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DTFT

Discrete-Time Fourier
Transform
(DTFT)
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DTFT
Discrete-Time Fourier Transform (DTFT)

Signal Periodicity

Periodic Non-Periodic

X[K] X(@)
Continuous | Fourier Series: Fourier Integral:
x(1) t continuous t continuous

w discrete w continuous
Discrete DFT:
x[n] t discrete

w discrete
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DTFT

The Forward Discrete-Time Fourier Transform (DTFT)

When x[n] is right-sided we can write

X(@) = f: x[n] e «n

n=0
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DTFT

Periodicity of DTFT

Prove that the signal X (&) is periodic with period 2.
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DTFT
DTFT of Unit Impulse

A@) A

4
je)
B
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DTFT

DTFT of Delayed Unit Impulse

Obtain the DTFT of the delayed impulse 6[n — ng] when ny = 2.

/2

A@)
N

-m/2
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DTFT
DTFT of Length-L Pulse: r;[n]

©Fayez Gebali, 2024 9/63



DTFT
DTFT of Length-L Pulse: r;[n]

[e.9]

Ru@) = > nlne’™"

nN=—o0

L—1
— Z e—jan
n=0
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DTFT
DTFT of Length-L Pulse: r;[n]
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DTFT
DTFT of Length-L Pulse: r;[n]

[e.9]

Ru@) = > nlne’™"

nN=—o0

L—1
— Z e—jan
n=0

- )
= W, —7T§(U<7T

sin(Lw/2) __j—1)a/2
sinw/2
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DTFT
DTFT of Length-L Pulse: Case L = 10

(R,(B)

[RL(@)]
Ry

-w/2

- L
-7 -m/2 0 w/2 ks - -w/2

@

/2 ks

[SE-NS

Can you find peak value and location of zeros?
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DTFT

DTFT of Delayed Length-L Pulse

Obtain the DTFT of the shifted length-L pulse r.[n — ng].

©Fayez Gebali, 2024 11/63



DTFT
DTFT of Exponential Signal: a" u[n]

o0
X@) = > aune’ a<i

nN=—o0
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DTFT
DTFT of Exponential Signal: a" u[n]

o0
X@) = > aune’ a<i

nN=—o0

o0
— Z a" efjan
n=0
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DTFT
DTFT of Exponential Signal: a" u[n]

o0
X@) = > aune’ a<i

nN=—o0

o0
— Z a" efjan
n=0

v
1-ae
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DTFT
DTFT of Decaying Exponential Signal: a" u[n]

Casea=0.5
2 o
1.5 w2
a ©
21 = 0
0.5 -7/2
[] £
3 -w/2 w2 E3 s -ml2 E w2 n

€ o

©Fayez Gebali, 2024 13/63



DTFT

DTFT of Complex Exponential Signal: a” /0" u[n]

X@) = Y a é»unen

n=—oo
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DTFT

DTFT of Complex Exponential Signal: a” /0" u[n]

X@) = Y a é»unen

n=—oo

o
_ Z a" e_/(a_ao)n
n=0

©Fayez Gebali, 2024 14/63



DTFT

DTFT of Complex Exponential Signal: a” /0" u[n]

X@) = Y a é»unen

n=—oo

o
_ Z a" e_/(a_ao)n
n=0

1
1 — g e /(@)
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DTFT

DTFT of Decaying Complex Exponential Signal: a” /0" u[n]

Case a=0.5and Wy = 0.37

2 ks

X@
IX(@)

0.5 -w/2
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Properties of the DTFT
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Properties
Linearity Property of DTFT

El Assume we are given two signals

xi[n ZE X (@) x[n 5 X (@)
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Properties
Linearity Property of DTFT

El Assume we are given two signals

xi[n ZE X (@) x[n 5 X (@)

E Now consider the DTFT of the signal x[n] = x1[n] + x2[n]

o0

X@) = Y x[njer

n=—oo
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Properties
Linearity Property of DTFT

El Assume we are given two signals

xi[n ZE X (@) x[n 5 X (@)

E Now consider the DTFT of the signal x[n] = x1[n] + x2[n]

