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ABSTRACT
A new approach to the problem of minimizing L2-
sensitivity subject to L2-norm scaling constraints for
state-space digital filters is proposed. Using linear-
algebraic techniques, the problem at hand is converted
into an unconstrained optimization problem, and the
unconstrained problem obtained is then solved by ap-
plying an efficient quasi-Newton algorithm. Computer
simulation results are presented to demonstrate the ef-
fectiveness of the proposed technique.

I. INTRODUCTION

The implementation problem of a fixed-point state-
space digital filter with finite word length (FWL) is a
significant research topic, since the efficiency and per-
formance of the filter are directly affected by the choice
of its state-space filter structure. When a transfer func-
tion with infinite accuracy coefficients is designed so as
to meet the filter specification requirements and real-
ized by a state-space model, for the purpose of imple-
menting the filter in a finite binary representation, the
coefficients in the state-space model must be truncated
or rounded to fit the FWL constraints. This coeffi-
cient quantization usually alters the characteristics of
the filter. For instance, it may change a stable filter
to an unstable one. This motivates the study of the
coefficient sensitivity minimization problem. In the lit-
erature, two main classes of techniques have been pro-
posed for constructing linear discrete-time systems that
minimize the coefficient sensitivity, namely the L1/L2-
sensitivity minimization [1]-[5] and L2-sensitivity min-
imization [6]-[10]. It has been argued [6]-[10] that the
sensitivity measure based on the L2 norm is more nat-
ural and reasonable relative to the L1/L2-sensitivity
measure. However, not enough research has been done
on the minimization of the L2-sensitivity subject to
the L2-norm dynamic-range scaling constraints for 1-D

state-space digital filters, although it has been known
that the use of scaling constraints can be beneficial for
suppressing overflow oscillation [11],[12].

This paper investigates the problem of minimiz-
ing the L2-sensitivity measure subject to L2-norm
dynamic-range scaling constraints for state-space digi-
tal filters. To this end, we introduce an expression for
evaluating the L2-sensitivity and formulates the L2-
sensitivity minimization problem subject to the scaling
constraints. The constrained optimization problems
at hand is then converted into an unconstrained opti-
mization problem by using linear-algebraic techniques.
The unconstrained optimization problems obtained is
solved using an efficient quasi-Newton algorithm [13].

II. L2-Sensitivity Analysis

Consider a linear shift-invariant discrete-time system
(A, b, c, d)n which is stable, controllable and observable[

x(k + 1)
y(k)

]
=

[
A b

c d

][
x(k)
u(k)

]
(1)

where x(k) is an n × 1 state-variable vector, u(k) is a
scalar input, y(k) is a scalar output, and A, b, c and d
are real constant matrices of appropriate dimensions.
Taking the z-transform on both sides of (1) yields

F (z) = (zIn − A)−1b, G(z) = c(zIn − A)−1

H(z) = c(zIn − A)−1b + d.
(2)

Definition 1 : Let X be an m×n real matrix and let
f(X) be a scalar complex function of X, differentiable
with respect to all the entries of X. The sensitivity
function of f with respect to X is then defined as

SX =
∂f

∂X
, (SX)ij =

∂f

∂xij
(3)

where xij denotes the (i, j)th entry of matrix X.



With these notations, it can easily be shown that

∂H(z)
∂A

= [F (z)G(z)]T

∂H(z)
∂b

= GT (z),
∂H(z)
∂cT

= F (z).

(4)

The term d and its sensitivity are coordinate-
independent and therefore they are neglected here.

Definition 2 : Let X(z) be an m×n complex matrix-
valued function of a complex variable z and let xpq(z)
be the (p, q)th entry of X(z). The L2-norm of X(z) is
then defined as [14, p.48]

‖X(z)‖2 =

[
1
2π

∫ 2π

0

m∑
p=1

n∑
q=1

∣∣xpq(ejω)
∣∣2 dω

] 1
2

=

(
tr

[
1

2πj

∮
|z|=1

X(z)X∗(z)
dz

z

]) 1
2

.

