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Abstract — An impedance controller has been realized using an
end-effector force/torque sensor and joint displacement sensors only.
Joint velocities are obtained with a reduced order nonlinear velocity
observer. The system dynamics exhibit locaily asymptotically stable
end-effector Cartesian position, velocity and force tracking. The
observer plus impedance controller has been simulated resulting in
strong correlation between theory and simulation.

1. INTRODUCTION

The two techniques of primary importance in manipulator force
control are impedance control [1], [2], [3] and hybrid position/force
control [4]. In the former a mechanical impedance is specified for the
Cartesian motion of the manipulator with a model based controller
which requires position, velocity and contact force feedback. In the
latter, the force and position control problems are decoupled and
independent controllers are simultaneously implemented for position
and force control respectively. Both of these controllers require
position, velocity and force feedback.

Often, manipulators are absent of velocity sensors for a variety of
reasons including procurement expense and system integration costs.
Yet, a velocity estimate is required to implement the impedance and
position/force controllers. Velocity estimates can be obtained by
numerically differentiating position signals. However, even low
levels of measurement noise in the position signal may render the
velocity estimate of no use in control. An alternative to numerical
differentiation is the use of a velocity observer. This is preferred
since observers use integrators in their implementation; as such, they
mitigate the effects of noise which may be present in the position
measurement.

Several manipulator velocity observers have been suggested for
unconstrained motions. In [5] and [6] full order velocity observers
were presented which exhibit second order dynamics. In [71 a
reduced-order observer was suggested which has first order
dynamics. In this paper, the observer presented in [7] has been
adopted for constrained motions.

The velocity estimate provided by the proposed observer and is
used by an impedance controller. The design of the observer plus
impedance controller is based on Lyapunov stability analysis. The
analysis shows that the observer error dynamics as well as the
trajectory tracking error dynamics tend 10 zero asymptotically as
long as the initial tracking and observation errors belong to a
predefined region of attraction. Contact forces also converge to
desired values.

2. NOTATION AND PRELIMINARIES

The dynamic equation of a constrained n degree-of-freedom

manipulator operating in m-dimensional space is given by

H(q)§+C(9:4)a+ Fg+8(q)=7-J"(q)F,, M

where g € R" is the joint displacement vector, 7 € R" is the vector of
joint torques, g(q)eR" represents the gravitational torques,
H(g)=1,(q)+1,€R™ is a matrix consisting of the rigid link
inertia matrix /,(¢) and motor and gear inertia matrix /,,
C(g,4)¢ € R is the vector of Coriolis and centripetal torques,
F=K,+VeR™ is a diagonal matrix consisting of the back emf
coefficient matrix K, and the viscous friction coefficient matrix V.
The vector of external forces acting at the end-effector is denoted by
F,,, € R™. This force is distributed among the joints by means of the
mapping t,,, = J7(q)F,,, where J(q) € R™ is the Jacobian matrix.
The relationships between the manipulator's joint space coordinates
and its Cartesian end-effector coordinates is summarized as follows:

x =kin(q) (2a)
1=J(q)q (2b)
1=J(q)i+J(q.9)¢ Qc)

where x € R®* is a vector representing end-effector position and
orientation. Assuming the inverse kinematic relationships exist, we

can write
q =invkin(x) (3a)
g=J"(q)x (3b)
G=J"(q)x - J(g.9) " (a)%] €S

A nonlinear change of coordinates using (3) can transform the
manipulator dynamic equation (1) from joint coordinates to end-
effector Cartesian coordinates, i.e.

H(q)i+C, (.9 +Fq)x+g,(q)=0"1-F, 4
where
H,(q)=J"H(q)J"
Cu(9:9)=I7"[Cla.4)~ H(q) "I}
F(q)=J7"FJ"
&(9)=7"g(q)

Here, J(g) full rank has been assumed which implies that the
manipulator does not lose any motion degrees of freedom due to
singular joint configurations.
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Several properties of the manipulator dynamic are summarized
presently. These are useful in controller stability analysis.

Property 1. The manipulator inertia matrix is positive definite,
symmetric and bounded, i.e. m, S|H,(g)| s m, m,m, >0, VgeR"

Property 2. The 2-norm of J'TC(q,J"X)J" is bounded by
lrclg, )| < il m >0, ¥g,%eR"

Property 3. The matrix of Christoffel symbols, C(g.x) satisfies
Clg.x)¢ =C(q.§)x
defined in [8].

