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Abstract

This paper describes a recursive algorithm that generates the
manipulator regressor for a generl n d.o.f. robot. As the closed-
form formula is derived from the Lagrangian equations of mo-
tion, the proposed recursive algorithm is obtained from the con-
ventional Newton-Euler dynamic formulation by using a vector-
analysis type technique.

L Introduction

Most of the established globally stable algorithms for adap-
tive motion control of robotic manipulators are derived and
implemented using the manipulator regressor, often denoted as
Y(q,4,q) or W(q,4¢,4) [1]. This is due to the fact that the use of
manipulator regressor leads to a linear parametrization of the
robot dynamics so that a Lyapunov approach may be applied,
resulting in a certain lLinear law for updating the parameters.
References addressing this linear parameter dependence issue
from an identification point of view include [2]-[4]. In order
to find Y, one may start with the conventional dynamic equa-
tions — the second-order nonlinear differential equations of the
n-dimensional joint displacement vector ¢. By re-defining ma-
nipulator parameters and re-grouping various terms in the equa-
tions of motion, the regressor may eventually be found [1][5][6].
In [7], a closed-form formula for the regressor is developed for
a general n degree-of-freedom (d.o.f.) robot. This is accom-
plished based on the observation that the unknown part of the
Lagrangian of a robot can be separated from the Lagrangian of
the known part of the robot. While the formula is general and
in a closed-form, its implementation requires extensive compu-
tation of various types of link-related Jacobians and, therefore,
is numerically not feasible.

This paper describes a recursive algorithm that generates
the manipulator regressor for a general n d.o.f. robot. As the
closed-form formula is derived from the Lagrangian equations of
motion, the proposed recursive algorithm is obtained from the
conventional Newton-Euler dynamic formulation [8] by using
a vector-analysis type technique. In the next section, we show
how the regressor Y (g, ¢, §) can be used to derive and implement
a globally stable adaptive algorithm for unconstrained motion
control. In Sec.ITI, we adopt vector-analysis type techniques to
analyze the conventional Newton-Euler dynamic formulation.
The analysis in turn leads to an efficient recursive formulation
for computing the regressor. One example is included to illus-
trate the algorithm obtained.

II. A Stable Adaptive Algorithm for Motion Control

Consider an n d.o.f. rigid robot whose dynamics is described
by
H(9)i+Clg,9)g+9(q) =T 1)
where H(g) € R**" is the positive definite mass matrix, Clq,9)q
represents torques due to the centrifugal and Coriolis forces and
is arranged such that H — 2C is skew symmetric [1], and g(q)
denotes the torque due to gravity. It has been shown that e-
quation (1) can be written in the form of

Y(g.9)0=1 (2)

where Y(q,¢,§) is an n x r matrix of known functions, called
the manipulator regressor, and 8 is a r-dimensional parameter

vector.
Ok
o= |2

with 6, € R™ the known parameter vector and 0, € R™ the
unknown parameter vector, and partitioning ¥ = [V; ¥,] with
Y. € R™™, Y, € R, (1) and (2) imply that

Denoting

Hi+Cq+g =Yl +Y.0, 3)
If 6, are replaced by its estimate 6,, then

Hi+Ci+§ =Y+ Vb,
where fi, C", and § assume the same form as H, C, and ¢
respectively, with 8, replaced by 8,. It follows that

Hi+Cq+§=Y.q,4,)0. ®)

where (¥) = (%) - (%), and 6, = §, - 6,.
To justify the use of ¥, in adaptive motion control, define
g as
‘jr = 4d - A‘i
where ¢y is the desired velocity, § = ¢ — gz and A > 0, and note
that

g, + Ci+§=Yulq,4,)0.
If the control torque 7 is assigned as
T=H§+Ci+§—Ks (5)
with s = ¢ — ¢,, and 4, is updated by