(5)
From (4) and Definition 2, the overall L2-sensitivity

measure for the state-space model in (1) is defined by

S1D =
∥∥∥∥∂H(z)

∂A

∥∥∥∥
2

2

+
∥∥∥∥∂H(z)

∂b

∥∥∥∥
2

2

+
∥∥∥∥∂H(z)

∂cT

∥∥∥∥
2

2

=
∥∥[F (z)G(z)] T

∥∥2

2
+
∥∥∥G T (z)

∥∥∥2

2
+ ‖F (z)‖2

2 .

(6)
The L2-sensitivity measure in (6) can be expressed as

S1D = tr[MA] + tr[W o] + tr[Kc] (7)

where

MA =
1

2πj

∮
|z|=1

[F (z)G(z)] TF (z−1)G(z−1)
dz

z

Kc =
1

2πj

∮
|z|=1

F (z)F T (z−1)
dz

z

W o =
1

2πj

∮
|z|=1

GT (z)G(z −1)
dz

z
.

The matrices Kc and W o are called the controllability
and observability Gramians, respectively, and can be
obtained by solving the Lyapunov equations [15]:

Kc = AKcA
T + bbT

W o = AT W oA + cT c.
(8)

Utilizing the Cauchy integral theorem, matrix MA in
(7) can be written as

MA =
∞∑

k=0

HT (k)H(k) (9)

where

H(k) =
k∑

p=0

ApbcAk−p.

If a coordinate transformation defined by

x(k) = T −1x(k) (10)

is applied to the state-space model in (1), then the new
realization (A, b, c, d)n can be characterized by

A = T −1AT , b = T −1b, c = cT . (11)

The coordinate transformation in (10) transforms
{MA, Kc, W o} to {MA, Kc, W o} and changes (7) to

S1D(T ) = tr[MA] + tr[W o] + tr[Kc] (12)

where

MA =
∞∑

k=0

T T HT (k)T −T T −1H(k)T

W o = T T W oT

Kc = T −1KcT
−T .

Moreover, if the L2-norm dynamic-range scaling con-
straints are imposed on the state vector x(k), then

(Kc)ii = (T −1KcT
−T )ii = 1 (13)

is required for i = 1, 2, · · · , n.
The problem considered here is to obtain an n × n

nonsingular matrix T which minimizes (12) subject to
the scaling constraints in (13).

III. L2-Sensitivity Minimization

When the state-space model in (1) is assumed to be sta-
ble and controllable, the controllability Gramian Kc is
symmetric and positive-definite [15]. This implies that
K1/2

c satisfying Kc = K1/2
c K1/2

c is also symmetric and
positive-definite. Defining

T̂ = T T K
− 1

2
c , (14)

the scaling constraints in (13) can be expressed as

(T̂
−T

T̂
−1

)ii = 1, i = 1, 2, · · · , n. (15)

The scaling constraints in (15) simply state that each
column in T̂

−1
must be a unity vector. Assume that

matrix T̂
−1

has the form

T̂
−1

=

[
t1

||t1|| ,
t2

||t2|| , · · · ,
tn

||tn||

]
(16)



which always satisfies (15). Using (14) changes (12) to

J(T̂ ) = tr

[ ∞∑
k=0

T̂ Ĥ
T
(k)T̂

−1
T̂

−T
Ĥ(k)T̂

T

]

+tr[T̂ Ŵ oT̂
T
] + tr[T̂

−T
T̂

−1
]

(17)

where

Ĥ(k) = K
− 1

2
c H(k)K

1
2
c , Ŵ o = K

1
2
c W oK

1
2
c .

The problem of obtaining an n× n nonsingular matrix
T which minimizes (12) subject to the constraints in
(13) is therefore converted into an unconstrained op-
timization problem of obtaining an n × n nonsingular
matrix T̂ which minimizes (17).

