SAMPLE SOLUTIONS

DIGITAL SIGNAL PROCESSING: Signals, Systems, and Filters
Andreas Antoniou

(Revision date: February 7, 2007)

SA.1 A periodic signal can be represented by the equation
10

B(t) =) Agsin(wit + ¢r)

k=1
where the frequencies wy, amplitudes Ay, and phase angles ¢y, are given in Table SA.1.

The signal is to be processed first by an ideal bandpass filter and the by a differentiator, as
shown in Fig. SA.1. The bandpass filter will pass frequencies in the range 4 < w < 6 rad/s
and reject all other frequencies and the differentiator will differentiate the signal with respect
to time.

(a) Obtain a time-domain representation for the signal at the outputs of the bandpass filter
and differentiator, i.e., at nodes B and C, respectively, in Fig. SA.1.

(b) Obtain a frequency-domain representation for the signal at the output of the bandpass
filter.

(¢) Obtain a frequency-domain representation for the signal at the output of the differentiator.

A B ) ) C
o—— Bandpass Filter Differentiator ~ |——o

Figure SA.1

Table SA.1 Frequency Spectrum

k | wg,rad/s | Ag Pk

1 1 0.3819 | —0.3478
2 2 0.3614 0.8222
3 3 0.8575 2.3502
4 4 0.0629 | —0.3292
5 5 0.1342 | —0.1693
6 6 0.8648 0.6648
7 7 0.5155 | —2.4473
8 8 0.6797 1.7780
9 9 0.7001 | —1.5824
10 10 0.3 1.1
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Solution
(a) Node B:
6
zp(t) = > Apsin(wpt+¢)
k=4
Node C:
d [ . d
zo(t) = p7 Z Apsin(wit + ¢r) | = Z T [Af sin(wgt + )]
k=4 k=4
6 6
= Z wr A cos(wit + o) = Z wrAgsin(wit + ¢ +7/2) ®
k=4 k=4
(b) The amplitude and phase spectrums at Node B are given in Table SA.2 and are plotted

in Fig. SA2. m
Table SA.2 Frequency Spectrum at Node B

k Wi, rad/s Ak ¢k

4 4 0.0629 | —0.3292

5 5 0.1342 | —0.1693

6 6 0.8648 0.6648
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(¢) Similarly, the amplitude and phase spectrums for Node C are given in Table SA.3 and
are plotted in Fig. SA.3.

Table SA.3 Frequency Spectrum at Node B

k | wg, rad/s Ag o

4 4 0.2516 | 1.2416
5 5 0.6710 | 1.4015
6 6 5.1888 | 2.2356
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SA.2 A periodic signal defined by

oo

z(t) = Z x(t + r70)

T=—00

where z(t) is zero outside the range —79/2 < t < 79/2 has a Fourier series of the form

Bt)= > Xpe*l  for —mp/2 <t < 7/2

k=—o00

where

1 7'0/2 .
X = —/ x(t)e k@t gy
TO —T0/2

(a) Assuming that z(t) is an even function, show that

2 T0/2
Xp=— / 2(t) cos kwot dt
T0 0
Justify your steps.

(b) The periodic signal of Fig. SA .4 is described by the equation

coswot/2 for —1p/4 <t < 719/4
x(t) = .
0 otherwise

where wy = 27/79. Using the formula in part (a), obtain an expression for the Fourier
series coefficients X.

(¢) Give expressions for the amplitude and phase spectrums of Z(¢).
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cos(wyt/2)

| TO 4\ t
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%o %o
4 4
Figure SA.4
Solution
(a) From the definition of the Fourier series
1 T0/2 .
X = — x(t)e Tkwot gt
70 J—74/2

1 T0/2

= — / x(t)(cos kwot — j sin kwot) dt
TO 77’0/2
1 T0/2 7'0/2

= — / x(t) coskwot dt — j— x(t) sin kwot dt
TO —T0/2 TO —7'0/2

0 T0/2
= — [/ x(t) cos kwot dt + / x(t) cos kwot dt]
0

—_

[}

T 77‘0/2

1 0 T0/2
—— / 2(t) sin kwot dt + / 2(t) sin kwot dt
0

70 —70/2

If x(t) is even, then x(t) cos kwot is an even function and x(t) sin kwyt is an odd function.
Hence

0 T0/2
/ x(t) cos kwot dt = / x(t) cos kwot dt
0

77’0/2

and
0 T0/2
/ x(t) sin kwot dt = — / x(t) sin kwot dt
0

77’0/2

Therefore

2 T0/2
Xy = —/ x(t) coskwot dt m
0

70

(b) The given signal is symmetrical about the y axis and, therefore,it is an even function.
Hence we have

2 T()/2
Xp = — x(t) cos kwot dt
T0 0
) T0/4 9 T0/4
— cos(wot/2) cos(kwot) dt = — / cos(kwot) cos(wot/2) dt
T0 0 T0 0

From trigonometry, we have

cos Acos B = 3[cos(A + B) + cos(A — B)]
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and, therefore,