0. =-TYX(¢,4,4)s, T >0 (6)
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with sufficiently large gain K > 0, then the convergence of
the positional and velocity tracking error is guaranteed provid-
ed that the desired gq, ¢4 and g are bounded. To show this,
consider the Lyapunov function

1 - N
v= -é[sTHs + 677710,
and compute its time derivative along the trajectory of (1) as

ST(HG - Hi) + 07T, + %sTHs

.
|

T(r—C4, —g— Hi,) + 6TT-14,

where the fact that H — 2C is skew symmetric has been used.
If control (5) and parameter update law (6) are employed, then

1l

—sT[K — C(g,4)ls
-s"[K — C(q,4)ls

0

where C(g,4) = [C(g,9) + C7(q,4)]/2 is a symmetric matrix.
Consequently if the gain matrix K is sufficiently large such that
K — C is positive definite, then o < 0. For example, this will
be the case if K is chosen such that its smallest eigenvalue is
greater than the 2-norm of C(q,4)-

To update parameter vector through (6), Yu(¢,4,d-)
needed at each control instant. Furthermore, by writing control

is
torque T as
M

we see that regressor Yu(q,q,§) is again needed in addition to
the computation of Yi(q, ¢, §)0x.

7 = Y, 4, )0 + Yal0, 4, 3)0u — K5

II. Recursive Computation of Y,(g,4,4)

For the sake of simplicity, it is assumed in the rest of the
paper that the n d.0.f. manipulator is rigidly holding an object,
of which the mass, the center of mass and the inertia tensor are
the only unknown parameters. Let {n} and {n+1} be the two
parallel frames attached to the gripper and the center of mass of
the payload, respectively, and let m, "Pus1 = [Pz Py ARES )
and

I:u‘ "Izy *Ia:z
Cn+1]n+1 = —Iry Iyy _Iyz
—Ixz —Iyz Izz

denote the mass, center of mass and the inertia tensor of the
payload respectively. Other notation used in what follows is
consistent with those adopted in text [6].

We begin our analysis by re-formulating the outward itera-
tion of the conventional Newton-Euler recursion using vector-
analysis type techniques.

Outward Iterations (From base to payload)

Since all robot parameters are assumed to be known,
attention on the end effector and the payload.
{n} and

we
concentrate our
By assumptions, there is no relative motion between
{n +1}, hence

n

nt

1
Wnt1 Wn
n+ltb " o
n n
1, n- n n n n;
1 = Wa X "Ppt1 + wn X ("wn % Pat1) + On
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() = "l + "Un)*Prsr + "0

where, for ¢ = [z; ®; z3]%, (x) is defined by

0 —z3 =z
Q(:l;) = T3 1] —I
—T3 Ty 0

and "U, = "w?w! i.e. the outer product of ™w, with itself.
Furthermore, since the origin of {n + 1} is the center of mass
of the payload,

S L
"+1Fn+1 = mn+lvc,.+,
= [on Q") — ["wall’ls +" Un)r
= A0
with 0, = [m mp, mp, mpJ,
nt1 Npp1 = Cnt1 Tag1 "on +™ wn X Cnt1 Tnyr “wn
= B("w)0: + Q("wn) B("ws)0:
= Eqf0 (8)
where
z; 0 0 —z3 —x3 O
B(z) = [0 22 0 —& 0 -—=3
0 0 z3 0 -z —x
by = [Irz Ly L. Ly I Iyz]T
E. = B(“@)+ Q("wn)B("wn)

Inward Iterations (From payload to base)

Assume that no contact between the payload and the ex-
ternal environment, we have then zero boundary conditions to
start the inward iterations, i.e.

=0, "oz =0
hence
n+1fn+l = "+1Fn+l = A,,0,
"+1nn+1 = "Npy1 = E.0,
"fn = :+1R"+1fn+l +" Fn
= :HRA,,Hl + k.t. 9)

where k.t. denotes a “known term” meaning that it is indepen-
dent of any unknown parameters, and

"n, = "Np4 TR+ "pe. X “Fa
+ "pnyr X :+1R"+1fn+1
En02 + "Pﬂ,+1 X 44,,,01 + k.t.

