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ABSTRACT

This paper presents closed-form formulas for the evaluation
of the gradient vector and the Hessian matrix of an IIR
transfer function. These formulas are then used in a modi-
fied Newton optimization algorithm for the optimal design
of IIR digital filters in the Lp-norm sense. The method is
expected to be useful in designing digital filters with arbi-
trary amplitude and phase responses. Issues concerning the
selection of initial point and stability of the filter designed
are addressed. Design examples are included to illustrate
the use of the proposed closed-form formulas.

1. Introduction

Recursive digital filters have been extensively used in
a variety of applications in digital-signal-processing (DSP)
related areas where high selectivity and efficeint processing
of the input signals are required. For phase-sensitive appli-
cations such as image processing tasks, phase response of
the filter is often an important part of design specifications.
Moreover, both phase and amplitude responses in a given
design problem could be fairly arbitrary {1]. Early work
dealing with filter design problems include references [2)-
[5]. References [2] and (3] investigated the design issues in
the least-squares sense in the time domain, while reference
[4] dealt with the same issues in the sense of Lp-norm in the
frequency domain. The approach taken in [4] to design an
IIR 1-D filter with specified amplitude and phase specifica-
tions was first to design a transfer function that satisfies the
given amplitude response and then design an all-pass filter
to meet the phase specification, while the approach taken in
this paper is to perform a least Ly-norm optimization for an
objective function that combines both amplitude and phase
specifications. From the SVD-design point of view [1], this
is a natural way to formulate our design problem since the
generalized singular vectors are in general complex vectors
that contain both amplitude and phase information.

In this paper, we present for a given Ly-norm type ob-
jective function two sets of closed-form formulas that can
be used for evaluating the gradient and Hessian of the ob-
jective function, respectively. The availability of these for-
mulas makes it possible to carry out the minimization effi-
ciently by using a variety of established unconstrained op-
timization techniques [6][7]. Issues concerning the selection
of initial point and stability of the filter designed are ad-
dressed. Design examples are included to illustrate the use
of the proposed close-form formulas.

II. The Objective Function and Its Gradient
2.1 The Objective Function

Let Ha(w) be the desired frequency response over a fre-
quency range 2 which is a compact subset of [0, %], and
H(w) be the mth-order transfer function given by

T
Bw) = bt (1)
f = [T (2)
¢ = [a1 ... am)]T 3)
b o= [by ... bum]” 4)

and z = e’ with w the normalized frequency, i.e., 0 <
w < 7. The filter design problem is to find real-valued
M-dimensional vector (M = 2m + 1)

Z=[ho a) Qm b1 bm]T (5)

that minimizes the Ly—norm objective function
Ble)= [ 1Hw) - How)Pdo ©
Q

where p > 2 is an even integer and that the corresponding
filter (1) is stable.

2.2 The Gradient

Writing
e(w) = H(w)- Ha(w) (7
le@)}P = [e(w)e(w))? (8)

we have
AL = gt e [e)252] (o

Therefore the gradient of E(z) is given by

VE(z)= p‘/‘.z le(w)|P~2Refe(w) v H (w)]dw (10)
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where VH (w) denotes the gradient of H(w), i.e.
T H .77
viw =[G Ghr & (1)

From (1) it follows that

0H _ 14¥f  H(w)
dhe ~ 1+4+aTf ke
oH 1+0Tf  HWw)f
Pa - T U FeTf)? T 1+a7f
aH = ke 1 _ Hw)f
ab 1¥aTf  1+07F
T T 17T
vHE) = H) [% - i Tiwy) 0

Eqns. (7), (10) and (12) provide a set of closed-form
formulas for the evaluation of 7 E(w). As a special case, we
obtain the gradient of the least-squares objective function
(i.e. function E(z) in Eq.(6) with p = 2) as

VE(z) =2 /; Rel[e(w) 7 H(w))dw (13)