7'0/4
X = % ; 2 lcos(kwot + wot /2) + cos(kwot — wot/2)] dt
1 T0/4
= cos [(k + %) wot] + cos [(k — %) wot] dt
0 Jo
1 sin [(k + %) wot] sin [(k — % wot] o/t
_7'0 (k+%)wo k—%)wo o
1 sin{(k—i—% 27—2%0} sm[(k—%)f_—g~2f]
- 1\ 2r +
To (k + 5) 7

The amplitude and phase spectrums of Z(t) are the magnitude and angle of Xy, i.e., | Xj|
and arg Xj. Since Xy is real, the angle of X is 0 or m depending on whether X, is
positive or negative. m

SA.3 A z transform is given by
(2> +1)(2 +1)

X(z) = (22+2-2)(z—13)

(a) Construct the zero-pole plot of X (z).

(b) Function X (z) is known to have as many Laurent series as there are annuli of convergence
but only one of these series is a z transform that satisfies the absolute convergence theorem
(Theorem 3.1). Identify the annulus of convergence of that series on the zero-pole plot
obtained in part (a).

(¢) Through the use of partial fractions obtain a closed-form expression for z(nT) = Z7' X (2).

Solution

(a) X(2) can be expressed as
(224 D(z+1)
(22 +2-2)(2-3)

(z+J)z—J)=z+1)
(z—=1)(z4+2)(z—3)

Hence X (z) has zeros at z = +j, — 1 and poles at z =1, — 2, 3. The zero-pole plot is
depicted in Fig. SA.5. =

(b) The correct annulus is the outer annulus which can be represented by
3<|z] <R where R— o0 =®

See Fig. SA.5.

(¢) Using Technique I, we can write

X(2) (2+ 1)z +1)

z  z(z—1D(z+2)(z-3)

Ry Ry R> R3
= =— A.l
z+z—1+z+2+z—3 (8 )

Since the poles are simple, we have

R~ fim (Z2+1)(z+1) 1 1
0T im0 (z-1)(z+2)(2—3) (-1)x2x(=3) 6
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2
By — i P HDEHD  10x4 4
z=32(z—1)(z+2) 3x2x5 3

From Eq. (SA.1), we can write

X = R
(2) 0+z—1+z+2+z—3
1 %z %z %z

Therefore, for n > 0, the use of Table 3.2 gives
8
8

Since the numerator degree of X (z) is equal to the denominator degree, it follows from
the corollary of the initial-value theorem (Theorem 3.8) that x(nT) = 0 for n < 0, i.e.,
the above solution applies for all values of n.

) = Fu(nT) + gu(nT)(=2)" + u(nT)(3)"

x(nT) =
= )+ u(nT)[—2+:(-2)"+3(3)"] =

1
gnT
1

6nT

An alternative but equivalent solution can be readily obtained by using Technique II (see
p. 115) whereby we expand X (z) instead of X (z)/z into partial fractions. We can write

(Z2+1)(z+1)
(z—=1)(2+2)(z—3)
Ry Ry Rs

R
0+z—1+z+2+z—3

X(z) =
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where ) 5
Ry = lim (ZZ+1)(+1) = lim Z—:l
z2—00 (z — 1)(2’ + 2)(2’ -3) z—00 23
2
Ry = lim & T DEHD | 2x2 2
z—1 (Z+2)(Z—3) 3 x (—2) 3
Thus
2 _
Ry = lim (z +1)(z+1): 5x (=1) :_l
z—-2 (z—=1)(z—=3) (=3) x (=5) 3
2
Ry = lim (z#4+1)(z+1) _ 10 x 4 _ 4
z—3 (2—1)(2+2) 2% 5
Thus
X(z)=1- : - 3 + 1
z—1 z42 2z-3

and for n > 0, we have

#(nT) = 8(nT) = Ju(nT = T) = fu(nT = T)(=2)""* + du(nT — T)(3)""!
= 6(nT) + u(nT — T)[—% _ %(_2)71—1 + 4(3)n_1] -

SA.4 (a) Find the z transform of the following discrete-time signal

0 forn <0
z(nT)=4q1 for0 <n <5
1+ (n—5T forn>5

(b) The z transform of a discrete-time signal z(nT') is given by
2(322 =2z +1)
EES)EEY

Using the initial-value theorem (Theorem 3.8), show that x(nT) = 0 for n < 0. Then
find (nT') for n > 0 using the general inversion formula

! fX(z)z"_l dz.
r

X(z) =

x(nT)

Solution
(a) The signal can be expressed as
x(nT) = u(nT) + r(nT —5T)
Hence
Zx(nT) = Zu(nT) + Zr(nT — 57)

