prob-
ability where the maximum value of the first derivate curve
occurs. By calculation, we find that the value of pcðm;nÞ, is
0:645, 0:665, 0:668 and 0:669 for 2 � 2, 4 � 4, 6 � 6 and 8 � 8

lattices, respectively and the values are only subject to preci-
sion. An asymptotic behavior of bond probability could be
observed since the difference between two consecutive criti-
cal bond probabilities reduces with the increment of the lat-
tice size. The critical transition range can also be obtained
from the second derivative, indicated by the range of the
bond probability from the maximum second derivative to
the minimum.

4.4.2 Strip Lattices

Similarly, we investigate the connectivity expressions of
strip lattices whose width is fixed, but with variable lengths,
e.g.,m � 1,m � 2, etc. In Fig. 11, the two rows of figures show
the connectivity expressions and their first and second
derivatives for lattices with width of 1 and 2, respectively.
We choose these two lattice widths for illustration purposes
and we believe the conclusion drawn from these figures
could represent other strip lattices. For the first row where
n ¼ 1, 20 curves of lattices with length from 1 to 20 have
been plotted. To make a fair comparison, we let the largest
lattice in each row have the same length to width ratio, e.g.,
20. Thus in the second row where n ¼ 2, 40 curves of lattices
with length from 1 to 40 have been plotted.

For lattices with the same width (i.e., in the same row),
conclusions similar to n � n lattices could be drawn. The
connectivity increases as the bond probability increases.
However, the connectivity critical transition range shrinks
dramatically with the increase of the lattice length, while
the connectivity increase amplitude rises significantly. In
the second row of figures, the curves of lattices with m ¼ 1
are pointed out. Specifically in Fig. 11d, only the curve with
m ¼ 1 has intersections with other curves, which means
that for smaller p, P ð2; 1Þ > P ð2;mÞ, when m > 1 and for
higher p, P ð2; 1Þ < P ð2;mÞ. For any m1 > m2 � 2 with a
given p, P ð2;m1Þ > P ð2;m2Þ always holds. This could be
further generalized that given a lattice width n and bond
probability p, the monotonic increasing property of P ðm;nÞ,
i.e., the connectivity from origin to ðm;nÞ, only exists when
m � n.

The exact critical bond probability pcðm;nÞ can be calcu-
lated with the connectivity polynomial obtained. For lattices
with width 1 and 2, the critical bond probabilities are shown
in Table 1.

By studying the curves in Fig. 11 and numbers in Table 1,
asymptotic behaviors can be observed as the lattice size
grows and general properties for lattices with size ’n � n,

Fig. 10. Analysis of the n � n lattice connectivity expressions.
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can be summarized. When the lattice length to width ratio,
i.e., ’, is fixed, the larger the n is, the narrower the critical
transition range is but the larger the increase amplitude is.
The critical bond probability pcð’n � nÞ is also higher as
shown in the table. Similar observations are found in the
symmetric lattices as well, where ’ could be considered as
one. On the other hand, when n is fixed, the change of ’,
implies the change of the percolation direction. We see with
a larger ’, the critical bond probability pcð’n � nÞ becomes
higher.

5 APPLICATION IN URBAN VANETS

As a motivating example, we apply our approach to obtain-
ing the connectivity of a realistic 2D network for urban
VANETs, where a Manhattan-like road structure is consid-
ered and each road segment can be represented by an edge
in the square lattice as shown in Fig. 13.

5.1 Problem Description

In an urban VANET system, many applications are based
on message broadcasting, e.g., collision or traffic congestion
messages can be propagated to notify drivers blocks away
for them to detour well in advance; parking lots, hotels, and

restaurants can advertise their availability to potential cus-
tomers, reducing the extra time and fuel cost when the driv-
ers are looking for empty spots. The efficiency of
broadcasting is greatly impacted by the network connectiv-
ity with multi-hop relaying from the message source to the
destination. Because message relaying only happens when
the relay node falls within the transmission range of the
transmitting node, the vehicle density along the road highly
determines the multi-hop relaying efficiency.

We consider the most general Manhattan-like city road
structure, which is composed of horizontal and vertical road
segments. Such a structure can be modeled as a square lat-
tice where each intersection is a site in the lattice and each
road segment is the bond between sites. Vehicles move on
each road segment between any two adjacent intersections.
We assume that the distances between any two adjacent
vehicles in the same lane, i.e., inter-vehicle distances, follow
an independent and identical distribution (i.i.d.), which can
be either derived mathematically or obtained empirically
through measurement. Recent work [26], [27] made statistic
analysis of the empirical data collected from the real world
and found that an exponential distribution, taking vehicle
density as the only parameter, can well capture the charac-
teristics and variation of the vehicle traffic in terms of the
vehicle inter-arrival time and inter-contact time [28]. Consid-
ering the nominal speed for vehicles in the same road seg-
ment, the exponential inter-arrival time is in fact equivalent
to the exponentially distributed inter-vehicle distance.

