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Fast and Accurate Analysis of Waveguide Filters
by the Coupled-Integral-Equations Technique
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~ Abstract—The coupled-integral-equations technique (CIET) tinuities and not in the uniform sections of the waveguides.
is successfully applied to accurately determine the frequency Unfortunately, the normal modes contain information about
response of waveguide filters in asingle step A four-resonator yne niform sections, through the boundary conditions, but
H-plane filter is analyzed by the mode-matching technique t about the di t', ities. Theref ¢ ’ di
(MMT) and the CIET for comparison and results in a reduction not abou . € discontinuiues. Therefore, We_ propose to mo .|fy
of central-processing-unit (CPU) time of the order of 400. A set the MMT in such a way that the problem is reformulated in
of CIE’s for the tangential electric fields at the apertures of the terms of the fields at the discontinuities through an appropriate
discontinuities are derived and solved by the moment method. choice of basis functions and in an integral form. By directly
Basis functions, which include the edge conditions at each of ooncentrating on the field at the discontinuity, which is de-
the discontinuities, are used to achieve numerical efficiency. scribed by a sinale function for both of the uniform sections
It is shown that 1-4 basis functions, which include the edge y . 9 .
conditions, are sufficient over a broad range of frequencies. The Of the waveguides, the phenomenon of relative convergence
inclusion of the edge conditions in the basis functions is shown is eliminated as the modes of the two sides are given only a
to ha\_/e a dramatic effect on the convergence of the CIET, minor role.
especially for narrow-band filters. In addition, when two adjacent discontinuities are strongly
Index Terms— Computer-aided design, integral equations, interacting, their field distributions only slightly differ. It is
mode-matching methods, moment methods, waveguide filters.  no longer necessary to use a large number of basis functions
to describe the overall frequency response of the two discon-
|. INTRODUCTION tmume;. A fortiori, it is po§3|blg to reformulfate the entire
. . _ scattering problem of the filter in one step, in terms of the
M ICROWAVE filters are widely used components iffjg|gs at each of the discontinuities. By doing so, the edge
V 1 modern microwave communications systems. Wavegitions at each of the discontinuities are all included and
guide technology is often employed in implementing thesge interaction between all the discontinuities are accurately

frequency selective devices whose frequency response Myst riheq regardless of the strength of their interactions. The

be accurately predicted before the actual implementationréssumng formulation is a set of CIE's for the tangential
carried out in order to save cost and time.

) , ! electric fields at the different discontinuities. Mathematically,
The mode-matching technique (MMT) is a popular approagRe present formulation leads to a Riemann—Hilbert problem

in the design and analysis of modern waveguide filters [ hHP) of systems of singular integral equations [3]. The
In this technique, the generalized scattering matrices of t hnique has been recently applied to the case of up to three
individual discontinuities are cascaded to determine the overggpta in a rectangular waveguide as well as to rectangular
frequency response of the filter. From a computational point ﬁage waveguides [4], [5].
the view, the problem is then reduced to accurately determinqn this paper, we apply the coupled-integral-equations tech-
the generalized scattering matrices of egch discontinuity. nique (CIET) to the analysis of-plane waveguide filters.
However, the method is known to exhibit the phenomenqq, merical results obtained from the CIET are compared to
of relative convergence which is often overcome by a judjpose from the MMT to demonstrate the accuracy and speed
cious choice of the number of modes retained in the MOA he technique. The paper is organized as follows. Section Il
expansions on each side of the discontinuity [2]. When tW@.qcripes the CIET as it applies #-plane filters along with
discontinuities are strongly interacting it becomes necessgf\ pasis functions which include the edge conditions. Typical
to include a large number of modes which results in largg, merical results from the CIET and the MMT for two four-

generalized scattering matrices. o resonator designs are presented and discussed in Section III.
An examination of the underlying principles of the MMT

shows that the modes of the sections of the waveguides are
given an unduly important role. It is certainly true that the

dominant physics of the problem takes place at the discon- )
The theory is presented for the example of a four-resonator
filter structure which is depicted in Fig. 1. It consists of a
Manuscript received October 4, 1996; revised March 13, 1997. lossless rectangular waveguide of cross seationh and five
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Fig. 1. Side view of a symmetric four-resonatéf-plane filter.