X@) = i x[n] e °"
— i (x4[n] + X2[n]) e7/%"
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Properties
Linearity Property of DTFT

El Assume we are given two signals

xi[n ZE X (@) x[n 5 X (@)

E Now consider the DTFT of the signal x[n] = x1[n] + x2[n]

o0

X@) = Y x[njer
S Gl el e
= i xq[n] e7/°N + ixg[n] g jen
N=—o0 n=0
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Properties
Linearity Property of DTFT

El Assume we are given two signals

xi[n ZE X (@) x[n 5 X (@)

E Now consider the DTFT of the signal x[n] = x1[n] + x2[n]

X@) = i x[n] e «n
S Gl el e
= i xq[n] e7/°N + ixg[n] g jen
n=—o00 n=0

= Xi(@) + X(@)
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Find the DTFT of the signal x[n]:

x[n] = {1, 2,4, 8}

©Fayez Gebali, 2024 18/63



Properties
Time Shift Property of DTFT

Find Y(@) for

we have

©Fayez Gebali, 2024

yln] = x[n — no]

o0

= Y x[n—nop] e "

nN=—o00
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Properties
Time Shift Property of DTFT

Find Y () for
yln] = x[n — no]

we have
Y@ = ) x[n—no] e "
n=—oo
o
= Z x[m] e J&(m+no)
m=—o0
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Properties
Time Shift Property of DTFT

Find Y () for
y[n] = x[n — no]
we have

o0

Y@ = ) x[n—no] e "

= Z x[m] e J&(m+no)
m=—o00

= g% > xim] e

m=—oo
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Properties
Time Shift Property of DTFT

Find Y(@) for
y[n] = x[n— no]
we have

o0

Y@ = ) x[n—no] e "

= Z x[m] e J&(m+no)
m=—o00

= e N~ x[m] e /"
m=—oo
= X(@)e /o
Time delay = negative phase
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Properties
Time Shift Property of a Rectangular Pulse

Obtain the DTFT of the delayed length-L pulse r.[n — ng] for
L=10and ny = 4.
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Properties
Periodicity Property of DTFT

We have
X(@+2m) = X(@)

This is because w + 27 is an alias of @
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Properties
Frequency Shift Property of DTFT

Find Y () for R
y[nl = & x[n]

we have

Y@) = i e x[n] e "

nN=—o0
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Properties
Frequency Shift Property of DTFT

Find Y () for R
y[nl = & x[n]

we have
Y@ = ) &% x[neor

nN=—o0

o0

— Z X[n] e—j(@—@o)n

nN=—oo
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Properties
Frequency Shift Property of DTFT

Find Y () for R
y[nl = & x[n]

we have
Y@ = ) &% x[neor

nN=—o0

o0

— Z X[n] e—j(@—@o)n

nN=—oo

= X(@- o)
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Properties
Conjugate Symmetry Property of DFT

We already know from two-sided spectrum of any signal:

X(-0) = X*@)
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Convolution

DTFT & Convolution
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Convolution

Relationship Between DTFT and Convolution

El Assume

N—1
y[n] = hinl« x[n] = > hik] x[n — K]
k=0
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Convolution

Relationship Between DTFT and Convolution

El Assume
N—1
y[n] = hinl« x[n] = > hik] x[n — K]
k=0

A DTFTis

[e.9]

N—1
Y@) = > > hlklx[n—k]e "

n=—oco0 k=0
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Convolution

Relationship Between DTFT and Convolution

Bl Reverse order of summations

N—1 )
Y(@) = > hik] x[n— K] e7/*"
k=0 n=—o00
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Convolution

Relationship Between DTFT and Convolution

Bl Reverse order of summations

N—-1 00
Y@ = > > hKlx[n—kK e /"
SRS
= Y hlK| ( > x[n—K e—f@f')
k=0 n=—oo
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Convolution