By multi-hop transmissions of vehicles, the probability
for a message reaching one intersection from its adjacent
preceding intersection is denoted as p, i.e., the bond proba-
bility. The detailed derivation of p under the Manhattan-
like city structure is given in the following section. Once we

TABLE 1
Critical Bond Probability form � n Lattices

Fig. 11. Analysis of them � 1 andm � 2 lattice connectivity expressions.
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have p, the directed connectivity of any two intersections in
such an urban VANET system can be explored, previously
by simulation in [8], and now with the analytical expres-
sions obtained by the new approach. Note that, in the real
world, the bond probability p reflects the connection condi-
tion between two neighbor intersections. Besides the follow-
ing mathematical derivation, p can be also obtained
empirically with more realistic constraints.

Depending on the nature of a message, the message
may be propagated among vehicles in the same street (e.
g., expressway), which is the one-dimensional connectiv-
ity P ðx; 0Þ on a line. If the message can be disseminated
to all the intersections in the downtown area (e.g., park-
ing availability), then the lattice connectivity P ðx; yÞ for
all x � m and y � n applies. In this paper, we assume
the message originates at the intersection ð0; 0Þ and the
directed connectivity to all other intersections will be
obtained using our approach.

5.2 Bond Probability

To derive the bond probability p in the urban VANET sys-
tem, we adopted the method from [8]. We start by investi-
gating the size of the “connected vehicle cluster”, within
which all vehicles are connected via wireless transmissions,
on the one-dimensional road. We denote the size of the clus-
ter as a random variable (RV) C in the following derivation.
Because we consider the one-dimensional case, the cluster
is formed by vehicles distributed in a linear road. So, C is
the sum of several inter-vehicle distance RVs, which are
assumed to be exponentially distributed. It has been widely
accepted that the sum of exponential distributed RVs fol-
lows a Gamma distribution, so the probability density func-
tion of C can be expressed as:

fCðxÞ ¼ xk�1 e�x=u

ukGðkÞ
; for x > 0; (9)

where k and u are the distribution parameters, E½C	 ¼ ku,
Var½C	 ¼ ku2, and GðkÞ is the Gamma function evaluated at
k. Therefore, the distribution parameters k and u can be cal-
culated with the first and second moments of C as:

k ¼ ðE½C2	=E½C	2 � 1Þ�1 and u ¼ E½C	=k:

Then the goal is left to obtain E½C	 and E½C2	.
Let X1 denote the inter-vehicle distance between the first

and second vehicles in a cluster and R denote the communi-
cation range of vehicles. Then the expectation of the cluster
size can be expressed as:

E½C	 ¼ E½CjX1 < R	 � PrfX1 < Rg: (10)

The conditional expectation E½CjX1 < R	 can be expressed
as:

E½CjX1 < R	 ¼ E½X1jX1 < R	 þE½C0	;

where E½C0	 is the expectation of the cluster size without
counting the distance X1. Because the cluster size is com-
posed of i.i.d. RVs of the inter-vehicle distance,
E½C0	 ¼ E½C	. We know the inter-vehicle distance X1

follows the exponential distribution, i.e., PrfX1 < Rg

¼ 1� e��R. Let X0
1 denote E½X1jX1 < R	 ¼

RR
0 �xe��x=

ð1� e��RÞdx. Therefore, Eqn. (10) can be simplified as

E½C	 ¼ X0
1 þ E½C	

� �
� PrfX1 < Rg;

and

E½C	 ¼ X0
1 �

PrfX1 < Rg
1� PrfX1 < Rg

¼ 1� e��Rð�Rþ 1Þ
�e��R

:

(11)

Similarly, for the second-order moment of RV C, we have

E½C2	 ¼ PrfX1 < Rg �E½ðC0 þX1Þ2jX1 < R	

¼ 1� e��R

e��R
� 2E½C	X0

1 þX0
1
2

� �
;

(12)

where X0
1
2 ¼ E½X2

1 jX1 < R	 ¼
RR
0 �x2e��x=ð1� e��RÞdx.

With E½C	 and E½C2	 obtained, the Gamma approximation
in Eq. (9) can be derived.

p, as defined in previous section, is equivalent to the
“bond probability” in percolation theory. In the urban
VANET scenario, p represents the connection probability of
any two neighbor intersections via wireless communication.
Shown in Fig. 12, assume the distance between any two
neighbor intersections is d. Let Ve, Vs, Vw, and Vn denote the
vehicles which locate closest to the right intersection on their
road segments, respectively. Their distances to the right
intersection are de, ds, dw, and dn, respectively. Assume the
directed connection starts from the left intersection to the
right one and Vo is the closest vehicle on its road segment to
the left intersection with distance do. To make Vo connected
to the left intersection, the distribution of do is a truncated
exponential function �e��t=ð1� e��RÞ, for 0 � t � R.