III. The Hessian Matrix
Assume p > 4 (the general case) and re-write (9) as
Ae@)l’ = Ele@)P?evH +evh)  (19)
It can readily be shown that the Hessian of |e(w)|” is given
by
7 le(@)I” = p(p — 2)le(w)|”* Re[e(w) v HIRe[e(w) v H]
+ple(w)P*Rele(w) V* H(w) + () (VH)"]

where 7H(w) is given by (11), VH is the complex conjugate
of YH,

_aii!!_ (aH T (ay T
8h7 Bho Bho
VHW) = | () 2ET &7 | 19
Hon) HEF)T HET
The submatrices in (15) can be calculated as follows
*H
o =0
a(aH) _(1+be)f__ H(w)f
8a " 3ho A+eTf)2" ~ " ho(1 4 aTf)
d oH 1 __Hwf
3 Gh) = dA+aT7f)" ~ h(1+057f)
8 oH.r (1+375) 2H(w)F
-(W) = 2h0_(1+ "Tf)sff ho(1+an)2
d 8H.r _ hoF H(w)F
#(aa) = “TFean - TFaTNOHED
8 oH.r _
wwm = °
F = f§7

For the case of p = 2,
V’le(w)? = 2Rele(w) V*H(w) + (VH)(VH)")

The Hessian matrix of E(z) is now given by
v B@) = [ V(e (16)
o

IV. Selection of A Good Initial Point

It has been known that the objective function E(z) de-
fined by (6) has many local minimum points and it is of
critical importance to select a “good” initial point in an
iterative optimization procedure. By good initial point we
mean a point ¢ in the (2m + 1)—dimensional parameter
space that corresponds to a stable transfer function H(w)
and that E(zo) is not exceedingly large. An effective ap-
proach to finding such a good initial point is to first de-
sign an (possibly high-order) FIR filter using a convention-
al method such as the window method to approximate the
frequency response of the desired filter and to apply the
well-known balanced approximation technique [8] to obtain
a (2m + 1)th-order IIR filter. As the original (FIR) filter is
always stable and the balanced approximation preserves its
stability, the IIR filter obtained is stable, and it has a good
amplitude response.

V. The Stability Issue

Although the initial point corresponds to a stable trans-
fer function, most of unconstrained optimization algorithms
do not include a mechanism to ensure that the minimum
point corresponds to a stable IIR filter. It is also noted
that the stabilization technique using a reciprocal substi-
tution for the unstable factors in the filter obtained does
not apply if phase response is a part of the design specifica-
tions because the reciprocal substitution changes the phase
response of the filter.

A simple yet effective approach to incorporating a sta-
bility monitoring mechanism into an optimization algorithm
is that one checks the stability of the filter obtained after
each iteration and, if the filter is found unstable, reduces
the adjustment parameter vector Az, say by half in length
to Az/2. The algorithm continues if the filter is then found
stable, otherwise reduce the length of the new adjustment
vector again, and so on.

VI. A Case Study

Consider the problem of designing a lowpass IIR filter
of order 8 with normalized cutoff frequency w. = x/2 rad/s
(the normalized frequency is the one with the Nyquist fre-
quency= = rad/s) and a 0.1r transition band (i.e. wp =
0.45%,wq, = 0.557). As both gradient and Hessian formulas
are available in closed form, the modified Newton method
[6][7] is employed to minimize the objective function E(z),
where the parameter vector z defined in (5) is uptaded us-
ing zx41 = zx +a's, where s = —(V2Ex +BI) 1 gx with gx
the gradient at £, and § > 0 a scalar that is chosen to guar-
antee the possmve defeniteness of 7’ Ex + 81, and a* > 0
is a scalar that minimizes E(zx + as). To obtain a stable
design we begin with an initial point zo = [ko a¥ b7]7
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where @ = 0 and ko and b are chosen randomly. It is re-
quired that the phase response of the IIR filter be nearly
linear with group delay = —0.2356. With p = 2 and the
initial point