= Zu(nT) + 2z~ °Zr(nT)
z Tz=4

z—1 (2—-1)2

(a) The first nonzero value of x(nT') occurs at KT = (N — M)T where N is the denominator
degree and M in the numerator degree in X (z). Since N = M = 3, we have K =0, i.e.,
the signal starts at K'T'= 0. Hence for n < 0, we have

z(nT)=0 m



8 DIGITAL SIGNAL PROCESSING: Signals, Systems, and Filters

(b) For n > 0, we can write

_ Z%es 2(32%2 — 22 + 1)1
z=p;  (22+1)(z—1)

2 _ n
_ Ziﬁes (32’ 2z —l— 1)z
— =pi (2 —j)(z+j)(z— 1)
R R Re

:z—j+z+j+z—1 (SA.2)

where M is the number of poles and Rj is the complex conjugate of Ry since the pole at
z = j = /™2 is the complex conjugate of the pole at z = —j = e~7™/2. Since the poles
are simple, we have

(322 =2z +1)2"

=N+ —1)
(322 —2z+ 1)2’” (—3 - 27+ 1)j"

z—]

= lm ; = v
=i (2 +7)(z—1) 2j(j —1)
_ —2—2]. :]n :ejnTr/2
—2—-12j
and ( ) )
322 —2z+1)z" 2
= 1. = —:1
Ry =l =72y 2

Therefore, from Eq. (SA.2), we can write

z(nT) = u(nT)e’™™/? 4 u(nT)e I"™/2 4 u(nT)
= u(nT)(2cosnt/2+1) =®

SA.5 An initially relaxed discrete-time system can be represented by the equation
y(nT) = Ra(nT) = 2.52(nT) + |® T2 |p(nT — T) + x(nT — 2T)
By using appropriate tests, check the system for

(a) linearity,
(b) time invariance, and

(¢) causality.

Solution
(a) Linearity

Rlaxzy(nT) + Baa(nT)] = 2.5[ax1(nT) + Brg(nT)] + |21+ [agy (nT — T)
+Bxo(nT — T)] + [axy(nT — 2T) + Baa(nT — 2T))]
a[2.521 (nT) + |2 2T+ |3y (0T — T)) + 21 (nT — 27)]
+8[2.522(nT) + %1 TH2D) |20 (0T — T) 4 2o (nT — 27T)]
= aRx1(nT) + fRx2(nT)

Therefore, the system is linear. m
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Time invariance
The response to a delayed excitation is

Ra(nT — kT) = 2.52(nT — kT) + |* 1 TH2D) | o (0T — kT — T) + 2:(nT — kT — 27T)

The delayed response is

y(nT — kT) = 2.52(nT — kT) + |2 T=FTH2D) | (nT — kT — T) 4 x(nT — kT — 2T)

For any k # 0, we have
0.1nT+2T 0.1(nT—kT+2T
|0 AP THRT| 24 | O (T —RT 2T

Thus
y(nT — kT) # Rx(nT — kT)

and, therefore, the system is time dependent. m

Let x1(nT) and z2(nT) be arbitrary discrete-time signals such that

x1(nT) = xa(nT) forn <k
z1(nT) # xo(nT) forn >k

We have

Ry (nT) = 2.5z, (nT) + |* 1 TH2D) |5 (0T — T) + 21 (nT — 27T)

and
Ray(nT) = 2.529(nT) + |* 1 TH2D) |5y (nT — T) 4 zo(nT — 27T)
Since
x1(nT) = xo(nT) forn <k
then
x1(nT —T)=ao(nT —T) forn <k
and

x1(nT — 2T) = xo(nT — 2T) forn <k

(SA.3)

(SA.4)

Hence the right-hand side in Eq. (SA.3) is equal to the right-hand side in Eq. (SA.4) for

n < k and thus
Rx1(nT) = RaonT) forn <k

Therefore, the filter is causal. m

Derive a state-space representation for the filter shown in Fig. SA.6.

Using the state-space representation obtained in part (a), compute the impulse response

of the filter at nT = 5T.

@

2
xX(nT) ——(F) : é

Figure SA.6

o y(nT)
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2 4
xX(nT) o oD é P 0 Y(nT)
—0.4 3 —0.6 5
Figure SA.7
Solution

(a) State variables can be assigned as shown in Fig. SA.7. Henc
e we can write

Ga(nT+T) = xnT)—0.4q(nT) SA.5)
@nT +T) = 2¢(nT+T)+3q(nT) — 0.6g2(nT) (SA.6)
On eliminating ¢ (nT + T') in Eq. (SA.6) using Eq. (SA.5), we get
@2(nT+T) = 2z(nT)—0.8q (nT)+ 3q(nT) — 0.6g2(nT)
= 2.2¢;(nT) — 0.6g2(nT) 4 2x(nT) (SA.7)
From Eqs. (SA.5) and (SA.7)
anT+T)  [-04 0 ] [q(nT) 1
[qg(nT + T)] - [ 2.2 —0.6} [qg(nT)  |2) 2D (SA-8)
The output is given by
y(nT) = 4q2(nT + T) + 5q2(nT) (SA.9)
and from Eqgs. (SA.6) and (SA.9), we have
y(nT) = 4x22¢(nT)—4 x0.6q2(nT) + 4 x 2x(nT) + 5q2(nT)
= 8.8¢(nT) + 2.6g2(nT) + 8x(nT)
_ @ (nT)
— 8.8 2.6] sz (HTJ + 8a(nT) (SA.10)