In most applications, only the fundamentBE,, mode is and
incident, with amplitude unity on one side of the structure,

which is taken as the left side in Fig. 1. Z ek L Bl eiknzy
Because of the symmetry of the irises, ofi{,,o modes, m=1

with m, an odd integer, are excited in the structure. Following . (z —b;)

the MMT, we expand the transverse electric and magnetic St [mWT} (3b)

fields in each of the subregions I-XI in modal series.
In region |, there are reflected waves in addition to the
incident fundamental mode. In all the inner sections, there are

Finally, we have only forward-traveling waves in region XI:

. FX —jkfffz (4a)
both forward- and backward-traveling waves, whereas only Z sin [mm— al€
forward-traveling modes are present in the right-most section. m=1
Therefore, in region | we have the following expansion [1]: (o Z TpX g [mwf}e—ﬂ'kfi%_ (4b)

Ei(a:) = sin [ —} —ikiz 4 Z Bl sin [ }eﬂ‘ # Here
(1a) 5 mr\? .
‘ +4/w2egto — ) propagating mode
and o = — (5)
. mw 2

Hi(x) —J < p ) — w2egup, evanescent mode

=—Y{sin [ }e Jkl‘—i—z YIB! . sin [m7r }e’k . and
a 4
m=1 . kZ

(1b) Yi=-—m (6)
who

In the internal regions = III, V, VII, IX, the transverse The unknown modal expansion coefficieds,’s and Fi ’s in
electric and magnetic fields are a superposition of forwargtese expansions are determined from the boundary conditions

and backward-traveling modes at the discontinuities. These consist in the vanishing pbver
oo _ _ the metallic part of the discontinuity and the continuity/éf
E;(a:) - Z(ane—jkiﬂ + B! /*n*)sin [qu (2a) and E, over the aperture, i.e.,
a
m=t E,(z) =0, over metallic step (7a)
and Ej(z) =E;"(z),  over aperture (7b)
Hi(z) and
= S YA (< Fe M 4 Bl sin ] (2b) Hi(x) = Hi*'(z),  overaperturé.  (7c)

m=1

When the structure is operated in the frequency range where
In the internal regions = II, IV, VI, VIII, X, E, and H, only the fundamental mod&'E;, is propagating, and if
are of the form the input and output sections are long enough for all the
o _ _ b evanescent modes to be attenuated, the frequency response
Ei(z)= Z(FZ‘ e~km® 4 Bi ef*m#)sin {mﬂw} of the structure is totally determined ond® and %! are
Y m m a: . .
g known. Indeed, the reflected power is determined frBn
(3a) whereasF7*! totally specifies the transmitted power.

m=1
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Instead of following the MMT in enforcing the boundarySimilar expressions hold for the modal expansion coefficients
conditions in a modular fashion, we take an approach whidaithe remaining internal regions. Finally, the modal expansion
emphasizes two important facts: the physics of the probletpefficients in region Xl are related t&;, through
takes place at the discontinuities, and what is actually of
interest are the reflected and transmitted powers at the input Fﬁ? — ik (ddt2r +2r2) X{O(m)_ (14)
and output. The internal reflections, although important in
determining the overall response of the structure, could [fe(10)—(14) are used in the continuity conditions &f,
viewed as additional information which is not accessible g the different discontinuities, we get a set of ten CIE’s
the measuring engineer. Therefore, we compute the reflectignthe ten unknown functions;(z). A system of coupled
and transmission coefficientirectly. singular integral equations is often referred to as an RHP [3].