Relationship Between DTFT and Convolution

Bl Reverse order of summations

N—1 )
Y@ = > > hKlx[n—kK e /"
RN
= ) hlK] ( > x[n—K e—f@”>
k=0 n=—oo

H Change variables m=n—k

N—-1 ()
Y@) = ) hlk] ek ( > x[m] e—f@m>
k=0

m=—oo
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Convolution

Relationship Between DTFT and Convolution

Bl Reverse order of summations

N—1 )
Y@ = > > hKlx[n—kK e /"
RN
= ) hlK] ( > x[n—K e—f@”>
k=0 n=—oo

H Change variables m=n—k

N—-1 ()
Y@) = ) hlk] ek ( > x[m] e—f@m>
k=0

m=—oo

N—1
= X(@) ) hlk] e °¥
k=0
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Convolution

Relationship Between DTFT and Convolution

We can write

DTFT
—

x[n] * h[n] H@) X(@)
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IDTFT

Inverse DTFT
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IDTFT
The Inverse DTFT (IDTFT)

x[n] = 217 / ' X(@) €°" dw

[ —
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Proving the Relation /[n]

x[n] = 1/7T A(D) €° do

2r w=—m
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Proving the Relation /[n]

x[n] = 1/7T A(D) €° do

2r w=—m

_ 1 " jon

W=—Tr
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Proving the Relation /[n]

x[n =

©Fayez Gebali, 2024

A(D) €° do

1 /7T
2r w=—m

1 /“
2m o=-—7

1 ejﬂn _ e*]‘ﬂ'n

&N dw
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Proving the Relation /[n]

©Fayez Gebali, 2024

x[n]

1 " ~ jon A~
27T/u7-—7r A(D) e dw

1 / "
2m o=-—7

1 ejﬂn _ e*]‘ﬂ'n

&N dw

sin(mn)
m™n
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Proving the Relation /[n]

©Fayez Gebali, 2024

x[n]

1 " ~ jon A~
27T/u7-—7r A(D) e dw

1 / "
2m o=-—7

1 ejﬂn _ e*]‘ﬂ'n

&N dw

sin(mn)
m™n

o[n]
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IDTFT

Proving the Relation 6[n — ]
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IDTFT

Proving the Relation 6[n — ]

Xl = 217 /f_ AG) 6 do

1 s
= — g fom N g
2m w=—m
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IDTFT

Proving the Relation 6[n — ]

Xl = 217 /A | A@) e a
1 [ S
_ —jong Ajen A~
o a:_We v do
1
- w(n—ng) A~
o /a:ﬂe’ dw
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IDTFT

Proving the Relation 6[n — ]

Xl = 217 /A | A@) e a
1 [ S
_ —jong Ajen A~
o a:_We v do
1
- w(n—ng) A~
o /a:ﬂe’ dw

1 eirn-m) _ gin(n-n)

2T % j(n—no)
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IDTFT

Proving the Relation 6[n — ]

Xl = ;T/A AG) 6 do
= L[ emgingg
2m w=—m
_ 1 /” om0 g
2m o=-—m
1 gin(n-m) _ g-in(n-no)
T 2" Jj(n—no)
_sinwt(n — ng)
m(n— ng)
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IDTFT

Proving the Relation 6[n — ]

Xl = ;T/A AG) 6 do

_ L " e—jano e/'&}n ao
2m w=—m

-1 /” 2-m) 45
2m o=-—m
1 ginn—ng) _ gin(n—no)

T o j(n— no)

_sinwt(n — ng)

~ 7w(n—no)

= 6[n—no
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IDTFT
DTFT of a Constant in the Time Domain

El Find IDTFT of §(&)

Xl = 217 /j 5(@) 77 da

W=—Tr
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IDTFT
DTFT of a Constant in the Time Domain

El Find IDTFT of §(&)

Xl = 217 /A @ e da
P
= o @Zied(w) dw
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IDTFT
DTFT of a Constant in the Time Domain

El Find IDTFT of §(&)

x[n]

©Fayez Gebali, 2024

1 " ~) QN 4
27T/@__W(S(w) e di

1 [ 5@ o

2m W=—c¢

or
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IDTFT
DTFT of a Constant in the Time Domain

El Find IDTFT of §(&)