Therefore, Egs. (SA.8) and (SA.10) can be written as

q(nT +7T) = Aq(nT) + bz(nT)
y(nT) = cT'q(nT) = dx(nT)

where
—04 0 1
A= {2.2 —0.6} b= M .
c’' =88 26 d=8 m

(b) The impulse response is given by

ay forn =20
h(nT) =
(nT) {CTA"_lb otherwise
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Forn =25 .
v —04 0 1'[1
h(5T) = c"A*b = [8.8 2.6] [ 09 _0.6] M
Since
04 0 1% [-04 0 ][04 0] [016 0.0
22 —06] ~ |22 —06]|22 —06]  |-2.200.36
04 01" [o016 00][016 00] _[0.0256 0.0
22 —0.6] ~ |—2.20 0.36] |—2.20 0.36] ~ |—1.144 0.1296
we get

h(5T) = [8.8 2.6] {0'0256 0.0 ] {1 0.0256

—1.144 0.1296 2} =88 2. [—0.8848] =202 .

SA.7 Fig. SA.8 shows a recursive digital filter.

(a) Find its transfer function.

(b) By using the Jury-Marden stability criterion, determine whether the filter is stable or
unstable.

@

x(nT) YT

Figure SA.8

Solution
(a) From Fig. SA.8, we get
y(nT) = x(nT) — y(nT = T) — sy(nT — 2T) — y(nT — 3T) — ty(nT — 4T)
Hence the z transform gives

Y(2) = X(2) = 227V (2) = 3272V (2) — 127°Y (2) — £271Y (2)

1
3

. Y(2)+ 327V (2) + 2272V (2) + 327V (2) + %274Y(z) = X(2)
and so

Y(z) 1

X(z) 14tz 4iz24234 14
In effect, N .,

z z

H(z) = DEZ; T 328+ 322+ 12+ 4

where

D(s) = #*+ 45 + 12 + 3o+ &
We note that

=2.283>0 (SA.11a)

+1
141-0783>0 (SA.11b)

1
5
1
5
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(b) The Jury-Marden array can be constructed as shown in Table SA 4.

Table SA.4 The Jury-Marden array

bo b1 b2 b3 b4
1
1 1 2 3 i 3
1 1 1 1
21 3 1 3 3 1
24 9 4 3
25 20 15 20
4| 2 4 9
20 15 20 25
51 0.8991 0.392 0.1885

From Eqs. (SA.11a) and (SA.11b) and Table SA.4, we have

D(1) >0 (=1)*D(=1)>0

1
b021>g:|b4|
lcol = 22 > 2 = |gy]
Ol = 55 70 " 18

|do| = 0.8991 > 0.1885 = |ds|

Therefore, conditions (i) to (iii) of the Jury-Marden stability criterion (see p. 220) are
satisfied and the filter is stable. ®

SA.8 The filter of Fig. SA.9 is subjected to an input

s(nT) = 1 forn:'()andnzl
0 otherwise
Find the time-domain response in closed form if m, = —% and mo = —%. The filter is linear
and time-invariant.
x(nT)

Figure SA.9

Solution
From Fig. SA.9

Y(z)=X(2) + 2z*1X(z) + 272X (2) + miz Y (2) + mgz*QY(z)

Hence
Y(2)(1 —mizt —moz?) = (1+2271 +272)X(2)
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or
(142271 +272)
Y(z) = X
(2) (1—=myz=t —mgz—2) (2)
Therefore,
Y(z) 22 4+2z+1 22 +22+1 22 +22+1

500 R Ll pp— T2+l G+ E+D

The time-domain response can be obtained in a number of ways, as detailed below.
Method 1:

The input is the sum of two impulse functions, i.e.,
x(nT)=06(nT)+6(nT —T)

Hence
Rz (nT) = R[6(nT) + §(nT — T)]

Since the filter is linear, we have
Ra(nT) = Ré(nT) + Ro(nT —T)
and if h(nT') is the impulse response, i.e.,
h(nT) = Ro(nT)
then by virtue of the fact that the filter is time-invariant, we get
y(nT) = h(nT) + h(nT — T)

In effect, all we have to do is find the impulse response. Expanding H(z)/z into partial fractions
gives

