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ABSTRACT

A semidefinite-programming based multiuser detector is proposed.
It is shown that maximum likelihood (ML) detection can be carried
out by ‘relaxing’ the associated integer programming problem to
a semidefinite-programming problem, which leads to a detector of
polynomial complexity. Computer simulations presented demon-
strate that the proposed detector offers near-optimal performance
with much reduced computational complexity compared with that
of the ML detector.

1. INTRODUCTION

Demodulation in the presence of multiple access interference (MAI)
is of central importance in multiuser wireless communications. The
optimal maximum likelihood (ML) multiuser detector for direct-
sequence code-division multiple-access (DS-CDMA) channels was
proposed by Verdi in [1]. The detection is carried out by solving
a combinatorial optimization problem involving a quadratic objec-
tive function of a binary variable vector. Because of the exponen-
tial computational complexity of the ML detector, which becomes
prohibitive even for a moderate number of users, several linear but
suboptimal detectors were proposed following the pioneering work
of Verdu. A detailed account of many useful multiuser detectors
can be found in [2].

In this paper, a semidefinite-programming (SDP) based algo-
rithm for multiuser detection is proposed. It is shown that the max-
imization of the ML function can be carried out by ‘relaxing’ the
associated integer programming problem to an SDP problem where
both the objective function and constraint functions are convex func-
tions of continuous variables. This leads to a detection algorithm of
polynomial complexity. Computer simulations are presented which
demonstrate that the proposed detector offers near-optimal perfor-
mance with a considerably reduced computational complexity com-
pared with that of the ML detector. Comparisons with well-known
linear detectors such as the decorrelating and minimum
mean-square-error (MMSE) detectors are also presented.

2. CHANNEL MODEL AND REVIEW OF MULTIUSER
DETECTION METHODS

2.1. CDMA Channel Model

We consider a synchronous DS-CDMA system, where K users trans-
mit data packets through a single-path, frequency-nonselective,

signal is assigned a signature waveform (often called spreading se-
quence) s(t) given by

N
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where pr.(t) is a rectangular pulse which takes a value of one for
0 <t < T, and zero elsewhere, {c1,c2, , ¢~} is a binary
sequence, and V = T;/T. is the length of the signature wave-
form, which is often referred to as the spreading gain. The signature
waveforms are normalized to have unit energy, i.e., ||s.(t)||* =
for 1 < k < K. The received baseband signal is given by
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where b}, is an information bit, 7;, is the transmission delay, A;,
is the signal amplitude of the kth user, and n(t) is additive white
Gaussian noise (AWGN) with variance ¢°. In a synchronous DS-
CDMA system, 73, in (2) is set to zero for 1 < k < K, and thus

y(t) =Y Axbise(t) +nft) €)

k=1

where t is in the bit interval [0, T;].

The demodulation begins by filtering the received signal y(¢)
with a bank of matched filters. The filter bank consists of K fil-
ters each matched to each signature waveform, and the filtered sig-
nals are sampled at the end of each bit interval. The outputs of the
matched filters are given by

Ty
yk=/ y(t)s(t) dt

Using (3), (4) can be expressed as

Cforl <k <K )

= Apby + Z Ajbipir + n
J#k

forl<k<K (5

where pji = ]0 5;(t)sk(t) dt and ny = f n(t)si(t) dt. The
discrete-time synchronous model in (5) can be described in matrix
form as

y=RAb+n (6)

slowly Rayleigh fading channel. The bit interval of each user is T, where y = [y1 y2 -+ yx]7, A = diag {4,, 4>, ) AK},T,
seconds and each information bit belongs to the set {1, —1}. Each b= [bb - bx)T, Rij = pij,and n = [0y n2 -+ nx)’
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Since n(t) in (2) is an AWGN with variance o2, n in (6) is a zero-
mean Gaussian noise vector with covariance matrix ¢°R..

The objective of multiuser detection is to detect the transmit-
ted information vector b from y(t), which is the superposition of
the received user signals and noise. In the rest of this section, we
briefly review three well-known multiuser detection methods for
DS-CDMA channels.