_ 1 " ~) QN 4
x[n] = - /@__Wd(w)e/ dw
1 [ o
= o) o) dw
_ 1
- 2r
H
1 ZEH 2750)
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IDTFT
Observation

s o

DTFT
—

27 6(W)

©Fayez Gebali, 2024 33/63



IDTFT

DTFT of Double-Sided Complex Exponential &“°” in the Time

Domain

Use frequency shift property of DTFT

e@on  RTFL o 5@ — @)
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IDTFT
Observation

8[n— no] Pl e “m time shift property
g/von L 2n 8(@ — o) frequency shift property
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IDTFT
DTFT of Sinusoid

Find DTFT of double-sided sinusoid

x[n] = Acos@on
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IDTFT
DTFT of Sinusoid

Find DTFT of double-sided sinusoid

x[n] = Asindgn
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H(®)

The Frequency Response H(W)
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DTFT
—

Impulse Response Frequency Response

DTFT
<

hln] H(®)
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DTFT of the FIR Filter

N
y[n =" hkIx[n— K] = h[n]«x[n], ~ n>0
k=0
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DTFT of the FIR Filter

N
y[n =" hkIx[n— K] = h[n]«x[n], ~ n>0
k=0

Y@) = H®) X@), -r<&<n
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DTFT of the FIR Filter

N
y[n =" hkIx[n— K] = h[n]«x[n], ~ n>0
k=0

Y (@) = H®) X(w), <<
The frequency response is
. Y(@
O~ X
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DTFT of the IIR Filter

M

N
ylnl = ) alklyln—k]+ ) blklxin - K]

k=1 k=0

©Fayez Gebali, 2024 41/63



DTFT of the IIR Filter

M

N
> alklyln— K]+ _ blklx[n — K]

k=1 k=0

yin|

= a[n] = y[n] + b[n] = x[n]
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DTFT of the IIR Filter

M N
ylnl = > alklyln— k] + ) blk]x[n - K]
k=1 k=0
= a[n] = y[n] + b[n] = x[n]
We can write B(G
Y©) = 1_(;‘\’()@ X@)
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DTFT of the IIR Filter

M N
ylnl = > alklyln— k] + ) blk]x[n - K]
k=1 k=0
= a[n] = y[n] + b[n] = x[n]
We can write B(G
Y©) = 1_(;‘\’()@) X@)

The frequency response is

Y@)  B@®)

HO) = %6 = T-40)
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H(®)

Frequency Response of FIR Filter H(&)

Given the sequence for a recursive IIR filter

y[n] = 0.9y[n— 1] + x[n]

El Find the frequency response H(o)

H Determine the impulse response h[n] and verify with direct
evaluation of y[n] when an impulse is applied

B Plot H(®)
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H(®)

Output of FIR Filter Given its Frequency Response

(a)

(b)

()

xn] ——— o h[n]

X(® |
x[n] —»| DTET H(®) >

IDTFT

— yInl

Acos (@yn) —— Hy[f% ———» H, Acos (@Wyn + éy)

©Fayez Gebali, 2024
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H(@)

Method 1: Evaluating y[n] when Impulse Response h[n| is Given

Given an FIR difference equation:

y[n] = x[n] + x[n — 1]

El Find the frequency response for the filter

K Find the filter response when the input signal is
x[n] = 4 cos(0.37n+ 0.27).

x[n] —»  /[n] —» (1]
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H(®)

Method 2: Evaluating y[n] when Frequency Response H(®) is
Given

Given an FIR difference equation:

y[n] = x[n] + x[n — 1]

El Find the frequency response for the filter

K Find the filter response when the input signal is
x[n] = 4 cos(0.37n + 0.27).

X(® Y(&)
x[n] —» DTFT H®) —» IDTFT —» y[n]
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H(®)

Method 3: Evaluating y[n] when Input is Double-Sided Sinusoid

Given an FIR difference equation:

y[nl = x[n] + x[n - 1]

El Find the frequency response for the filter

K Find the filter response when the input signal is
x[n] = 4 cos(0.37n + 0.27).