H(Z) 22 +2z+1 Rq Rs Rs
- 1 N, too1t 1
z 2(2+3)(z+3) 2 2tz 2+
where
2242241 1
R = ———— = =8
LD+ B
R, o S22+ I-2+1 : )
2:7 = = p—
2(z+1) =y (F3)(=3+3)  (-3)(-3)
R AF2tl _ te—itl _wtis
g = 7 — — - _
2(zt3) s (D (1+3) 5
i.e.,
RQZ RgZ
H(z)=R
and
h(nT) = Rid(nT) + [Ra (—5)" + Rs (—3)"] ul
:8(5(nT)+[ (—%) -9(-3 )n] u(nT)
Now
y(nT) = h(nT) + h(nT —T)
Hence

y(nT) = 8[6(nT) + 6(nT —T)] + [2 (—%) -9 (—%)"] u(nT)
u(nT

HEDT (0]
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Method 2

Since
x(nT) =6(nT) 4+ 6(nT —T)

the z transform gives

X(z)=1+z"1= Zl—l
Hence (2212 0 ( 0
2zt +2z+ z+
A R
Expanding H(z)X (z) into partial fractions, gives
Ry Rs Ry
H(z)X(z) = R1+_+z+% +—z+%
where
Ry = lim H(2)X(z) =1
R (22 +22+1)(2+1) 1
) D) e BxE
R (4224141 _Go) 5+ (6
3 = = = =
F+i)z Ly -5t ) ()
R4:(z+2z+nz+¢) i+l ael) (st ds) (B)
(2 +3)2 a=—1 (—1+3)(=%1) (1) (=)
_Gmxi 2T
L 1
Therefore,

y(nT) = Ry6(nT) + Ry(nT — T) + Rsu(nT = T) (=1)" ™" + Ryu(nT — T) (=1)"™"

= §(nT) +85(nT — T) +u(nT — T) (=1)" ™" = Zu(nT - T) (-1)" ™

Method 3
The inverse of Y (2) is obtained from first principles as

=> Yo(2)

res

where
(2+224+1)(z+1)

2(z+3) (=+3)

However, watch out for pitfalls at the origin. In this case, we have a second-order pole at the
origin if n = 0, a first-order pole at the origin if n = 1, and no poles at the origin if n > 2.
Hence, we have to find y(0) and y(7T') individually and then proceed to y(nT') for n > 2. This
would make this method quite long.

Method 4

We can express Y'(z) into partial fractions as

Yo(2) = Y(2)2" "' = H(z)X(2)z""" =

Zr2241 1 R R R
22+ 2z + )(Z+)*R1+—2—|— 32 Rz

_
AT e T R I
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where

242241 1
Ry zlimzY(z):Z(z 22+ D+ 1)

DD L I
1 2
Ry — lim zZ+ 3 <Y (2) = (z +2z+1)1(z+1)
=1 Z 22 (24 1) =1
2
(G 2D+ (540 oaen) 2
- 1)2( Ll D -1 =2
—-35) (—5+73 1 1 16
1 2
Ry — lim Z+ 3 <Y (2) = (z +2z+1)1(z+1)
=—1 Z 22 (24 1) =1
1)2 1 1 -
_ {(—z) +2(—z)+1} (-1 +1) (3@ sl .
D -1+ 16 X i o
Constant A can be obtained by noting that
43
h_m Y(Z):R1+R3+R4= Z_B =1
Thus
Ri=1-R3—Ry=1-—(-2)—21=3-27=-24
Hence 3 5 o7
z z
Y(z)=-24+ - — =
S
Therefore,
y(nT) = —246(nT) +85(nT — T) + [27 (-3)" =2 (=3)" ] w(nT) =
Method 5

One could expand Y (z)/z into partial fractions as

z z 22 z—f—% z+

Y(Z) Rl R2 R3 R4

= i

i
However, this is essentially the same as method 4.

SA.9 A discrete-time system has a transfer function

22 +2
22 — (2rcosf)z 4+ r?

H(z) =

(a) Find the unit-step response in closed form.

15

(b) Using MATLAB, D-Filter, or similar software, plot the unit-step response for r = 0.3 and

0=m/4
(¢) Repeat part (b) for r = 0.6 and 0§ = 7 /4.
(d) Repeat part (b) for r = 0.9 and 0 = /4.
(e) Compare the unit-step responses in parts (b) to (d).

Solution

(a) The z transform of the output of the system is given by

Y(z)=H(2)X(2) (SA.12)
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where H(z) is the transfer function and X(z) is the z transform of the input. Since the
input is a unit step, we have

z

X(2) = Zu(nT) = ]

(SA.13)

Thus Egs. (SA.12) and (SA.13) give

2242 z 23422

Y(z) = 22— (2rcosf)z+12 z—1 (z2—1)[z2— (2rcosf)z + 12

The general inversion formula gives

1 M
y(nT) = — y( Y (2)2" e = Zfﬁes Yo(2) (SA.14)

27TJ T Z2=Pi

where
(23 +22)2n1
(z —1)[22 — (2rcos )z + r?]
(23 +22)2n 1
(z = 1)[22 —r(el? + e99)z + r?]
(22 +2)2"
(z —1)(z —rei?)(z — re=i9)

Yo(z) = Y(2)2" ! =

and M = 3. The residues of Yy(z) can be obtained as follows:

(22 +2)2"
22 — (2rcosf)z 4+ r?