2.2. Maximum Likelihood Multiuser Detector

The goal of the optimal multiuser detection is to generate an esti-
mate of the information vector b in (6) that maximizes the likeli-
hood function defined by

T, K
[y(t) — Z Arbisi(t)) dt) 0]

k=1

f(b) = exp (—%5

which is equivalent to maximizing the quadratic function
Q(b) = 2bTAy —bTARAb (8)

By defining the unnormalized crosscorrelation matrix H = ARA
and p = —2Ay, the maximum likelihood detector (MLD) is char-
acterized by the solution of the combinatorial optimization problem

[1]
minimize x?Hx+xp (9a)
subjectto : x; € {1, -1} fori=1,2,...,K (9b)

Because of the binary constraints in (9b), the optimization prob-
lem in (9) is an integer programming problem. Its solution can
be obtained by exhaustive evaluation of the objective function over
2% possible x. However, the computation involved becomes pro-
hibitive even for a moderate number of users K.

The lower and upper bounds of the MLD are given in [1] as

PI:(O) = 2} Wkomin Q <dk,min )

g
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respectively, where Q(-) denotes the complementary unit cumula-
tive Gaussian distribution, ¢ is a K -dimensional vector with ¢, €
{-1,0,1}, Ex = {e : &1 # 0}, w(e) denotes the number of
NONzero components in €, Wi min is the smallest possible value of
w(e), ||S(e)]| is the energy of the error vector &, and d. iy is the
minimum value of ||S(g)||.

2.3. Decorrelating Multiuser Detector

It follows from (6) that
Ab=R'y-R 'n=R7'y+n 10
where i = —R7!n is a noise term with covariance matrix

E(mnT) = ¢?R 1. Since sgn(Ab) = b, (10) implies that
b = sgn(Ab) =sgn(R™'y + ) an

If the noise term n in (11) is neglected, then one can obtain an
estimate of vector b as

b = sgn(R™'y) 12)

A detector based on (12) is referred to as a decorrelating detector
(DD) [3]. An important feature of the DD is that it completely elim-
inates the MAI because the detection error for the kth user is only
caused by the noise term n, which is independent of the signals
of other users. The main problem with the DD is that neglecting
the noise term in the estimate b leads to an estimation error whose
covariance is always larger than o®1. The error probability of the
decorrelating detector for the kth user is given by [2] as

¢k

2.4. MMSE Multiuser Detector

When the SNR is low, neglecting 11 in (11) introduces significant
error in the DD and its performance becomes unsatisfactory. For
a synchronous DS-CDMA channel modeled by (6), the minimum
mean-square-error (MMSE) detector [4][5] is a linear detector rep-
resented by b = sgn(Py), where the transformation matrix P min-
imizes the mean-squared error E[||b — Py/|[’], which is given by
P = A~'[R + ¢>A~?]7. This leads to the estimate

b = sgn [(R+02A’2)—1 y] (13)

where g2 A ~? is the SNR of the users. Evidently, the transforma-
tion R~ in the DD is now replaced by (R + o*A~?) ~'. From
(12) and (13), we note that for small o°, the MMSE detector be-
haves like the DD. On the other hand, if the noise level becomes
dominant, then the MMSE detector performs more like the conven-
tional receiver. Therefore, unlike the DD which eliminates the MAI
but ignores the channel noise, the MMSE detector offers a compro-
mise solution that combats both the MAI and channel noise. The
error probability of the MMSE detector for the kth user is given in
[5] as

P = 21—1{ Z

b;e{1,~1}
ik

APR) [ K, Bibi
ov/(PRP).: Bibi
where B; = 4;(PR);x and 3, = B; /B, fori =1, 2, ..., K.
An additional advantage of the MMSE multiuser detector is that

the channel estimation and matrix inversion can be eliminated by
adaptive implementations [2].

3. NEW MULTIUSER DETECTOR USING
SEMIDEFINITE PROGRAMMING RELAXATION

3.1. Semidefinite Programming

SDP is a class of numerical methods for the solution of optimization
problems where the objective function is linear and the constraints
are linear matrix inequalities (LMI) or equalities. A typical SDP
problem formulation is given by

e . T
minimize ¢’ x (14a)
n

subjectto : F(x)=Fo + Z z;Fi >0 (14b)

i=1

where x = [x1 2 -+ 2,]" denotes the variable vector, c € R**?,
F; € R™*™ for 0 < i < n are given and are symmetric matri-
ces. The notation F(x) > 0 denotes that matrix F(x) is posi-
tive semidefinite. Many important analysis and design problems in
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engineering can be formulated as SDP problems [6], and efficient
interior-point optimization algorithms for the solution of SDP prob-
lems have been developed in the past several years [7]-[9].