Note that

= m "pry1 X {"0n + [Q("Dn)

—|I"walPIs + "Un]"pasa}

— Q)M Pry1 + F("w,” D )(M"Prtr)
[=0("0.)  V("wn," @n)]bs

[

npﬂ+l X Anol

1l

n

where



hy
H("wp"wn) = QC0n) = "wnl* s +" Up = | hy
ks
0  hy —hy
U("w,,"wy,) = | —hg 0 hy
hy  ~hy 0 3x9
Y("wn,"wn) = W(wn, " Wy)ler €5 €9 extey e3ter e+ eg)
e; — thei-th column of the 9 x 9 identity matrix
O = [-00") V("wn," b)) (10)
05 = mlp. py p. Pr P, DL PPy Pob: DypilT
Thus

0
"y = [n En][oz]+k.z.

m
= [z ®, E.}| 0| +kt
2
= 11,0, + k.t (11)
T o= 10,0, + ki (12)
where z; = [0 0 0] and & =[0 0 1]T.
Next we compute
n—lfn_1 'n—lR "fn n—]R nF + n“Fn 1
= MIRAG + MR"F + “F, (13)
n—lnn_] — n—an_1+ : annn+ PCn~l X n—van_l
+ n—lpn X 2_1R nfn
= 27RO, + "'p, x M1RAL + kot
= ™IRILG, + An_16; + k.t
= II,_,0, + k.1. (14)
Ant = Q("pa) 1RA, (15)
.-y = [(the first 4 columns of Z_IRH,L) + Any
the last 12 columns of *~'RII,] (16)
Hence
Tnor = T, 10, + k.t (17)

By inspecting (9) and (11)-(17), we obtain the following

e,
- e,
Yig.ai) = | 7, (18)
el
where II; (1 < ¢ < n) can be computed recursively as follows.
Step 1. Compute

Hn+] = [Zl (I)n+1 En+1]
where @, is defined by (10), i.e
q>n+1 = [“Q(n+1i’n+1) ( Wn+1, wn+1)]
By = B("Hlbnﬂ) + (" wnp1) B("w nt1)

B("on) + Q("w,) B("wn)
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and

n+l n+1, T

An+1 = [n+li’yﬂ+1 Q(n+1‘bﬂ+1)_Hn+1wﬂ+1”213+ n+1%n+1

Step 2. Fori=n,n—1,...,1, compute

I, = [(the first 4 columns of i, RIl;,;) + A;
the last 12 columns of i, RIl;1]
with
A = Qpiy1) :.+1RAn+1

IV. An Illustrative Example

Consider a 2 d.o.f. planar arm handling a rectangular bar
with unknown but uniform material density as shown in F ig.1.
The center of mass of each robot link is assumed to be at its
distal end, and the length, mass and moment of inertia of link
¢ (¢ = 1,2) are denote by I;, m 3 Dob;
and ¥ J3 assume the form of

3Pobj = [p: 0 0]

1;, respectively. Hence

and S ]; =

dlag (Izzy vy Izz)

we now follow the steps described in Sec. III to obtain Y,.
Step 1. To compute

I; = [21 o3 Ea]
note
0 U3z —Ugp
—03%) = | =y 0 0y
U3z —vy 0
%5 = 3R(%Wex ps+ %y x (Cwn x p3) + 20y)
115291 - 12(91 + 92) — licab? + gsi2
= 110291 + 12(91 + 92) + l1320 + geig
0
= [1')31 U3y 1533}T
with ¢; = cos(6;), s; = sin(), cij = cos(b; + 0;), and s;; =