In order to connect two neighboring intersections, the
cluster, starting from Vo, should include at least one vehicle
of Ve, Vs and Vn, in order to start new transmissions on the
other road segments. Therefore, depending on whether Ve is
connected to Vo, two disjoint cases need to be considered:

Case One. Ve is connected to Vo, which means the cluster
originating from Vo has a size larger than d� do. Also with
the consideration of Vo’s location, the probability in this case is

p1 ¼
Z R

0

Z 1

d�t

fCðxÞdx
�e��t

1� e��R
dt:

Case Two. Ve is not connected to Vo, which means the clus-

ter size is smaller than d� do. Let Vw be the last vehicle of

Fig. 12. Bond probability illustration [8].
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the cluster. To connect to the right intersection, either Vs or

Vn or both of them need to connect to Vw. Denote the cluster

size, i.e., the distance from Vo to Vw as x, do as t, and the dis-

tance from Vw to the right intersection as dw, then at least

one of dn and ds should be shorter than
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhRÞ2�ðd�x�tÞ2

p
,

where we consider h 2 ð0; 1Þ as the shadowing effect for sig-

nal transmissions to other perpendicular streets. Therefore,

the probability that at least one of Vs and Vn is connected to

Vw is ð1�e�2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhRÞ2�ðd�x�tÞ2

p
Þ. Then the probability for this case is

p2 ¼
Z R

0

Z d�t

d�t�hR

�
1� e�2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhRÞ2�ðd�x�tÞ2

p �
fCðxÞdx

�e��t

1� e��R
dt:

Considering the above two disjoint cases, p is given by

p ¼ p1 þ p2: (13)

The above derivation has been verified through extensive
simulation in our previous work [8]. The bond probability
under different applications can have different definitions.
Although the bond probability is not the main concern of
this paper, it is the foundation of all the technical contribu-
tion and the analysis above, which shows the feasibility and
practicability of our solution. We can also notice the above
derivation does not take the time into consideration, which
means it does not consider the change of p over time. This is
because the change of bond probability depends on the
change of the traffic, which is out of the scope of our main
concern in this paper. For the same reason, we assume the
bond probabilities of any neighbor road segments are inde-
pendent. We consider the traffic on the roads as a stationary
ergodic random process, and the time average equals the
ensemble average. Thus, the bond probability can represent
both the percentage of the time two intersections being con-
nected and the likelihood that the two intersections being
connected at a given time instant.

5.3 Connectivity of Heterogeneous Lattices

The vehicle density � on each road segment plays an impor-
tant role affecting the bond probability. In the simulation, we
assume the distance between two adjacent intersections is
500 m, with the wireless transmission range of 200 m. We

investigate two heterogeneous cases to study the impact of
different vehicle density distributions on the lattice connec-
tivity, as shown in Figs. 13b and 13c, respectively. All road
segments are categorized into different tiers, indicating the
regions with different traffic “popularity”. The darker the
region, the more “popular” it is, implying a higher vehicle
density, i.e., a larger �. We assume themessage origin always
locates at the intersection ð0; 0Þ. Two social spots, e.g., com-
mercial area or transportation hub, are set at different loca-
tions with regard to the message origin in different cases,
shown as the darkest regions in each figure. Different vehicle
densities determine the heterogeneous bond probability of
each road segment. We refer to [8] for the mapping between
the vehicle density and bond probability, so road segments
with different vehicle density have corresponding bond
probabilities. For the four grey-scale regions in each hetero-
geneous figure, the vehicle densities are 0:02, 0:016, 0:012,
and 0:01 vehicles per meter, respectively, from dark regions
to light regions. And the corresponding bond probabilities
are 0:89, 0:76, 0:59, and 0:47. With 1; 332 vehicles in total for
each figure, Fig. 13a demonstrates the homogeneous case
with the identical density 0:012 and identical bond probabil-
ity over all road segments for comparison purposes.

Our approach can not only calculate the connectivity of lat-
tices with homogeneous bond probabilities, it is also applica-
ble to lattices with heterogeneous bond probabilities. The
message is sent out from the origin to all other intersections
within the lattice in a multi-hop manner by vehicles. The con-
nectivity probabilities from ð0; 0Þ to every other intersection
are calculated and plotted in Figs. 14a, 14b, and 14c, corre-
sponding to Figs. 13a, 13b, and 13c, respectively. X andY coor-
dinates indicate the locations of intersections and the height of
each bar represents the value of connection probability
between the corresponding intersection and the source ð0; 0Þ.