3.2. SDP Relaxation of MAX-CUT Problem

The MAX-CUT problem is a well-known integer quadratic pro-
gramming (IQP) problem in graph theory. It can be formulated as
(21
- 1
maximize 5 SS wi (1 = wixy) (15a2)
i<j

subjectto: z; € {1,-1} for1<i<n. (I5b)
The constraints in (15b) can be expressedas 27 = 1for1 < i < n.
If we define a symmetric matrix W = (w;;) with w;; = 0 for
1 < i < n, then the objective function in (15a) can be expressed as

1 1 1 .
§Zj<jzwij(l —zixj) = ZZZU)U - ZU(W_X)

where tr(-) denotes the trace of the matrix and X = xz? with
x = [#1 22 --- x,]7. Note that the set of matrices {X : X = xzT
with £7 = 1 for 1 < i < n} can be characterized as {X : z;; = 1
for1 < i < n, X > 0, and rank(X) = 1}. The above observa-
tions suggest the SDP problem

(16a)

minimize tr(W.X)
" subjectto: X >0 (16b)
X;i=1 forl1 <i<n (16¢)

as a replacement of the problem in (15). Note that the only dif-
ference between the formulations in (15) and (16) is that the rank
constraint rank(X) = 1 is neglected in (16). The problem in (16)
is said to be an SDP relaxation of the integer programming problem
in (15). Following Geomans and Williamson [10], SDP relaxations
of various integer programming problems have been used in graph
optimization, network management, and scheduling [6][9]. In what
follows, we present an SDP relaxation based multiuser detection
algorithm.

3.3. SDP-Relaxation Based Multiuser Detector

By using the property that tr(A B) = tr(B A), the objective function
in (9a) can be expressed as x’ Hz +x7p = tr(XH) +x” p, where
X = xazT. Hence an SDP relaxation of the integer-programming
problem in (9) can be formulated as

minimize r(XH)+x'p (17a)

. X x
subject to: [ T 1 ] >0 (17b)
Xii=1 for i=1,2,...,K (17¢)

Once the solution (X, x*) of this problem is obtained, the binary
solution of the original optimization problem in (9) can be obtained
using two approaches. The first approach is simply to apply sgn(-)
to x*: b™ = sgn(x*). A better approach is based on the singular-
value decomposition (SVD) of matrix X*, ie., X" = usv’T,
where U and V are orthogonal matrices and S is a diagonal matrix
with the singular values of X* on its diagonal in decreasing order
[11]. Since X" is symmetric, we have U = V. Itis well known that
an optimal rank-one approximation of X" in the 2-norm is given by

aiuiut, where o1 > 0 is the largest singular value of X* and u;

is its associated singular vector. Hence, the second approach gen-
erates the binary solution as b = sgn(u;). Since —u; is also a
singular vector associated with o1, an alternative binary solution is
given by b = sgn(—u;). The better solution between b and b’

may be chosen by evaluating function £2(b) in (8) to see which one
yields a larger value.

Because of the relaxation involved, the proposed detector is
suboptimal. As demonstrated in our simulations in Sec. 4, the new
detector has a performance that is comparable with that of the opti-
mal MLD but with considerably reduced computational complexity.

4. SIMULATION RESULTS

Computer simulations were conducted to evaluate the performance
of the SDP-relaxation (SDPR) based multiuser detector in terms of
bit-error rate (BER) and computational complexity. Comparisons
with the multiuser detectors reviewed in Sec. 2 were also carried
out.

The SDPR detectors were implemented using the MATLAB
SDP toolbox [7]. Since the ultimate goal of the detector is to es-
timate the binary-valued information vector b, a reasonably large
tolerance ¢ was used for convergence verification. In order to fur-
ther reduce the computational complexity, a suitable upper bound
K, was used to limit the number of iterations. In the simulation
results reported in this section, the values ¢ = 1003 and K. = 5
were used. The initial (Xo, xo) used for the SDP problem in (17)
is given by )

Xo = Xmxh +ol and xo = Xm (18)

where x,, is the information vector demodulated by the MMSE
detector and « is a small positive scalar to assure the positive defi-
niteness of matrix Xo.