To enforce the boundary conditions of the transverse electpgplications of the RHP to diaphragms of zero thickness with
field at the discontinuities, we assume that these are givendhe or more windows are discussed in [6].

unknown functionSXi(a:). Each of these functions is assumed From the Continuity ofH, at interface I-Il, we get the
to vanish on the metallic part of th¢h discontinuity: integral equation

Xi(z) =0, ‘x——‘>az/2 i=1,2,.-,10. (8) IXl ) cos [k d] — XJl(m) . (& = by)
g_: Jsin [k do] Sl LG
The continuity of £, [(7b)] is then rewritten in the form .
! + Z Y X[ (m)sin [mwg} =2V sin [W%} (15)
7 o m=1
E,(x) = Xi(x)
Ejt (z) = X(x). (9) which holds only over the gap of the leftmost iris, i.e, when
|z — /2| < az/2.
It is straightforward to verify that (7a) and (7b) aséways Similarly, the continuity ofH,, at the second discontinuity
satisfied as long as (8) hold. (the right side of the leftmost iris) leads to a second intergal
To determine the functions(;(x), the modal expansions equation

of the electric field are used in (9) to project out the modal

coefficients B, and F},. For example, in the first region we i YIIX?(m) cos [k d] — X (m) i [ (@=t)
get 2 sl T
XI(m)cos[klr]— XE(m) | z
a+a2/2 YI 2 m 3 Y120
Bl =61+ %/ X1(zx)sin [mwg} dz r; sin (kL] sin [mwa}
a—az/2
X 16
=—0m1 +X{(m) (10) (16)

. which also holds over the same rangecads (15). The integral
Here, the transformed functioli{(m) is given by equations for the remaining internal irises are similar to (16)
and are not given here. The matrix elements which appear in
the numerical solution of these equations are, however, given
in the Appendix.
The continuity of H,, at the right side of the rightmost iris

On the other hand, the coefficienB! and FII involve the 1€ads to
functions X; and X, and are given b o0 o &
LA Jven By $° yurKaim) con i 4 = L) [m (2= bﬂ

. - . Jsin [l
m_ ijz’lldX{I(m) — XIY(m) (12a) m=1 gsin [k d] a2
m S ain DRIl
2j sin [k1] d] Z XlO ) sin [mwﬂ =0. (17)

m=1

N ) ataz/2
Xl(m) = —/ p X1(zx)sin [mwg} de.  (11)

and
Note that the symmetry of the filter was used in this equation
(regions Il and X are identical).

To solve this set of CIE's, we expand the functiakig(z)
in a series of basis functions and apply Galerkin’s method to
each one of them. LeB;;(x) denote thejth element of a set

i gt
ggﬁnré%ta;an 1 (m), which is introduced for convenience, ISof basis functions for the functioX; (z) such that

M

5 atas /2 _ .

Xm) = 3/ X1(z)sin {mWL bQ)} dr. (13) Xi(z) = E cijBij(@), i=1---,10. (18)
az a—as /2 j=1

az

X§(m) — e=*m X! (m)

FH —
m 27 sin [k d]

(12b)
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Since the nonanalytic behavior &f, is the same at both sidesof order 1/6(G = 0.5I'(1/2)I'(2/3)) [8]:
of a given iris, the same basis functions are used to expand
the fields at any two identical discontinuities.

If these expansion are used in the integral equations and J1/6|: m; kw} 1
Galerkin's method is applied to each one of a them, a s&! (m) =G g Cos {m_ w}
of coupled linear equations in the expansion coefficiepts ‘m - /fw 2
results. The ten linear equations can be put in the following 4
form: 7 m+k
1/6{ 2 W} m+k (21a)
[Alla] + [A%[e] =[U]  (19a) T sk V6T 2 T
[A%][ea] + [AY[e2] + [A°][ea] =0 (19b) T
e [ ][][]cQ] J[FA[I%]?E[ T] +{Lfi%c } 0 83;3; BYY(m) = BYY (m) = BY (m) (21b)
c3| + Cs 0 T as
J — -k
[A"][ea] + [A"][es] + [AM][es] =0 (19¢) Bl (m)=G2 Y GH (m € /)GH cos [g(m )}
[4%][es] + [4"][e6] + [A][er] =0 (291) " G2 -k
[ [e] + [A°)fer] + [4%Y)[es] =0 (290) a5 (4]
[42]er] + [47][es] + [4%]lcs] =0 (ah) -2 a s [T+
(4] es] + [4%[co] + [A7]jcwo] =0 (190) T(m2eR)["
and (210)
gl 275 ; o34
[A428][co] + [A%][c10] = 0. (190) The quantities3s), (m) andBj,, (m) are obtained frond3, (m)

by replacingas by a4 and ag, respectively.