[ 1.3353303¢ — 01 T
0.0000000¢ + 00
0.0000000¢ + 00
0.0000000¢ + 00
0.0000000¢ + 00
0.0000000¢e + 00
0.0000000¢ + 00
0.0000000¢ + 00

o = 0.0000000¢ + 00
5.0583328¢ ~ 01
2.4793412¢ - 01

—3.6705445¢ — 01
6.7904697e — 01
1.2669970e + 00
2.3582406e — 01
1.4866899¢ — 02

[ —7.2458709¢ — 01 J

after 34 iterations the optimization algorithm reduces E(z)
from 64.3896 to 0.0355, and the parameter vector converges

to
[ —2.6935863¢ — 02 7

—2.5215390¢ + 00
4.4119570e + 00
—~5.4390598¢ + 00
5.0072698¢ + 00
-3.4599730e + 00
1.7413254¢ + 00
—5.8620247e — 01
z* = 1.0298105¢ — 01
—2.1221500¢ + 00
2.3046177¢ + 00
—1.6913922¢ + 00
1.9665881¢ + 00
—1.8181378¢ + 00
—3.3802596¢ + 00
—2.7697074¢ + 00

L —2.7637528¢ + 00 ]

that crresponds to a stable 8th-order IIR filter whose poles
are at 0.0355 4 0.97945, 0.1872 % 0.75667, 0.4371 +0.5068,
and 0.6010 % 0.1812j. It is found that the maximum am-
plitude ripples over passband and stopband are 0.0474 and
0.0165, respectively. The largest relative deviation of the
group delay over passband is 0.0382.

Next we use the same initial point and the same opti-
mization algorithm with p = 4. After 120 iterations E(z)
is reduced from 96.0855 to 1.3750 x 10~%. The maximum
ripples over passband and stopband are 0.0350 and 0.0215,
respectively, and the largest relative deviation of the group
delay over passband is 0.0299. The stable filter obtained is

characterized by the point z* where

—2.3713190¢ — 02 1
( —2.3758093¢ + 00
4.0621735¢ + 00
—4.8932758¢ + 00
4.4083373¢ + 00
—2.9826650¢ + 00
1.4693185¢ + 00
—4.8331438¢ — 01
z* = 8.2611150e — 02
—1.8603566¢ + 00
1.7699303¢ + 00
—1.2841709¢ + 00
2.1161220¢ + 00
—2.0996904¢ + 00
—3.8910917¢ + 00
—3.8107935¢ + 00
—3.7601722¢ + 00

Finally, we use an initial point zo obtained from the
balanced approximation method, where

[ —2.4000000e — 03 7
-1.3289000¢e + 00
1.5139000¢ + 00
—1.2916000¢ + 00
8.9750000¢ — 01
—5.0780000e — 01
2.2410000¢ — 01
—7.0600000¢ — 02
To = 1.3000000¢ — 02
4.1666667¢ — 01
~4.7500000e 4 00
~1.7083333¢ + 00
1.9458333¢ + 01
1.7083333e + 00
~6.5625000e + 01
—9.1375000¢ + 01
—4.6333333¢ + 01

It is easy to verify that zo corresponds to a stable trans-
fer function of order 8 that approximates the desired low-
pass characteristics with good linear phase response over
the passband. With 50 iterations E(z) is reduced from
1.2199 to 0.0401 and the algorithm leads to a parameter
vector

[ —1.4389789¢ — 03 1
—2.2575908¢ + 00
3.7455771e + 00
—4.3780299¢ + 00
3.8072623e + 00
—2.4620460¢ + 00
1.1395524¢ + 00
~3.4102604e — 01
z* = 4.9090480¢e ~ 02
1.4803702¢ — 01
—1.2183445¢ + 01
1.3706396e + 01
1.5564879e + 01
—2.5910250¢ + 01
—6.4122167¢ + 01
—8.0143141e + 01
—5.9112535¢e + 01
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The filter’s amplitude response and group delay over
passband are depicted in Fig. 1(a) and (b), respectively.
Its maximum ripples over the passband and stopband are
0.0366 and 0.0302, respectively. The largest relative devia-
tion of the group delay over passband is 0.0265, and the fil-
ter is stable with poles at 0.009530.98453, 0.1959+0.7100,
0.4274 + 0.42263, and 0.4961 £ 0.1112;.
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