Due to the extremely high computational complexity of the
MLD, the BER performance of the MLD was evaluated for a syn-
chronous DS-CDMA system with six equal-power users. The user
signatures used in the transmission were 16-chip Gold sequences.
Over 10* runs were performed to evaluate the average BER of the
MLD, DD, MMSE, matched-filter (MF) based, and SDPR detec-
tors, and the results obtained are depicted in Fig. 1.

The second set of simulations deals with a synchronous DS-
CDMA system with eight unequal-power users in a frequency-flat
Rayleigh fading channel. The user signatures used were the same
as those in the first example and the signal amplitudes of the eight
users were set to 2.24, 1.73, 1.34, 1.00, 0.77, 0.55, 0.45, and 0.32,
respectively, which remained unchanged throughout the transmis-
sion. The fourth user with unit power was designated as the desired
one and the coherent time of the fading channel was set to 107;.
The signal-to-noise ratio (SNR) for the MMSE detectors was as-
sumed to be known. The average BER (over 10" runs) of the MLD,
DD, MMSE, matched-filter (MF) based, and SDPR detectors are
plotted in Fig. 2.

From the results presented in the above examples, it is observed
that the BER of the SDPR detector is very close to that of the MLD
and superior to that of the DD and MMSE detectors. The computa-
tional complexity of the detectors was evaluated in terms of number
of floating-point operations (flops) for different numbers of users.
It is noted that the computational complexity of the MLD increases
exponentially with the number of users, whereas the SDPR detec-
tor requires a considerably reduced amount of computation, which
grows with the number of users in a nonexponential manner. Ta-
ble 1 gives the amount of computation in terms of flops required
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Figure 1: BER of six equal-power users.
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Figure 2: BER of eight unequal-power users.

to detect the first information bit for different detectors. For the
DD and MMSE detectors with time-invariant SNR, the inverse of
the crosscorrelation matrix needs to be evaluated only once, which
means that the amount of computation required by the linear detec-
tors to detect subsequent information bits is reduced to just a few
muitiplications. .

Although the SDPR detector has demonstrated a performance
comparable with that of the MLD with a considerably reduced
amount of computation, the computational burden is still much heav-
ier than that for the DD and MMSE detectors, and to alleviate this
problem, we are presently examining a number of approaches to
improve the computational efficiency of the SDPR detector.

5. CONCLUSIONS

A semidefinite programming based multiuser detection algorithm
has been proposed. It has been shown that by neglecting the rank
constraint on the positive semidefinite matrix, the integer program-
ming problem for the design of ML detector can be relaxed into
an SDP problem. The major advantages of the proposed detection
algorithm are its considerably reduced computational complexity
and near-optimal BER performance compared with that of the ML
detector. These technical advantages have been demonstrated by

Table 1: Comparisons of computational complexity for detecting
one information bit.

Number Number of Flops Used
of Users DD | MMSE [ MLD T SDPR
10 2.8 x 10% | 2.8 x 10° | 4.7 x 10° | 5.5 x 104
11 3.6 x 10% | 3.6 x 103 1 1.0 x 10° | 7.0 x 104
12 4.5 x 10% { 4.6 x 10° | 2.6 x 10° | 8.6 x 104
13 5.6 x 103 | 5.7 x 103 [ 6.2 x 10% | 1.0 x 10°
14 6.9x10%|7.0x103 (1.4 x 107 | 1.3 x 10°
15 8.4 x 10% (8.5 x 103 [ 3.6 x 107 | 1.5 x 10°
16 1.0 x 104 1.0 x 104 — 1.7 x 10°
17 1.2 x 104 1.2 x 104 — 2.1 x 10°
18 1.4 x10% 1.4 x 104 — 2.4 x 10°
19 1.6 x 104 | 1.6 x 104 — 2.8 x 10°
20 1.9 x 107 1.9 x 104 — 3.2 x 10%
21 2.2 x 10* 2.2 x 104 —_ 3.6 x 10°
22 2.5 x 104 | 2.5 x 104 — 4.1 x 10°
23 2.8 x 10% | 2.8 x 10% —_ 4.7 x 10°
24 3.2 x 104 3.2 x 104 —_ 5.2 x 10°
25 3.6 x 104 3.6 x 104 — 5.9 x 10°
computer simulations.
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