Despite the fact that these spectra involve a Bessel function
The entries of the matrices in (19a)—(19j) are given in thef order 1/6, most of the terms in the sums in the entries of
Appendix. It is worth noting that most of these matrices amatrices (19) involve large arguments where the asymptotic
symmetrical, a fact which is used to reduce the computatiorfatms of Bessel functions can be used without sacrificing ac-
effort. In addition, for the symmetric filter under investigationgcuracy. A routine for computing Bessel functions of fractional
only 14 of the 29 matrices are independent; a consideralleler can be found in [9].
reduction in central-processing-unit (CPU) time results. Also
note that (19b)—(19i) follow a clear pattern which allows the
number of resonators and irises to be varied relatively simple.

To complete the numerical solution, appropriate sets of basisThe CIET and the MMT are applied to the analysis of two
function are needed. four-resonatorH -plane filters to compare their performances

with regards to CPU time and accuracy.
All irises are 1-mm thick in the first filter with heights
I1l. BASIS FUNCTIONS b1 = 4.339, b, = 6.086, andb; = 6.43 mm, and separations
3 = = 15.712 and r, = 17.671 mm. The main rectangular
waveguide is a WR75.

The numerical results for the return loss of the first filter as
obtained from the two techniques are shown in Fig. 2(a). In
zero [7]. Note also thatE, is also an even function with the MMT (dashed line), 18 odd modes are used in the larger
respect to the axis of the filter as oril,,,, modes withm, waveguide sections. The number of modes in the irises are
odd are excited. A set of basis functions which satisfy the%%ken according 1o the respective aperture-width ratios [2].
conditions are given by the CIET solution (solid line), only one basis function

was used. A reduction of CPU time of the order of 200
over the MMT is observed. More basis functions were also

IV. NUMERICAL RESULTS

To guarantee numerical efficiency, the basis functiori:
should include the nonanalytic behavior &f, at the edges
of the irises. At a 99 metallic wedge,E, vanishes as?/3
as the radial distance to the axis of the wedgapproaches

sin [WM} used and led to only minor changes, which are shown in
Binlz) = @i k=1,2,---. (20) Fig. 2(b) forM =1, 2, 3, and four basis functions. The rapid
[(z = bi)(ai 4+ b; — )]/3 o convergence of the solution reflects the judicious choice of the

basis functions as well as the fact that the internal reflections
Because of the symmetry of the filter with respect to the centiale all taken into account by testing the sums in (19a)—(19j)
iris, only three different sets of basis functions are needed.for convergence. Good agreement between the two techniques
The spectra of these basis functions, the integrals appeaiim@bserved. Note that the sums in the entries of the matrices
in the integral equations and the matrices (19) (see Appendiix),(19a)—(19j) involve terms which decrease at leasta&?
are expressible in terms of Bessel functions of the first kirfdr largen—30 terms were sufficient to reach convergence. In



AMARI et al. FAST AND ACCURATE ANALYSIS OF WAVEGUIDE FILTERS BY THE CIET 1615

100 i ] I 1 —""” I f i 1 ) 100 T 17— ~1T 1 T T T T 1 ]
80 —- —— CIETM - 1 — 80 : —
E MMT 18 odd modes :
— : 4 — B
% - % - 23 odd modes —
~ — ~— 60 — —
w 4 w <
w w
S ] ° )
c 1 5 ]
= — 3 40 (— -
- + |
0 3]
™ - o -
1 20 I -
_ : 4
| R I O SR S EE— 1 S S [
12.0 12.4 12.5 12.6
F (GlHz)
Fig. 3. Return loss (dB) of filter Il as obtained from the MMT with 23 odd
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Fig. 2. Return loss (dB) of filter | as a function of frequency (a) as obtained

from the CIET (solid line) with one basis function and the MMT (dashef'd: 4. Return loss (dB) of filter Il as obtained from the CIET (solid line)
line) with 18 odd modes and (b) whed = 1, 2, 3, and four basis functions with four basis functions and the MMT with 43 and 50 odd modes. The CIET

are used in the CIET. reduces CPU time by a factor of 400.

