IEEE Pacific Rim Conference on Communications, Computers and Signal Processing, May 9-10, 1991

On the Minimization of System Matrix
for Two-Dimensional Digital Filters

Q.-H. Meng, A. Hasan,

W.-S. Lu, and V. K. Bhargava

Department of Electrical and Computer Engineering

University of Victoria
Victoria, B.C., Canada V8W 3P6

Abstract

In this paper, an optimization algorithm is developed to min-
imize the 2-norm of the transformed system matrix for a 2-D
state-space digital filter. The method is actually a two-loop
Fletcher-Reeves type method, where the line search is carried
out using a combination of the golden section ratio search and
the method of false position. In general, the proposed method
can be used to solve nonquadratic optimization problems where

analytic version of the objective function is not available.

L Introduction

Two-dimensional digital filters have been widely used in many
areas such as image processing and geophysical data processing.
Desirable properties for digital filters include stability, lower pa-

rameter sensitivity, and freedom from limit circles.

It has been known that for a stable 2-D filter satisfying the
constant 2-D Lyapunov equation, there exists a 2-D state trans-
formation such that the 2-norm of the transformed system ma-
trix is strictly less than one. It is also known that a stable
2-D state-space digital filter with the norm of its system matrix
less than one has low parameter sensitivity as well as the free-
dom from limit circles. On the other hand, finding such a state

transformation is numerically not straightforward [1].

In this paper, an optimization method is developed to min-
imize the 2-norm of the transformed system matrix for a stable
2-D state-space digital filter. The method is actually a two-loop
Fletcher-Reeves type method, where the line search is carried
out using a combination of the golden section ratio search and
the method of false position. In general, the proposed method
can be used to solve nonquadratic optimization problems where

analytic version of the objective function is not available.

The problem statement is presented in next section. In sec-
tion III, the optimization algorithm is described in detail. In

particular, two numerical differentiation methods are discussed
and compared each other, and a line search scheme suitable for

our optimization problem is proposed. An example studied in

[1][2] is used in section IV to illustrate the proposed algorithm.
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II. Problem Statement

A single-input, single-output 2-D digital filter (or a discrete
system) can be represented by the Roesser model [1][2] as

h(m +1,n) A A h(m,n) b,
[v(m,n+1) [Ag A4] [v(m,n)]+[bgj|u( )
h(m,n)
= A bu(m,n 1
[ - ] +bu(m,n) )
e e h(m,n) - . h(m,n)
y(m.n) fe 2]lrv(m,n)] - ‘:v(m,n)}

where h and v are real vectors of dimensions M and N, respec-
tively. The system described by (1) is in this paper assumed
to be stable, and is referred to as a state-space digital filter,
which admits equivalent realizations by block-diagonal similar-

ity transformation 7' where

Ty 0
0 T;

} =T & T, (2)

The minimum norm of the state-space realization is achieved by

minimizing the 2-norm of the system matrix TAT ™!, i.e.
= mjn [TAT| 3)
Although finding a nonsingular minimizer T = T such that
u=ITAT

represents a fairly complex problem [2], an approximate solution
of the minimization problem is always possible if matrices 7y and
T; are further chosen as upper triangular matrices with positive
diagonal elements [1][2]. It is known [2] that if the state-space
filter satisfies the 2-D constant Lyapunov equation, then the
approximate solution of the optimization problem (3) will lead

to a state-space realization

A=TAT™, b=Tb, &=cT"
such that |]f~1|[ < 1. Such a realization is free of limit circles and

have fairly low parameter sensitivity [4][5].

In what follows, we concentrate on the optimization problem
defined in (3).
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II1. The Optimization Method

The above mentioned optimization problem can be stated as
Minimize f(X)

where the objective function f(X) is given by

F(X) = IT(X) AT (X))l (4)
with
io= 1,2, M(M=-1)/2
X = [owayl, | -1/
] 1,2,...,N(N —1)/2
Ty(X) 0
T(x) - ﬂunenu)={g()zfy]
v Ta(X) (M+N)x(M+N)
and
-Iu Z12 M
T(X) = 0 zim+4) Ty(2M-1)
L0 0 0 mm-1/) [y
[ o1 Iog TN
0 = To(2N-
Ty(X) = 2(N+1) 2(2N-1)
L 0 0 0 2viv-u/2) Jyen

A two-loop Fletcher-Reeves type method is chosen for the
optimization, the reason being that it is globally convergent and

requires only the first order derivative of the object function.

Derivative Approaximation

Obviously the objective function (4) is a nonquadratic func-
tion and the analytic expression can not be found in general. So
the derivative of the object function can only be approximated

using numerical derivatives.
The following two formulas are considered in this paper:

(i) Forward-difference Formula

©

—(5)

f(x)

o R ittty

»

a:h a
l Fig.1 Numerical differenciation

F'(zo) = flzo, @0 + 8] = Mj%;f(_mn')' ()

with the approximation error

1
E(f) = ~58/"(n)
for zo, 7 € (21, 22) and a sufficiently small perturbation §.

(i) Central-difference Formula

0 — f(zo—§6
f@@zﬂ%-¢%+q=ﬂiiﬂ%ﬁ__l @

with the approximation error

E(f) = ~267"(n)

for o, 7 € (21, 72) and a sufficiently small perturbation §.
The above two methods are illustrated in Fig.l. It follows
that the first method appears to be more dependent on the value
at point zo and requires very small é to achieve an accurate
approximation while the second one is more dependent on the
values in the neighborhood of zo. It is found that both methods
give very good results but the first one results in a slightly better
4 in the optimization problem (3) if the perturbation § is chosen
within [1073, 107%]. Therefore, the first method is adopted in

our optimization algorithm.
Line Search

To carry out the line search, methods such as cubic fit,
quadratic fit, three point pattern, modified three point pattern,
and method of false position have been tried but they all fail
to work. This is primarily because the function involved in the
line search is usually non-convex with multiple local minimums,

as is shown in Fig.2.