Now a quasi-Newton algorithm will be applied to
minimize (17) with respect to matrix T̂ given by (16).
Let x be the column vector that collects the variables
in matrix T̂ . Then J(T̂ ) is a function of x denoted
by J(x). The algorithm takes up with a trivial initial
point x0 obtained from an initial assignment T̂ = In.
Then, in the kth iteration a quasi-Newton algorithm
updates the most recent point xk to point xk+1 as

xk+1 = xk + αkdk (18)

where [13]

dk = −Sk∇J(xk)

αk = arg min
α

J(xk + αdk)

Sk+1 = Sk +
(

1 + γT
k Skγk

γT
k
δk

)
δkδ

T

k

γT
k
δk

−δkγT
k Sk+Skγkδ

T

k

γT
k
δk

S0 = I

δk = xk+1 − xk

γk = ∇J(xk+1) −∇J(xk).

Here, ∇J(x) is the gradient of J(x) with respect to
x, and Sk is a positive-definite approximation of the
inverse Hessian matrix of J(x). This iteration process
continues until

|J(xk+1) − J(xk)| < ε (19)

where ε > 0 is a prescribed tolerance. If the iteration
is terminated at step k, then xk is viewed as a solution
point.

IV. NUMERICAL EXAMPLE

Let a linear discrete-time system in (1) be specified by

A =


 0 1 0

0 0 1
0.453770 −1.556160 1.974860




b =
[

0 0 0.242096
]T

c =
[

0.095706 0.095086 0.327556
]

d = 0.015940.

Using (8) and (9), Kc, W o and MA are calculated as

Kc =


 1.000000 0.872500 0.562821

0.872500 1.000000 0.872500
0.562821 0.872500 1.000000




W o =


 0.820741 −2.035329 1.628161

−2.035329 5.307275 −4.264905
1.628161 −4.264905 3.941493




MA =


 8.921384 −22.046468 17.916292

−22.046468 55.671739 −46.052034
17.916292 −46.052034 42.522103




where the infinite sum in (9) was truncated with k =
100. The L2-sensitivity measure in (7) is computed as

S1D = 120.184737.

Choosing T̂ = In (therefore T = K1/2
c in (14)) as

the initial estimate and a tolerance ε = 10−7, it took
the proposed quasi-Newton algorithm 16 iterations to
converge to

T̂
opt

=


 0.376723 −0.319143 0.256394

0.910203 0.154873 −0.219019
0.172073 0.934965 0.941430


 .

In this case, the L2-sensitivity measure in (17) is min-
imized (subject to the scaling constraints in (13)) to

J(T̂
opt

) = 8.683280.

The L2-sensitivity profile of first 20 iterations is given
in Table I, from which it is seen that with a tolerance
ε = 10−7 the algorithm converges with 16 iterations.

For comparison purposes, the existing method re-
ported in [10] is applied to minimize the L2-sensivivity
measure in (12) (without considering the scaling con-
straints in (13)) and the resulting optimal coordinate
transformation matrix is scaled by an appropriate non-
singular diagonal matrix, so that the scaling constraints
in (13) are satisfied. Then the result is

S1D(T ) = 9.817577



where

T =


 1.0 0.0 0.0

0.594723 0.562052 0.0
0.221714 0.736136 0.306792




which is larger than J(T̂
opt

) = 8.683280, obtained by
the proposed technique.

TABLE I
L2-SENSITIVITY PROFILE OF FIRST 20

ITERATIONS

k L2-Sensitivity k L2-Sensitivity
120.184737 10 8.80365882

0 10.71346675 11 8.70866830
1 10.70375888 12 8.70588704
2 10.70375872 13 8.69200477
3 10.33912808 14 8.69014891
4 10.71346675 15 8.68510868
5 10.27171445 16 8.68327981
6 9.59474292 17 8.68327983
7 8.99316832 18 8.68327987
8 8.93851850 19 8.68327990
9 8.88778327 20 8.68327993

VI. CONCLUSION

The problem of minimizing L2-sensitivity of state-space
digital filters subject to L2-norm scaling constraints
has been investigated. It has been shown that the L2-
sensitivity minimization problem subject to the scal-
ing constraints can be converted into an unconstrained
optimization problem by using linear algebraic tech-
niques. An efficient quasi-Newton algorithm has been
applied to solve the unconstrained optimization prob-
lem. Computer simulation results have demonstrated
the effectiveness of the proposed technique, compared
with the existing method.
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