addition, these sums can be accelerated using the asympt]prtiltzzlg' 3 shows the return loss of such a filter as obtained

; . .. from the MMT when 23 odd modes are used in the design
forms of the kernels of the integral equations, the remam"@ynthesis) and analysis process
terms in the sums decreaseas’/? for large n. y '

Th d il 40-MHz 28-dB | level fil At first it was surprising to see the numerical results
e second filter, a 40-MHz 28-dB return-loss level filtet,,inaq from the CIET deviate markedly from what is shown

was designed using standard filter synthesis in combinatlﬁprig_ 3. We, therefore, conducted a convergence study for
with the MMT [1], [10]. Assuming aQ-efficiency of ap- ihis filter for both methods.

proximately 70% and a silver-plated filter structure, insertion rig 4 shows the return loss of this filter as obtained from the
losses of 1.9 dB are predicted. Although applications of SUCRIHET (solid line) with four edge-conditioned basis functions
narrow-band filter are limited (e.g., remotely operated groungnd the MMT. As the number of modes in the MMT increases,
satellite and ground-to-ground links—this example was chosgfe numerical results of the MMT approach those obtained
specifically to highlight the characteristics of the two methods}om the CIET. However, even with 50 odd modes, the MMT
All irises are 1-mm thick in the second filter with heightshas not reached convergence yet. This is demonstrated in
by = 6.468, by = 8.156, andbsz = 8.285 mm, and separations Fig. 4 where the two right-most poles of Fig. 3 are shown
r1 = 14.49 andr, = 15.188 mm. The main waveguide is ato merge. The CPU-time comparison between the MMT with
WRY75. 50 odd modes and the CIET with four edge-conditioned basis
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80| | 4 — . Finally, a few remarks about the case of zero-thickness

r , irises. Within such an approximation, the number of integral
equations to be solved is reduced by a factor of two, which
results in a reduction of CPU time over the nonzero thickness.
60 — T Mes ] In addition, the edge condition, which is well represented
by a Maxwellian, is straightforwardly included in the basis
functions [5], [11].

It is also obvious that the CPU time of the CIET increases
with the number of discontinuitiesv,. However, it is not
obvious that it increases linearly witN,. To prove this point,
we make use of the important fact that the matrix giving
the expansion coefficients [equivalent of (19a)—(19j)blisck
tridiagonal. Let us assume tha¥, basis functions are used
at each of theN, discontinuities. Letc;, be the number of
nonzero entries below the diagonal in coluranandr; the
number of nonzero entries to the right of the main diagonal
in row k. Then the total cost of Gaussian elimination is given
by the expression [12, p. 57]

Return loss (dB)

N,Ny— NeNp—

1 1
T=2 > amnt Y oa. (22)
k=1 k=1

Since the same number of basis functions are used at each
discontinuity, allc;, = r, = 2N, — 1 except forNVN, N, < k <
N,N, where0 < 7, < 2N, — 1. The total cost in (22) is then

T <2(N; Ny — 1)(2Ny — 1)? + (N Ny — 1)(2N, — 1)
=(N,N, — 1)(2N, — 1)(4N, — 1). (23)

Return loss (dB)

Furthermore, back substitution adds a cost 20fV, N, —
1)(2N, — 1) such that the total cost is proportional 3, N}?
for large values ofN, and IV, i.e.,

Total cost x N, N{. (24)