Ry = EE(Z - 1Y(z) = (SA.15)

z=1

3
1— (2rcosf) +r?

2 n
) , +2)z
= 1 - 79 } = (Z j
R z=17EIelﬂ'9(z re ) O(Z) (Z - 1)(Z - Te_]a) z=reif

B (r2e720 4 2)pneind B (r2ei20 4 2)pn—leind
~ (red? —1)(rei? —re=i%)  (rei? —1)2jsind
(r? cos 20 + 2 + jr? sin 20)r"—1ei?
(rcosf — 1+ jrsinf)2;siné
(12 cos 20 + 2 + jr? sin 20)r"—tei?
[(rcosf — 1) + jrsin@]2ei™/2sin 6
= MeIPrn—tein? = pppn—lei(nf+e) (SA.16)

where

r2 cos 20 4+ 2 + jr? sin 260
[j(rcosf — 1) —rsinf]2sind
B (r2 cos 20 4+ 2)? + (12 sin 20)?
~ \ 4[(rcosf — 1)2 + (rsinf)?] sin? 0

M-

and

2 sin 260 _4 (rcosf —1)
- —tan = —mmF—
72 cos 20 + 2 —rsinf

_, 7r?sin26 _y rsind
- —tan  ——
r2cos 26 + 2 (rcosf —1)

¢ = tan~!
= tan

™
2

Similarly,
Rs = R; (SA.17)
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since complex conjugate poles give complex conjugate residues. We note that there is no
additional pole at the origin when n = 0 and hence for n > 0 Eq. (SA.14) gives

y(nT) = Ri + Ry + R} (SA.18)
Since the numerator degree in Y (z) does not exceed the denominator degree, we have
y(nT) =0 for n <0
Therefore, for any n, Egs. (SA.15)—(SA.18) give

y(nT) = u(nT) [Rl 4 My lei(é+e) o prpn—1,—i(nf+e)
= u(nT) [Ry +2Mr" ' cos(nf + ¢)] m

(b) and (d) The step responses for the three cases are illustrated in Fig. SA.10a toc. m

(e) On the basis of the step responses obtained, the system in part (b) is what they call
overdamped, the one in part (¢) is critically damped, and the one in part (d) is referred to
as underdamped. ®

SA.10 A second-order digital filter has zeros z; = ¢/™/3 and 2z, = e~7™/3 and poles p; = 0.5¢7™/* and
p2 = 0.5e7™/4 and its multiplier constant is 2.
(a) Obtain the transfer function of the filter.
(b) Obtain an expression for the gain.

(¢) Assuming that the sampling frequency is 27, calculate the gain at w =0, 7/4, 7/3, and
.

Solution

(a) Since we have the zeros, poles, and multiplier constant of the filter, the transfer function
can be readily constructed as

H(z) = 2z — /3 (2 — eIT/3) 222 — (&7 + e IT/3) 2 + 1]
= (z _ %ejﬂ/zl)(z _ %e—jﬂ-/zi) - 22 _ %(ejﬂ'/él _|_e—j7r/4) + %
2022 —2(cosT/3)z+1]  2[2% — 2+ 1]

22— (cosm/4)z+ 1 22—§z+%

(b) The gain is given by

2[62ij _ eij + 1]
ei2wT _ %ej“T +1

M(w) = |H(eT)| =

cos 2WT + jsin 2WT — coswT — jsinwT + 1

cos 2wT + jsin 2wT — ‘[ 2 (coswT + jsinwT) +

5 (cos2wT — coswT + 1)2 (sin 2wT' — sin wT)2
Ccos 2w CcOos w —|— 2 4+ (sin 2w sinw
20T — Y2 T in 20T — ¥2 sinwT)?

(¢) Since wy = 27, we have 2nf; = 2n/T = 27. Hence T = 1 s. For the frequencies given,
the numerical values in Table SA.5 can be readily calculated.

Table SA.5

w | coswT | sinwT | cos2wT | sin2wT’

0 1 0 1 0
x V2 V2

| 5 5 0 1
g 1 V3 _1 V3
3 2 2 2 2
T —1 0 1 0
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Figure SA.10
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Thus
_ 2 —_0)2
M(0)=2\/ ! \/1;13 +(0-0) 2573\/5:3.6840 n
(I-2F+5)>+(0-0)? =
A (0— Y2 41)2 4 (1 Y22
(Z)i (0— Y2 x M2 4 1y2y (] V2, V2y
2 2 4 2 2

_2\/(2—\/§)Q+(2—\/5)2_2 22-VY? oo

G-17+1 SV
(D) = (c3-3+12+(F - )
3 R LR R e D
0+0
(172—\/5)
1
1+1+1)2 0-0 32 x 16
M(m) =2 (L+14+1)%+( ):2;
1+ 4+ 124 0-0) (44+2v2+1)?
2x3x4
= —— =3.0658 m
442v24+1
SA.11 A digital filter characterized by the transfer function
2(z2 -2 +1
H(Z):w
22— Y2yl

19

and a practical D/A converter are connected in cascade as shown in Fig. SA.11a. The output
waveform of the D/A converter is of the form illustrated in Fig. S11b where 7 = 0.017 s and

T is the sampling period. The sampling frequency is 27 rad/s.