Vg, x,E €R* where C(q,x) is uniquely

Property 4. H,((q)-2C,(g.4) is skew symmetric, i.e.
ET(H.(q)-2C.(q:x))E =0 VEeX"

3. THE VELOCITY OBSERVER

Another formulation of the dynamic equation (1) gives us an
explicit expression for joint acceleration, i.e.

y=Hq)e-Cla.y)y-Fy=8(a)-I"F.] ®

where y =¢. This is a first order equation in y where ¢ is assumed
known, 7 is the input and y is the output. The proposed observer has

a structure similar to (5) and is given by

$=H" (@)t~ Ca.5)7- Fy-g(a)-J"F..]+ K3 ©)

where § is the observed velocity estimate, = y— § is the observer
error, K >0 is a diagonal gain matrix, and (;) denotes the estimate

of (*). Furthermore, concerning the realization of (6), we note that
3= 5~ 8)+ K[a(0) - q(s - 4)]

IR Ful-Ksld )

where $(0) is a reasonable guess of ¢(0) and A is the integration

(@)t-Cla.5)3-Fy-28(q)~

interval. By subtracting (6) from (5), and using Appendix A, the
observation error can be expressed in Cartesian coordinates as

H,(g)f ==C.(0.0)3 -7 C(g.9)I " E~ F ()~ I TH(@KI "% ®)

where % =Jy—J§=Jy. Equation (8) describes the observer error
dynamics and will be invoked in the stability analysis.

The implementation of the velocity observer (7) on a digital
computer will be considered presently. Let A be the sampling
interval over which a velocity estimation is made, then discretization
of (7) at 1 =iA leads to

$)= (e - A)+ K[q(t)—q(e - A)]

AH(g)t-C(q.9)5 - F7—8lq)-J"F,

)~ OKY CH

where | represents the time at 1 = iA.

4. IMPEDANCE CONTROL WITH AN OBSERVER

The observer presented in Section 3 can be combined with an
impedance controller to give locally asymptotically stable tracking
errors. The combined system will now be presented and stability
analysis will prove trajectory, force and observer error convergence.

A. The Impedance Controller

The proposed impedance controller is given by

t=J'F,
F.=F, +HZi +C.(q.5)% +Fx, +gx(¢I)-B(i—iv)-Ge

(10)

where % = J(q)# is the observed end-effector Cartesian velocity and
the Cartesian position tracking error is given by e = x—x, where
x,(t) is the virtual end-effector pose trajectory. The proportional and
derivative gain matrices are G and B respectively. The controller's
error dynamics is found by substituting controller (10) into (4) and
invoking Appendix B. The expression for the trajectory error
dynamics becomes

H,(q)é = =C,(q.q)é~ F.é - Bé - Ge

—ITC(q 7R+ H(q) T %, + Bi(l N
where f=J - J = J(g.y)-(q.5).
B. Stability

Theorem 1. X,é,e— 0 as t — oo as long as the initial conditions
i ] satisfy
(k, +m, +m m,,)

for the state vector £7 = [e e’
c+m -mm
[ 7T (k +m j) ¢ "“

where gains K and B are designed such that &, >-m, and

{ ©)J¢ o) <

a>-m + (k, +m, +mm,) [4(k, +m )+ mm, w here
0= (JTKH(q) "+ TH(g)KJ ')/ 2 and B=k, /.

Proof., Consider the candidate Lyapunov function

e) = 20" Pa0)é () a2

where &7 =[¢" ¢ "] and P(q)=diag(H,(9).G.H,(g)) with
G =G" > 0. Then (12) satisfies

SPROF s <3 pJe0F

(13)

wherc pl = A'mm(P(q)) and pu = A’max(P(q
along all trajectories of £(7) is given by

). The derivative of (13)

v= é’(H,(q)é+%H,(q)é+Ge)+ i’(“-(q)’? +%"’x(")f) a4)



Substituting observer and controller error dynamics (8) and (11) into
(14) while using property 4 yields
v=—¢'(F,+B)e~x"(F, +J"H(q)KJ™)x
+eTBE+ ¢TH T %, — 6T IC(q.0 %)

~xI7"Clg.J" +x,))/ 7%
i (q ( - X x)) X as)
With the aid of

property 2 and

V=@ =ita.5) =@ = (a0 2] s mlf] we can write
(15) as
<[k, +m, el - [g sy = mm = m, (] + ||p:||)]||f||2