(b) Since the number of basis functions with the edge conditions
Fig. 5. Return loss of filter Il when (a) basis functions with the edgés much smaller than the number of modes in the MMT, the
conditions are used and (b) the modes of the irises are used as basis functi@I&ET is expected to outperform the MMT for an arbitrary
The effect of the edge conditions on the convergence of the solution is evidqg?bmber of discontinuities. It is also worth noting that the CPU

time comparisons we carried out for the two filters described
functions amounts to a factor of 400. The MMT takes 9106hgere were done without taking advantage of the sparsity of
on an IBM 6000 RS/530, whereas the CIET takes only 22tRe matrix in the CIET.
for the same number of frequency points (201) and on the
same machine.
The convergence of the CIET is shown in Fig. 5(a) for V. CONCLUSIONS
M =1, 4, 5, 10, and 20 basis functions. Convergence is The CIET was applied to the analysis Bfplane waveguide
reached with only four basis functions. filters. The frequency response of the filter is determined from
The effect of including the edge conditions on the numericalset of CIE's in @ingle stepNumerical results show excellent

solution within the CIET was investigated. Fig. 5(b) showagreement with those obtained from the MMT with a reduction
the return loss of the second filter when the modes of tiof CPU time by a factor of the order of 400, especially
irises are used as basis functions. Obviously, the effect of the narrow-band filters. A few basis functions with the edge
edge conditions is dramatic as one needs 30 basis functieosditions at each discontinuity are sufficient to guarantee
or more to reproduce the results obtained with only fowrccuracy of numerical results. The inclusion of the edge
basis functions, which include the edge conditions. In all th@nditions in the theory is essential in reducing CPU time and
calculations relating to filter 1I, 100 terms were summed iimcreasing accuracy. The technique can be straightforwardly
computing the entries of the matrices (19a)—(19j). applied toE-plane filters and double-plane waveguide filters.
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APPENDIX

matrices (19a)—(19j):

(A =

(A% =

[Ulk
(A%

(A% =

[A%Tk
[A%x

(AT =

(A%
(A%

[AIO]M

[All]kl
[AIQ]M

[Alg]kl

(A1
(A%

[AIG]M

[A17]kl

Z Bl (m)Biy(m

ag =2 ;
—_ %Yy
a Z m
= [A14]kl
Z Y cot [kL 7o) BL, (m)BL,(m)

m=1

— [AIQ]M

—J— Z cot [k d]

: YJ}BMm)Bu(m) (A1)
a2 o~ 1 Bl (m)Bf(m)
Pt Y _ARN T dN A2
Ta 2 G 42
=2V Bl (1) (A3)
IJ[AQ]M (A4)
Z Y cot [kL 71]B{k(m)3{l(m)
a2 Z YH cot kH d]Bﬁ(m)BH(m) (AS)
_ Z vi M (A6)
™ sin kg
_ f: y1 Ban(m) By (m) (A7)

— sin [kL 7]

Z Y} cot [k, 1] By (m) BS,(m)

m=1

+ 2 Z YV cot [KY d) B (m)BY(m)  (A8)

m=1

a4 v Blk (m)BH (m)
_ a4 y v 21\ A9
PR o
— [Ag]kl (AlO)
- Z YL cot [kL o) BL, (m)BL,(m)
a4 Z YI\ cot k“ d]Bﬁ(m)BH(m) (Al1)
_ Z 1 M (A12)
2 ]
— [All]lk (A13)

Z YL cot [kL,ro] BL, (m) B, (m)

m=1

003 ¥ eon (B, (m) ) (AL4)

m=1

VI Bﬁ (m)BH(m)

sin [V d] (A15)

m=1

(A16)

+ 2 Z YV ot [k¥L d] B (m) B (m) (A17)

(A18)

1617
[A"]h = [A ] (A19)
[A! [A™]xe (A20)
[A%]50 = [A” (A21)
[A% ] = [A%] (A22)
[A%]50 = [AT]w (A23)
[A% ] = [A°w (A24)
(A% = [A% (A25)
[A% ] =AY (A26)
[A%%]50 = [A% (A27)
o S B m)Blm)
(A% N = =5 nzl YJEW (A28)
(A% = Z T BL,(m)BLy(m)
+JC;2 i Yoot cot [ky, d]Bry (m) Biy(m). (A29)
m=1
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