With the homogeneous vehicle density, the closer the
intersection to the message origin, the higher the connection
probability it has. The closer the intersection to the diagonal
of the whole lattice, the higher chance it is connected to the
message origin because there are more paths between itself
and the source according to the nature of the directed prop-
agation. Similar conclusions are discussed in Section 4.

However, for the heterogeneous vehicle density cases,
the connectivity distribution can be very different. For the
first case, i.e., Fig. 13b, the origin locates near one of the
social spots and the other social spot locates on the diagonal

Fig. 13. Vehicle density distribution of urban VANETs.
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of the lattice. Thus the connectivity of social spot areas is
greatly increased. For the second case, however, the connec-
tivities of all intersections are considerably low because
both social spots locate far from either the origin or the diag-
onal. The overall connectivity is even worse than the homo-
geneous case, because the social spots attract more vehicles,
leaving the other regions with smaller vehicle densities than
the average level in the homogeneous case. Thus the high
density of the social spots in this case does not help in
improving the connectivity.

The connectivity analyses on heterogeneous bond proba-
bility distributions give us unique and valuable insights
about some implementation details of the message propaga-
tion. First, the choice of the message source location can
have a great impact on the end-to-end connectivity. As
observed from the experiment, the closer the social spot is
to the message source, the better the connectivity can be
achieved; the closer the social spot locates to the diagonal of
the two message propagation directions, the better connec-
tivity can be achieved. This provides us a guideline where
to choose the message source location, i.e., the location-fixed
infrastructures or mobile vehicles which can determine the
location to start broadcasting, for a better connectivity.

On the other hand, vehicles can help to increase the bond
probability actively and wisely. Recall that the bond proba-
bility is affected by the vehicle transmission range. There-
fore, vehicles can actively increase the transmission power
to enlarge the transmission range, and further increase the
bond probability. However, vehicles do not need to do so
anytime anywhere which may cause more interference and
a waste of energy. Only when a vehicle senses the environ-
ment and detects the bond probability of the current road
segment is low, it can consider to tune up the transmission
power. It can further consider the critical transition range of
the bond probability discussed in the previous section.
Only when the current bond probability falls within the crit-
ical transition range, it tunes up the transmission power in
order to achieve a dramatic increase in the overall connec-
tivity; otherwise, the improvement brought by the increased
bond probability may not be significant.

6 FURTHER DISCUSSION

In this paper, we illustrated a new decomposition approach
following the mutually exclusive events and total probabil-
ity with square lattices and the homogeneous bond

probability. The approach itself is not limited by the size
and shape of the lattice, as well as the bond probability on
each edge. The keys are the introduction of mutually exclu-
sive events in the decomposition of the lattice, and the way
being able to decompose all components recursively. It is
our intention to apply the same technique to other directed
connectivity problems on other regular tiling lattices,
including triangles and hexagons used in many
applications.

On the other hand, the new approach still encounters an
exponential complexity (which is much better than the PIE
principle that has the combinatorial factor on the exponent)
of connectivity expressions, as there indeed exist mþn

n

� �
dis-

tinct paths. When both m and n are large, this leads to a
very large decomposition space. Dynamic programming
approaches can be used to leverage the known connectivity
of smaller components, but when the analytical expressions
are reassembled, it will lead to extremely high-order poly-
nomials (the order is as high as 2mnþmþ n). Fortunately,
in most engineering problems, one dimension is often of
limited size while the other dimension can grow, which
keeps the exponential complexity manageable. Also
depending on the needed precision, polynomial truncation
can be used to limit the length and complexity of these
expressions.

Although it is our goal to shed new light on the directed
percolation problem, since the polynomial grows quickly if
m and n go to infinity, so far it is not possible for us to obtain
the exact expressions for arbitrarily large m and n. How-
ever, the polynomial expressions in terms of p for small m
and n are readily available [25], and we are intended to
explore more properties based on these analytical expres-
sions. The future work will include how to verify the con-
vergence behaviors mentioned in the literature using our
exact results and exploring the math properties and coeffi-
cient patterns of the polynomials, which can reveal more
insights of the connectivity.

7 CONCLUSIONS

In this paper, by proposing a new decomposition approach
based on the mutually exclusive events and total probabil-
ity, we presented a scheme to obtain the directed connectiv-
ity on arbitrary square lattices in a recursive manner. The
results are given in polynomial expressions as a function of
the bond probability on each edge. The approach and the

Fig. 14. The connectivity from ð0; 0Þ of urban VANETs.
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obtained results are validated with the existing approaches
and numerical results, which confirm the correctness of the
new approach and the accuracy of the analytical results
without lengthy simulation. Further analysis of the connec-
tivity expressions and the possible application of these
expressions in urban VANETs have been conducted to pro-
vide more insights into the directed connectivity in two-
dimensional lattice networks. Our future work will focus on
the issues discussed in the last section.
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