It is found that golden section ratio (GSR) search [3] can be
used during the first stage of line search. For example, when the
GSR is applied to the function in Fig.2, we obtained a = 0.75386
as its minimum point, which is obviously a good approximation
of the global minimum point. However, as is shown in Fig.3,
a = 0.75386 is still “far” away from the true global minimum
point of the function. It is therefore necessary to combine GSR
with another line search method to do the fine tuning. The
method of our choice during the second state of line search is
the method of false position [3]. Fig.4 shows a satisfactory result
a = 0.614915 which is obtained by using the method of false
position after the GSR search.

Optimization Algorithm

The above mentioned Fletcher-Reeves method with numer-
ical derivative and a modified line search method forms the fol-

lowing optimization algorithm:
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Algorithm

Step 1. Choose initial value Xy € R*, where n = M + N;
Step 2. Using numerical differentiation method (5) to obtain

the gradient
g VTS (Xo)

and then set
do = —go

Step 3. Golden section ratio line search

3.1 Set initial left side point of the uncertainty interval as
o = 0 and the initial right side point a, = ¢, where ¢ is an
arbitrary positive number with initial width of uncertainty

h=a, —q=¢

3.2 Evaluate

I(Q[) =
a,) =

F( Xk + qdy)
f(Xk + ardy)

3.3 If i{e.) < l(ay), then oy = a,, h = vh, where v = 1.618,
a, = oy + h. Go back to 3.2. Otherwise, set the uncer-

tainty interval as (o, o,) and by = @, — «;
3.4 Set the width of uncertainty after r iterations at
h, = 0.618""1h,

and evaluate the updated o; and a, until A, < v, where v

is predefined error of the width of uncertainty.
3.5 Output the optimal o; and a,.

Step 4. Using the method of false position to find the minimum

point amiy € [0y a,] and set ap = Apin;

Step 5.

Xiep1 = Xi + ady,
and

k41 = VTf(Xk+1)
Step 6.

_ 91{+19k+1
B = =H—
9k 9k
diy1 = —Gryr + Bide

Step 6. If |lgisy|| < €, where ¢ is prescribed tolerance, then
output Xii; as the solution, otherwise if k < n — 1, update k
and back to Step 3, else replace X, by X, and go back to Step

1.
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IV. An Illustrative Example

The example discussed in [1][2] is used to illustrate the pro-
posed optimization algorithm. Consider a 2-D state-space digi-

tal filter with system matrix given by

398



1.88899 —0.91219 -1 0
A= 1 0 00
0.02771 —0.0258  1.88899 1
—0.0258  0.02431 —0.91219 0

In {1], it is found that ||4,||2 = 0.7609 (Actually it should be
V7609 = 2.7584) and matrix A, is then transformed to a real-
ization with a smaller norm for the system matrix A; = TA,T?

given by

0.94467 —0.10962 —0.01808 0.13838
0.18354  0.94432 0 0
0.03507  0.09372  0.93169 0.16216
—~0.19567 —0.00221 —0.12508 0.9573

2

The 2-norm of this matrix ||Ag]lz = 1.066 (Again it should
be \/1.066 = 1.0324). The optimization algorithm proposed
in this paper can be used to perform 2-norm minimization for
either the transformed matrix A, or the original matrix A;. As
indicated in [2], it is very hard to get the exact optimal solution
of (3), but an approximate solution to the optimization problem
always possible. The convergence of the object function to its
optimal value is shown in Fig.5. It appears that the proposed
algorithm will run for for an indefinite period of time to achieve
its optimal value as the decreasing rate approaching to zero.
The fesults obtained using the proposed algorithm are compared
with those of [1] as follows:

Proposed Algorithm Algorithm of [1]

A1)z 0.98820 N/A
I Azllz 0.98667 1/0.982 = 0.99079
where
0.9607 —0.1496 —0.0241 0.1641
L s s 0.1362  0.9283 0 0
A2:T2A2T2_1=
0.0209 0.0923  0.9271 0.1447
—0.1658  0.0169 —0.1411 0.9619
with
1.1955 0.1042 0 0
oo 0 0.8873 0 0
' 0 0 0.8979 0.0333
0 0 0 1.0130

Note the condition number of matrix Ty is K(Tg) = 1.3696.
Thus the upper bound of the parameter variations of the system

matrix as defined in [2] is

1—p 1-0986675 s
LA =973 x 10
K(Ty) 1.3696

which is significantly higher than the upper bound 1.651 x 10-°

given in [1].

This algorithm has also been tested to solve a minimum norm

realization problem of an 8 x 8 system matrix with a transfor-
mation matrix T = Tiaxz) ® Ta(exe)- The results show that
the algorithm proposed in this paper is very efficient. In gen-
eral, we believe that the method developed in this paper could
be useful in solving a large class of nonquadratic optimization
problems where the analytic version of the objective function is

not available.

V. Conclusions

In this paper, an optimization algorithm for the minimiza-
tion of a nonquadratic and numerical objective function has
been proposed. The proposed algorithm uses a Fletcher-Reeves
type method where a forward-difference numerical differentia-
tion and a two stage line search algorithm based on the combi-
nation of the golden section ratio search and the method of false
position are adopted. The proposed algorithm is fairly efficient
and can be used to solve nonquadratic optimization problems
where analytic version of the objective function is not available.
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