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Complete Spectrum of Multidepth
Corrugated Circular Waveguides
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Abstract—The paper presents a rigorous full-wave analysis
of the complete spectrum of multidepth corrugated circular
waveguides. The propagation constants are determined from the
classical eigenvalues of a canonical matrix eigenvalue problem
instead of a complex determinant. The method is used to de-
termined the entire k0 � �k0 � �k0 � � diagram of a dual-depth circular
waveguide.

Index Terms—Eigenvalues and eigenfunctions, periodic struc-
tures, waveguide discontinuities.

I. INTRODUCTION

I NCREASING demand for high-power microwaves has led
to the development of new devices in which corrugated

waveguides play a major role [1], [2]. Successful design of
these structures require an accurate analysis of the propagation
properties of a corrugated waveguide in which the inner radius
is a continuous function of the axial variable.

The propagation properties of these periodic systems are
commonly determined using expansions in space harmonics.
The propagation constants of the Floquet modes are deter-
mined from a nonlinear determinant equation [1]. Such an
approach can be time consuming, especially when a large
number of modes is required. It also presents the risk of
missing degenerate or closely packed roots of the determinant.
The presence of complex modes in these structures poses an
additional problem. An excellent discussion of the advantages
of a classical matrix eigenvalue formulation over a determinant
equation is given by Davies [3].

This letter proposes to show how an alternative formulation
leading to a canonical matrix eigenvalue equation for the
propagation constant of the Floquet modes can be developed.
The method is based on an extension of the formulation
presented in [4] where the unit cell of the periodic structure
has only two well-defined discontinuities. This method is
extended here to deal with the case of an arbitrary number
of discontinuities per unit cell.

II. THEORY

Consider a unit cell of a periodically corrugated circular
waveguide. The period of the structure isand there are
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step discontinuities per unit cell. The case of sinusoidal cor-
rugations can be approximated by step discontinuities whose
radius is a sinusoidal function of for example.

The starting point of the formulation is to assume that the
true transverse electric field at the discontinuities
are given by unknown functions The Floquet
condition is automatically satisfied by requiring that

(1)

Here, is the propagation constant of the mode. Following
the coupled-integral-equation technique (CIET), a set of
coupled integral equations for the remaining unknown
vector functions are derived [5]. To solve these integral
equations, the functions are expanded in series
of suitable basis functions

(2)

Substituting these expansions in the integral equations and
applying the moment method [6], we get sets of linear
equations in the coefficients namely

(3)

The entries of the matrices in this equation involve sums
over the modes of the sections; they can be inferred from
the discussion in [5] and are not given here for lack of space.

The presence of two different functions ofin this equa-
tion prevents us from directly using a standard eigenvalue
approach. To circumvent this problem, we first express the
unknown vectors and in terms of the two vectors

and This can be done using rows 2 to in
(3). Using the resulting expressions of and in
the first and last rows of (3), we get two equations in
and of the form

(4)

Using the notation this equation can be transformed
into the canonical form The details are
not given here but can be found in [4].
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Fig. 1. Side view of a dual-depth corrugated waveguide.

Fig. 2. Propagation constants of the first few propagating modes. The circles are from [7].

III. A PPLICATION TO DUAL-DEPTH CORRUGATEDWAVEGUIDE

The present approach was applied to determine the propa-
gation constants in a dual-depth corrugated waveguide investi-
gated in [7] (Fig. 1). In this case, the modes of the waveguide
sections are used as basis functions. All the presented numer-
ical results were obtained using four basis functions.

Fig. 2 shows the propagation constants of the first few
branches in the dispersion diagram. Only modes with unity

angular dependence are shown The solid lines are
from the present work and the circles are from [7]. It is evident
that our calculations agree very well with the quoted results for
the following dimensions: mm,
mm, p, and mm.

A major advantage of the present approach is that it allows
accurate analysis of complex, propagating, and evanescent
modes simultaneously. Fig. 3 shows the real and imaginary
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Fig. 3. Real and imaginary parts of propagation constant versus frequency. The stars represent complex modes.r01 = 1:22r1; r01 = 1:13r1;
p = 0:5r1; g = 10t = 10=11 p.

parts of the propagation constant as a function of frequency for
the same dimensions as in Fig. 2. The stars represent complex
modes. An interesting feature of the spectrum shown in
Fig. 3 is the presence of modes with a constant value of

These modes are in fact present in simple periodic
structures as shown by Collin [8, p. 367].

We finally mention that higher branches appear in Fig. 3
when more basis functions are used.

IV. CONCLUSIONS

The approach presented in [4] is extended to deal with
propagation in periodic structures in which the unit cell
contains multiple discontinuities. Numerical results, obtained
from our classical eigenvalue formulation, for a dual-depth
corrugated circular waveguide are in excellent agreement with
available data. Propagating, evanescent, and complex modes
are determined simultaneously.
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