sin(0; + 0;).
Further we compute

) 0 0 00 -6, 6
U= 10 o0 00 -0} by,
0!2 912 0 0 0 0
and
0 0 ¢ 0 0 00 -6y, 6
b = 0 0 ¢ 0 0 00 —67, —b
G 32 0 B 613 00 O 0
where
912 = 91 + éz
912 = 0+ é'2
b3 = _IZ(él + 92) — licoby — Ilsgéf —gcip
¢23 = ‘—12(91 + 02)2 + 118291 - 11629% + gs12
B = DL(0; +8,) + hicyb, + llsgéf +gera
ds2 = b6y +65)% = lsyb; + 82 — gsyy



and .

00 0 0 —by 6%
B, = |00 0 0 —6%, —bp
0060 0 0

Note that A is given by

Ay = Pis  9Cs) — [Pwsl®ls + T3]
aszi *_.9\22 —9.12 0
a3zl 02 ‘9f2 0
0 0 0 0

1

where
115251 - 12(91 + 92)2 - 116293 + 9512
116251 + 12(é1 + 02) + 15202 + geaa

azn =

sy

Step 2. Fori=2,1,
[(the first 4 columns of {a Rl + Ai
the last 12 columns of ":“RH.;H]

N =

with . ,
A = Q(pir1) ppaBAnn

So
0 0 0 0

m=|o 0 00
To31 232 612 O
where
Ta31 = l§é12+111262é1+I112329?+129012
T2 = 21,012 + hieby + L8202 + genn

and
0 0 0 O

I, = 0 0o 0 0
Tizi T132 élz 512
where
(2 + B + 2hlen)y + (B + hilacr)s
—11,5905(201 + 85) + g(he + lzciz)
2(l + ey + (2l + lc)fa
—1y590,(26, + 0,) + gera

y - [
* T,
_ [Wm M132 ‘:}:12 i{u]

Ti31 7132 612 Oy2

m131
M3 =

Finally

and
T = Yu6u+k.t.

where 8, = [m mpz mp? L.

Acknowledgement

The authors are members of the Institute for Robotics and
Intelligent Systems (IRIS) and wish to acknowledge the support
of the Networks of Excellence Program of the Government of
Canada and the participation of PRECARN Associates Inc.

References

[1] R. Ortega and M. W. Spong, “Adaptive motion control of
rigid robots: A tutorial”, in Proc. 27th CDC, pp.1575-1584,
1988.

[2] C. H. An, C. G. Atkenson, and J. M. Hollerbach, “Estima-
tion of inertial parameters of rigid body links of manipula-
tors”, in Proc. 24th CDC, pp.990-995, 1985.

[3] P. Khosla and T. Kanade, “Parameter identification of
robot dynamics”, in Proc. 24th CDC, pp.1754-1760, 1985.

[4] C. P. Neuman and P. K. Khosla, “Identification of robot
dynamics: An application of recursive estimation”, in K. 5.
Narendra (ed.) Proc. 4th Yale Workshop on Appl. of Adap-
tive Syst. Theory, Yale Univ., May 29-31, 1985.

[5] J.-J. E. Slotine and W. Li, “Adaptive manipulator control:
A case study”, IEEE Trans. Automat. Contr., vol. AC-33,
No. 11, pp.995-1003, 1988.

[6] J. J. Craig, Adaptive Control of Mechanical Manipulators,
Reading, MA: Addison-Wesley, 1988.

[7) W.-S. Lu and Q.-H. Meng, “A closed-form formula for
the manipulator regressor”, in Proc. Canadian Conf. ECE,
pp.252-254, Ottawa, Sept. 1990.

18] J. Y. S. Luh, M. W. Walker, and R. P. Paul, “On-line
computational scheme for mechanical manipulator”, Trans.
ASME Dynamic Syst., Meas., Contr., vol. 102, pp.69-76,
June 1980.

Yobj

Fig. 1 The 2d.o.f. planaf robot handling a rectangular payload
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