(a) Obtain an expression for the gain of just the digital filter.

(b) Obtain an expression for the overall gain of the digital filter in cascade with the D/A

converter.

(¢) Calculate the gain of just the digital filter at w =0, w/4, 7/3, and 7.

(d) Calculate the overall gain of the digital filter in cascade with the D/A converter at w =

0, /4, w/3, and .

(e) Sketch (i) the gain of just the digital filter and (ii) the overall gain of the digital filter
in cascade with the D/A converter, and explain the effect of the D/A converter on the

amplitude response.

Solution
(a) The gain is given by

2[e2ij _ eij + 1]

M(w) = |H(T)| =
ei2wT _ geg‘wT +1

cos 2wT' + 7sin 2wT — coswT — jsinwT + 1

cos 2wT + jsin 2wT — ‘[ 2 (coswT + jsinwT) +

_ 5 (cos2wT — coswT + 1)2 + (sin 2wT — sin(.uT)2
(cos 2wT — f coswT + 1)2 + (sin 2wT — ‘[ sinwT')?
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y(1)

y(nT) Practical

Figure SA.11

Digital " ~
x(nT) — Filter o D/A ——o y(0)
! converter .
(@)
B Y(kT)
— T = t
kT
(b)
(b) The practical D/A converter has a gain
o |sin(wT/2)
|H,(jw)| =7 o2 ‘ (SA.19)

where 7 = 0.017 and T = 27 /ws = 27/27 = 1 s (see Eq. (6.60) in textbook). Hence the
overall gain of the digital filter in cascade with the D/A converter is given by

MT((U) = 2\/(

(cos2wT — coswT + 1)2 + (sin 2wT — sinwT)? sinwt /2 ‘
cos 2wT — @ coswT + 1)2 + (sin 2wT — @ sinwT)? wr /2

(¢) Since ws = 27, we have 27 fs = 2w/T = 27. Hence T' = 1 s. For the frequencies given,
the numerical values in Table SA.6 can be readily calculated.

Table SA 6
w | coswT | sinwT | cos2wT | sin2wT
0 1 0 1 0
T2 | 2 0 L
m 1 V3 _1 V3
3 2 2 2 2
T -1 0 1 0
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Thus
1-1+1)2+(0-0)? 2
M(0)=2\/( ﬂ+ 3 +(0-0 =575 = 36810 m
(1-%+7)?+(0-0)? 2
(D) = (02 +172+ (01— )
! (0= FxF+12+01—F < F)

_2\/(2—\/5)2+(2—\/§)2_2 M:1,4890 -

(3 -1)2+1 (—3)2+1
Y IE B PSTNE
: (3= F x5+ D+ (F-F =)
=2 O+O2 =0 m
(=)
1+1+41)2 - 2x1
M(r) = 2 (1+1+1)2+(0 0):2 32 x 16
(1+L2+ 124 (0-0) (4+2v2+1)?
:Mzg'oﬁm ™
4+2v2+1

(d) Since T = 1s, Eq. (SA.19) gives

sin(0.01Tw/2)

Hp(jw)| = 0.01T
Hp(jw)l = 00 0.017w/2

‘ =0.01

sin(0.01w/2)
0.01w/2
— p0.01

Hence the overall gain of the digital filter in cascade with the D/A converter is obtained
from the above numerical values as follows:

M7 (0) = 3.6840 x 0.01 = 3.6840 x 107> m

Mrp(m) = 3.0557 x 0.01 = 3.0557 x 1072 m

1.4890 x 0.01 = 1.4890 x 1072 m

0x0.0100=00 m

4
3

(ﬁ
(K

SA.12 Realize the transfer function

z z 3z 5z
H(z) = — + . : +
z—054+70.3 2z-0.5—-730.3 z+04 2z+05

using two second-order canonic filter sections in cascade.

Solution

The transfer function can be expressed as

222 —0.52—0.52 32241524522 +22

HG) = 30508 2100:102
_ 222 — 2 822 + 3.5z
T 2224034 22+0924+0.2
2,1 8+ 3.5z~ 1

1— 21403422 140921 +0.222
Hi(z) - Ha(2)
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where
2— 71 8435271

-z 140342 2(2) = 1001 10022
Now if we realize Hy(z) and Ha(z) in terms of direct canonic sections, the cascade realization
shown in Fig. SA.12 can be readily obtained. m

Hl(Z)

2

- (1)
——

T H\(2)

T Hy(2)

Figure SA.12

SA.13 An analog elliptic lowpass filter with a cutoff frequency of 1 rad/s has a transfer function of

the form
0.075(s% + 2.6)

(s +0.38)(s% +0.31s + 0.51)

=

(s) =

(a) By applying the lowpass-to-highpass transformation

W | =

S =

get a continuous-time highpass transfer function.
(b) Construct the zero-pole plot of the continuous-time highpass transfer function.