A cos ((?)(J nN — p

Hy [%0

———— - HjAcos (6)0 n+dg)

©Fayez Gebali, 2024
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Ideal Filters

DTFT of Ideal Filters
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Ideal Filters

DTFT of Ideal Lowpass Filter: &g = 0.37

0.3

W = - / T H©) 6 do

21 Jo——r
sin @Bn

= , —00 < N< oo
m™n
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Ideal Filters

DTFT of Ideal Highpass Filter: g = 0.3«

1
08
06
= oa
0.4 0.2
o [ ?Pe
02 ararey 3 ) L
0!
o <% 0 E -10 5 0 5
h[n] = é[n] — hyp(n]
— ol -
©Fayez Gebali, 2024

sin @Bn

m™hn
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Ideal Filters
Block Diagram of Ideal Highpass Filter

x[n] ———o y[n]

hypln]
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Ideal Filters

DTFT of Ideal Bandpass Filter: &o; = 0.37, o, = 0.67

0.4

0.8 0.2

-0.2

H
=
hn]
<
o—
of
of
o—o1
PE—
P—
o—o1
of
of
o—

hln] = he[n] — h[n]
sinloon  sinlyn

m™n m™n
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Ideal Filters
Block Diagram of Ideal Bandpass Filter

hy[n]

x[n] ——¢ ylnl

hyln)
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Ideal Filters

DTFT of Ideal Bandstop Filter: ; = 0.37, W, = 0.67

0.8

0.6

0.4

. e, s J 11901

H
hn]

hin] = é[n] = ha[n] + hy[n]
sinwan 4 sinwan
mn mn

= ln] -
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Ideal Filters
Block Diagram of Ideal Bandstop Filter

x[n] hy[n] yln]

hz [n]
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Parseval’s Theorem
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Parseval
Parseval’s Theorem

> =5 [ Ix@)R do
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Parseval
Parseval’s Theorem

Find the energy of the signal

—an

x[n] =e ¥ u[n], a>o0
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Gibbs Phenomenon
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Gibbs Phenomenon
Gibbs Phenomenon in DTFT

Gibbs phenomenon occurs due to imperfect evaluation of the
forward- or inverse-DTFT operations.
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Gibbs Phenomenon

Gibbs Phenomenon in DTFT: In Forward DTFT

In the forward DTFT, X(@) is evaluated using a summation over
theindex0 <n< N

N—1
X@) =Y x[n] e ="

i=0
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Gibbs Phenomenon

Gibbs Phenomenon in DTFT: In Forward DTFT

In the forward DTFT, X(@) is evaluated using a summation over
theindex0 <n< N

N—1
X@) =Y x[n] e ="
i=0
Sometimes we truncate the summation to deal with fewer terms

M<N
M—1

X@)=> x[ne,  M<N
i=0
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Gibbs Phenomenon

Gibbs Phenomenon in DTFT: In Inverse DTFT
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Gibbs Phenomenon

Gibbs Phenomenon in DTFT: In Inverse DTFT

x[n] = zlr/j X(@) €% di

wW=—T

Integration is evaluated numerically using the trapezoidal rule

o P

Ns—1 v/ .
X[ = 1 3 [X(w,') + X(@it1) AG
i=0
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Gibbs Phenomenon

Gibbs Phenomenon in DTFT: In Inverse DTFT

x[n] = zlr/j X(@) €% di

wW=—T

Integration is evaluated numerically using the trapezoidal rule

Ns—1
1 [ X@) + X(@i1) ] A~
x[n) = o Z [ 5 AL
i=0
The quantities A& and &; are given by
AL = 27/(Ns—1)

W = —m+iA®
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Gibbs Phenomenon

Gibbs Phenomenon in DTFT: In Inverse DTFT: Ideal Case

1 20
0.8
15
0.6 _
= 3
= =10
" 04 <
5
0.2
0 0 ‘
0 20 40 60 80 100 - -2 0 /2 x
n w
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Gibbs Phenomenon

Gibbs Phenomenon in DTFT: In Inverse DTFT when N; = 1000, 100
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