+[k¢, tm, +mm, ]"e””i“ (16)

where B=k, 1,
m; =lmxn(F;)’

can then be rewritten to obtain

a=A,,(JKH(g) I + I "H(q)KJ"

ol

/2,

1] ky +m,
“““‘[u U

an

1
_-z-(k, +m, +mm,) [”‘ﬂ
I

—(k, +m_+mm,) g‘+m/—m(md—m‘("i“ﬁ-ﬂéﬂ)

From (17) it can be deduced that if at £ = 0 we have

ky >—m,

(18)

and

(k, +m, +m.m )2 : .
g b 4(kb +m[) 4 —--mf'-f-mcmd +mc( x(())”+ IC’(O)") 19)
then v(0)<0 can be guaranteed. Furthermore, since
V2[£0)] 2 [é(0)] + Je(O)] + |£(0)]. it is evident that (19) holds if

(ky + m, +m.m, )2
o W—m/ +m.m, +m£\/5||§(0)” (20)
is satisfied. Then, (20) certainly holds if

(kb tm, +mm, )2 2p,
o W—m/+mrmd+m‘ » (O] @n

is satisfied. So, if (21) is satisfied, then 3¢ < § for which V() <0.
This implies that v(r) <

that[S()] < /p./p, 4 (0)

v(0) for 1 < &. As a consequence (13) tells us
)| forz < & from which we obtain

el + i) < %llamllsz Bz 2

for#< 8. Ast goes on, it can be inferred from (17) that V(1) <0 as
long as (18) and

49

o> (kb +m, + mtm,,)2
ST 4k, +my)

—m,+mm,+ ’"c(

e+ 23)

hold. But (23) is satisfied by virtue of (21) and (22). Therefore, we

have

el

o
where B >0. The region of stability is obtained by rewriting
equations (21) for |£(0)| explicitly, i.e.

||§(O)||<———\/7[a+m,

Regarding stability, we note from (13) and (24) that ¢, e, e L_

v(t)s-p

’ , Viz0 (24)

(25)

G

(ky +m, +mmd)_mm
(k +m[) ¢

as long as initial conditions are satisfied by (25). Then we also have
é,ie L, by virtue of (8) and (11). Integration and reordering of

(24) yields
el
ol

which implies ¢.X€L; We can now apply Barbalat's Lemma to
conclude that € = 0 as 7 = oo, Similarly X = 0 as £ = o It is left to

show the convergence of the position tracking error €. This is done

I

dz--—( (0) - v(o0)) < o0

by invoking Lasalle's theorem, consider (11); here we note that the
largest invariant set is € =0 since € = 0 and X = 0 yg 7 — oo,

5. SIMULATION RESULTS

The manipulator considered for simulation of the observer plus
impedance controller was a three degree of freedom planar
manipulator based on a PUMA-560 subset. In particular, the second
link of the PUMA-560 was chosen to be our first link, the third and
fourth links of the PUMA-560 were chosen as a group to be our
second link and the fifth and sixth PUMA links with force sensor and
end-effector were chosen as a group to be our third link. The
kinematic and dynamic parameters of the manipulator considered
here were obtained from [9]. The dynamic equation based on (1) for
our three degree of freedom manipulator is given below. The inertia
matrix is defined by

—_ 2 2
Hy sl Ly 41, + Ly +m(r) +r 3 )+ my(a; +rh+2a7,0,)

+m,(a1 +a + 1] +2a,0,0, + 20,500 + 2a,r, )

H,=1,+1

2 +mz(r +ar2cz)

ul
2
+m,(a1 +r, + @a,C, + a1,y +2a rﬂc,)
Hn =1+ ma(’xs tarcnta, 13"3)
- 2
=1, +1,+1,,+mr),

+ mg(az2 +rh+ 2a2rx363)

H23—1u]+”‘3(r13+a2 303) Hy=1,+1,+my,



Symmetry defines the lower diagonal terms and a short form for
trigonometric functions is given by ¢ =cos(g,) and
¢33 = €08(q, + g, ). The matrix of Christoffel symbols is given by

Gy = —myayr, 4,8, = ”‘3[‘11‘12‘72‘"2 +a7,(d+ @) + az’uq.r"s]
C ==m[ar,(4, +4;)s]
A LEACRTACETA N T AT N
Cy= '”"s[ax’}s("h ++ @)yt aprs(d Hd + ‘73)53]
Gy =maradis; + m:[axaqusz + @GS — az’xa‘?asa]
Cpp = —myyr 13, Cpy = —mytyr (g + 4, + 4 )s;
Cy= ”‘3(“1":3‘71523 +ar,(4+4, )ss)
Cyy = My ,s(G + d2)ss Cy=0

