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Abstract

The scattering properties of asymmetric rectan-
gular irises in circular waveguides are accurately
determined from an integral equation formula-
tion using basis functions which include the edge
conditions. The inclusion of the edge conditions
results in a reduction of the size of the matrix as
compared to the standard Mode-Matching Tech-
nique. Numerical results are presented and com-
pared with previously published data and mea-
surements to demonstrate the accuracy of the
approach.

1 INTRODUCTION

Coupling irises are frequently used in modern
waveguide �lters and matching networks whose
design relies, to a large extent, on the accurate
prediction of the scattering properties of their
di�erent components.

The Mode-Matching Technique (MMT) is com-
monly used to determine the generalized scatter-
ing matrices of the individual discontinuities in
these devices [1]. It is, however, known that the
MMT converges slowly because of its failure to
take into account the singular nature of the elec-

tromagnetic �eld at the sharp metallic corners.
A large number of modes are often required to
attain acceptably accurate results for the over-
all scattering characteristics. Despite the fact
that, in most applications, only the fundamental
mode is propagating in the structure, the MMT
extracts the scattering properties from a gener-
alized scattering matrix which contains higher
order modes.

The scattering of the fundamental mode TE11

of a circular waveguide from a rectangular iris
of �nite thickness was investigated by Macphie
and Wu using the MMT [2]. To improve the
numerical implementation of the technique, the
coupling integrals were computed analytically
by expanding cylindrical functions (Bessel func-
tions) in terms of plane waves [2]. The edge
conditions of the electromagnetic �elds were not
included in the analysis.

In this paper, we propose to determine the
scattering properties of asymmetric rectangular
irises in a circular waveguide from an integral
equation for the transverse electric �eld at the
discontinuity using basis functions which include
the edge conditions. The expansion of Bessel
functions in series of plane waves presented in [2]
is also used in this work to compute the matrix
elements which appear when Galerkin's method
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is implemented. Using this approach we concen-
trate directly on the transmission and reection
of the incident modes at the input and output
while taking into account the fact that higher
order modes are excited only at the discontinu-
ities.

2 THEORY

The generalized scattering matrix of a rectan-
gular iris of �nite thickness is determined from
cascading the individual scattering matrices of
the two circular-to-rectangular discontinuities.
We therefore concentrate on the analysis of a
circular-to-rectangular step discontinuity whose
cros-section is depicted in �gure 1. To derive an
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Figure 1: Cross section of the junction

integral equation for the transverse electric �eld
at the discontinuity, the electromagnetic �eld in
regions I and II is expanded in modal series of
the TE and TM modes of the corresponding re-
gions.
From the boundary conditions of the transverse
electric �eld at the discontinuity, and using the
orthogonality of the modes in the two regions,
the modal expansion coe�cients are expressed

in terms of weighted integrals of the transverse
electric �eld, which we denote by Z(x; y), over
the cross section of the rectangular waveguide.
These resulting expressions of the modal coef-
�cients are then substituted in the continuity
condition of the magnetic �eld to obtain an in-
tegral equation for Z(x; y).
By formulating the problem in terms of the elec-
tric �eld at the discontinuity, it is now possible
to include in the theory whatever a priori in-
formation we have on the exact solution such
as the edge conditions. We therefore expand
Z(x; y), or its x- and y-components, in series
of basis functions which include the edge condi-
tions. Galerkin's method is then applied to the
integral equation to determine the expansion co-
e�cients of Z(x; y).
Once function Z(x; y) is determined, the modal
expansions of the electromagnetic �eld, and
therefore the reected and transmitted waves,
are fully speci�ed in each of the two regions of
the structure. The details of the approach as
applied to H-plane discontinuities in rectangu-
lar waveguides can be found in [3].

3 BASIS FUNCTIONS

To guarantee numerical e�ciency, the basis
functions should include the singular nature of
the transverse electric �eld at the sharp metallic
edges of the discontinuity. In the present situa-
tion, the component of the electric �eld perpen-
dicular to the metallic wedge becomes in�nite
as r�1=3 where r is the radial distance form the
wedge whereas the component parallel to the
wedge vanishes as r2=3 as r ! 0 [4]. The fol-
lowing set of basis functions were used in this
work

Bx
mn(x; y) =

cos[m�
x�a=2�e

a
]

[(x+a=2�e)(a=2+e�x)]1=3
�

sin[n�
y+b=2�f

b
]

[(y+b=2�f)(b=2+f�y)]1=3
(1)
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and

By
mn(x; y) =

sin[m�
x�a=2�e

a
]

[(x+a=2�e)(a=2+e�x)]1=3
�

cos[n�
y+b=2�f

b
]

[(y+b=2�f)(b=2+f�y)]1=3
(2)

The spectrum of these basis functions in the
rectangular waveguide can be expressed in terms
of Bessel functions of order 1/6 [5]. In the circu-
lar waveguide, a series expansion of Bessel func-
tions in plane waves, as discussed in [2], is used
to express the spectrum of the basis functions
also in terms of Bessel functions of order 1/6.

4 RESULTS

The scattering of the fundamental mode in a
circular waveguide at a rectangular-to-circular
discontinuity as well as a rectangular iris of �-
nite thickness was investigated using the present
technique. Figure 2 shows the insertion and re-
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Figure 2: Insertion and return loss in dB of
the circular to rectangular junction (a = 2b =
19.05mm, R = a, e= 0 and f =0).

turn losses of a centered transition from circular
waveguide to smaller rectangular waveguide as
a function of frequency. Our results agree well

with those presented in reference [2] (not shown
here). The agreement between the two compu-
tations is excellent over the entire range of fre-
quencies. These results where obtained using 12
basis functions for each of the components Ex

and Ey. The number of basis functions neces-
sary was determined from a convergence analy-
sis as shown in �gure 3. Figure 4 shows the in-

2 4 6 8 10 12 14 16
−3.7

−3.69

−3.68

−3.67

−3.66

−3.65

−3.64

−3.63

−3.62

−3.61

−3.6

Number of basis functions

|S
22

| i
n 

dB

Figure 3: Convergence of |S22| versus the
number of basis functions when 98 TE, 49 TM
circular modes and 14 TE, 7 TM rectangular
modes are used (F=9GHz).

sertion and return losses of the circular to o�-set
rectangular junction as a function of frequency.
Our results agree well with those presented in
reference [2] (not shown here) which attests to
the validity of the approach.
The insertion and return losses of a rectangular
iris of length L=0.1 mm where also computed
and are shown in �gure 5. These results were
obtained using 10 basis functionsfor each of the
components Ex and Ey.

5 CONCLUSIONS

An integral-equation approach was used to de-
termine the scattering properties of a circular-
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Figure 4: Insertion and return loss in dB
of the circular to o�-set rectangular junc-
tion (a=2b=19.05mm, R=a, e= 6.35mm, f=
4.72mm)

to-rectangular discontinuity as well as a rectan-
gular iris of �nite thickness in a circular waveg-
uide. Basis functions which include the edge
conditions were used to accelerate convergence
and reduce the size of the matrices. The cou-
pling integrals are computed analytically from
an expansion of Bessel functions in series of
plane waves. Results obtained from the present
technique agree well with previously published
data.
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