(¢) Using the zeros and poles obtained in part (b), get a corresponding discrete-time highpass
transfer function using the matched-z-transformation method. The sampling frequency
is ws = 20 rad/s.
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(d) How does the matched-z-transformation method compare with the invariant-impulse-
response method?

Solution
The transfer function has zeros at
z=z, 21
where
z1 =0+ 51.6125
and poles at
Z =po, P1, P1

where

po = —0.3800 + 50.0000
p1 = —0.1550 + 5j0.6971

(a) The highpass transfer function is obtained as

0.075(5% + 2.6)

Hyp(s) = H -
mp(3) = His) (s + 0.38)(s2 1+ 0.31s + 0.51) |,_,

s—1
s

0.075(2% + 2.6)

5

(1 +0.38)(z +0.31% +0.51)

B 0.0755(1 + 2.65%)
~ (140.385)(0.5152 + 0.315 + 1)

_ 0075x26 5(5° + 55
©0.38x051 7 (54 g55)(32 + s+ L)

3
5(5% +0.3846)

1.0063
" (5 + 2.6316) (32 + 0.60795 + 1.9609)

—

Therefore, the highpass filter has zeros at

V]

§:§Oa 1 So

where
So=0, &1, 52 =0=+50.6202
and poles at
5= Po, D1, P2
where

po = —2.6316, p1, p2 = —0.3040 £ j1.3669
(b) The transfer function of the digital filter is given by

M
HQH(Z - egiT)

Hp(z) = (z 4+ D) ——
(z — eﬁiT)

where L = 0 for a highpass filter. Hence
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where
5 = T = 1, 3, 5= £0.6202T

~ —2.6316T  ~ = —0.3040451.3669)T
Po = e . Pr. P2 = el J )
with

2 2 T

w, 20 10
(¢) The method works with all types of filters, i.e., LP, HP, BP, and BS, and is easy to apply.
However, it tends to increase the passband ripple. m

SA.14 A lowpass analog filter has a transfer function

1
Ha(s) = —————
A®) 2425+ 1

(a) Assuming a sampling frequency of 107, design a digital filter using the bilinear transfor-
mation method.

(b) Find the 1-dB and 30-dB frequencies of the analog filter.
(¢) Find the 1-dB and 30-dB frequencies of the digital filter.

(d) What should be the 3-dB frequency of the analog filter to get a 3-dB frequency in the
digital filter at 1 rad/s?

Solution
(a) The sampling period is give by

po Lt _2m_ 2r 1
fi ws 1o 5

The discrete-time transfer function is given by

Hp(z) = Ha(s) |

z—1

F

_2
S=T

|

1
$24+v2s+1

_10(z—1)

S Z+1

1
2
10(z—1) 10(z—1)
[ Z+1 } +v2 {%} +1
- 2242241
10022 — 22+ 1) + 10v2(22 — 1) + (22 + 22 + 1)

B 2242241
- bez2 + b1z + by

where

by = 100 — 10V/2 + 1 = 86.86
by = —200 + 2 = —198.00
by = 1004+ 10vV2 + 1 = 115.14

Alternatively, by factorizing constant bs in the denominator, the transfer function can be
expressed as
2
2 4+224+1
Hp(z)=Hy——F—
n(2) 022+b’12+b6

where

Hy = 8.685 x 1072, by = 0.7544, b} = —1.720
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The frequency response of the analog filter
Ha(jw) = -
—w? 4+ jV2w + 1
Hence the loss is given by
A(w) = 20log /(1 — w?)2 + 202
= 10log(1 — 2w? + w* 4 2w?)
Thus
14+t = 1001 AW)
By letting A(w) = 1 dB, the 1-dB frequency is obtained as
wp = (10%T = 1)Y4 = 0.7133 rad/s =
By letting A(w) = 30 dB, the 30-dB frequency is obtained as
wy = (100130 — 1)1/4 = 5622 rad/s m
A frequency w; in the analog filter transforms into a frequency §2; given by
Q= %tanfl “’;T (SA.20)

Hence the 1- and 30-dB frequencies in the digital filter are obtained as

0.7133
Q; =10 x tan™! —p - — 0721 rad/s m
and 5.622
Qs =10 x tan™* '1—0 =5.122rad/s m
respectively.

Now if the 3-dB frequency in the digital filter is required to be 1 rad/s, then according

to Eq. (SA.20) the 3-dB frequency in the analog filter should be

2 Q3T 1
wg = Ttan% =10 x tanl—o =1.003rad/s =