The torques due to gravity are given by

& = ”Hg(’xxc\ = ) +myglac +r5e,) + mglac +ac, + rsCin)

82 = My8rHtyy +'"1é’(az"|z + "13"123) 83 T My8lstps

and the matrix of damping coefficients is defined by
F = diag(f. f,.f,). The Cartesian force/torque vector applied at the

manipulator's end-effector is given by E,,=[f,, 1, n,]. The
transpose of the Jacobian matrix is used to map the force/torque
applied at the end-effector to torques applied at the joints. The
Jacobian matrix is given by

T =—(as +ays, + a,.\'m) Jip = (a8, + aysin) Ji3 = WS
Jn = a6 + a0, + 050y Ju = @0, + a0 Jas = @yt
Jy =1 Jp=1 Jy=1

The change of coordinates from joint space to Cartesian space
requires the derivative of the Jacobian matrix. This is easily
accomplished and the result will not be presented here. These
relationships complete the description of the manipulator dynamic
equation. Now, the particulars of the simulation will be described.

The kinematic parameters of the manipulator are its link lengths.
Their values are @ =0.432 m, @, =0.433 m and a,=0.15m. The
dynamic parameters consist of the link and motor inertias, link

masses, link mass centers and dissipative coefficients. These are
given as: [, =0.539 kgm?, /., =0.212 kgm?, /,, =0.006 kgm?,

[,=4T71kgm? 1,,=0.830 kgm?, 1,=0.179 kgm?®,
m=17.4kg, m,=562kg, m=100kg, r,=0068m,
r,=0.006m, r,=0070m, r,=-0010m, f=274kg/s,
f,=4.54kg/s, f,=5.0 kg/s where most have been obtained from
{9).

The desired Cartesian end-effector trajectory specified consists of
unconstrained and constrained motion parts. The unconstrained
motion trajectory is described by the following truncated ellipse

0.5+0.2sin(27ft - %4 ) m

0.5cos(2nft-— %) m s
0.0 rad

x, (1) = x,, <0.65m

50

where f=0.1Hz. Contact with the environment occurs when
x,, 20.65m and it is at contact that the desired or virtual trajectory

switches to

0.65196 m
x, ()= O.5cos(2nft - %) m R
0.0 rad

x, 20.65m

The virtual trajectory lies 0.00196 m inside the contact material and
is depicted in Fig. la.

It is assuming that the material stiffness is 10° N/m so a
depression of 0.00196 m creates a reaction equal to 19.6 N. The
experiment was conducted using the observer given in (9) and the
controller given in (10). The gains were as follows: for the observer
K =50/,,, was used and for the controller G=1000/,,, and
B =2+10001,,, were used. The update frequency was chosen as
400 Hz. The results of the simulation are shown in Figs. 1, 2 and 3.

Fig. 1a shows the desired Cartesian trajectory versus the actual
Cartesian trajectory. The initial position of the end-effector was
located at the coordinates (p, py)=(0.3m 0.0 m). When the
end-effector comes into contact with the environmental barrier at
x=10.65 m, there is a tracking overshoot which can be observed in
more detail in Fig. 1b. Here the upper solid line represents the virtual
trajectory and the dash line represents actual motion of the end-
effector. The lower solid line represents the barrier. To observe the
resulting contact force see Fig. 1d. To reduce the transient, the
impedance of the manipulator could be increased; however, high
impedance during contact motions can be highly destabilizing. The
applied joint torques for the trajectory are given in Fig. 1c¢. The joint
torques shown are well within the capability of the PUMA-560, see
9.

The observed versus actual Cartesian velocities are shown in Fig.
2. The actual x-velocity versus the observed x-velocity is shown in
Fig. 2a The observer error for this direction is shown in Fig. 2c. The
same graphics are shown for the y-direction in Figs. 2b and 2d. Note
that the observer error tends to zero for both the x and y directions
of motion.

The velocity tracking results are shown in Fig. 3. The desired x-
velocity versus the actual x-velocity is displayed in Fig. 3a and the
velocity tracking error for this motion direction is shown in Fig. 3c.
Note that differences between the desired and actual trajectory
velocities are due to initial controller startup and are also due to
impact and separation of the end-effector to and from the contact
surface.

Another way of implementing the impedance controller given in
(10) is to use numerical differentiation for obtaining joint velocities.
A Jacobian transformation was used to map the joint velocity
estimate into end-effector Cartesian coordinates. The results of the
simulation predict unstable bahaviour, see Fig. 4. The plot shows
0.25 sec of collected data. The oscillations noted in Fig. 4b continue
to amplify and instability results. The results obtained here imply
severe velocity maneuvers which could not be tolerated.



6. CONCLUSION

A reduced-order velocity observer plus impedance controller has
been developed for constrained manipulator control. The observer
plus impedance controller produces locally asymptotically stable
observer, position, velocity and force tracking errors. The observer-
controller was simulated for a thrce degree of freedom planar
manipulator. The manipulator was made to track an elliptical end-
effector trajectory truncated by a contact surface. During both
unconstrained and constrained portions of the trajectory the observer
plus impedance controller provided asymptotically stable behaviour.
This was accomplished without the need for velocity measurement.
A simulation was also performed where numerical differentiation
was used to obtain a velocity for use in an impedance controller. The
simulation predicted unstable manipulator behaviour.
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APPENDIX A

Observer Error Equation

Combine the expression for the observer (6) and the manipulator
dynamic equation (5) to give the following

H(q)y+C(q.y)y+Fy=H(q)y+C(q.5)y + F§ — H(q)Ky

(A1)
where 7= y~- . Some reorganization of (A1) yields
H(q)y +C(q.y)y —C(q,3)9 + Fy + H(q)Ky =0 (A2)
but C(q.y)y = C(4,5)9 = C(¢,y)9 + C(¢.3)y s (A2) becomes
H(q)5=-C(q,y)5—C(a.9) — F¥— H(9)Ky (A3)

Now, using the relationships given in (2) and (3), we apply the
change of coordinates = J'% and §= J’l[i—ll"i] to equation
(A3) to yield

H(g)J™ [i - jJ"i] =—Clq,y)) "% -Clq.3)J "% —FJ"'x - H(q)KJ™'%
rearranging and pre-multiplying this last expression by J7T gives us
H,(g)f ==C,(q.4)% = " C(q.5)) "% = F.(q)i = J T H(g)KI™'%

This is the observer error equation expressed in the Cartesian
coordinates.

APPENDIX B

Controller Error Equation

The controller error equation is obtained by substituting the
controller given in (10) into (4). As a preliminary result we obtain

H(q)5+C(qy)x+Fi
= H ()%, +C.(¢.9)%, + F.x, - B(k- %)-G(x- x)B1)

Noting % = % — ¥ and reordering (B1) we get
H,(q)é +C.(¢.7)% ~C.(@. )%, + F.é + Bé+Ge-Bx=0 (B2)
But
Cu(g.y)x-C.(4.9)%,

=J7"[C(g.y) - H(q) )%

i) Haui s,

=J7T[Clg.4)- Hg) "I} e

+J'T[C(q,q'v)1"fc - H(q)./"(] - j)./“xv]
from which we obtain
Clg:y)x-C,(a.9)4,

=C,(q.4)e+J7C(q.I xR -H (@)%, (g3
where j= J —j= J(q,y)~J(g.y). Substituting (B3) into (B2)
finalizes the expression for the controller error which is given by

H.(q)e +C.(q.g)é+J "Clg.d " x)7%

—H_(q)JJ 'k, + F.é+ Bi+Ge-BE=0



Desired vs. Actual Carnesian Position
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Fig. 1. Simulation results for position and force tracking (a)
desired versus actual Cartesian position, (b) desired vs. actual
displacements during contact, (c) applied joint torques, (d) desired
vs. actual contact force.
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Fig. 2. Simulation results for the observer (a) actual velocity vs.
observed velocity in x-direction, (b) actual velocity vs. observed
velocity in y-direction, (c) observer error in x-direction (d)
observer error in y-direction.
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Fig. 3. Simulation results for the velocity tracking (a) desired
velocity vs. actual velocity in x-direction, (b) desired velocity vs.
actual velocity in y-direction, (c) velocity tracking error in x-
direction (d) velocity tracking error in y-direction.
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Fig. 4. Simulation results comparing end-effector velocity
behaviour in the X-direction (a) actual vs. observed velocity, (b)
actual velocity vs. velocity obtained with numerical differentiation.
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