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Abstract A new order reduction method for 2-D
discrete systems based on bounded real (BR)
balancing is presented. The concept of BR balancing
was first introduced by Opdenacker and Jonckheere to
reduce the order of 1-D continuous-time systems. It is
shown in this paper that if the 2-D discrete system
considered satisfies the 2-D Lyapunov condition, the
BR balanced approximation then yields a stable
lower-order 2-D system with a reasonably small
approximation error.

I. INTRODUCTION

The problem of reducing the order of two-dimen-
sional (2-D) discrete systems has been a subject for
gstudy during the last several years [1]-[7]. While the
balanced approximation method [3] appears to be a
satisfactory scheme [6], its application to certain 2-D
systems with very small stability margin might yield
unstable reduction [6].

In this paper, a new order reduction method for
2-D discrete systems based on bounded real (BR)
balancing is presented. The concept of BR balancing
was first introduced by Opdenacker and Jonckheere
{8} to reduce the order of 1-D continuous-time
systems. It is shown that if the 2-D discrete system
considered satisfies the 2-D Lyapunov condition
described below, the BR balanced approximation
then yields a stable lower-order 2-D system with a
reasonably small approximation error.

II. THE MAIN RESULTS

To describe the reduction procedure, let I =(A.B8.C)

with (A, A, (B,'

= B= c=lc, C
(~A’ A‘)lmn,l-ln.m,lB B crle &

be the Roesser’s state-space representation of the
original 2-D system. It is assumed throughout that

pxlriors)
2/ (n,on,)xm

system £ is L-~stable meaning that there exists a

block-diagonal positive-definite matrix I,/ =/ & W,

such that W-ATWA>O0 1)

The transfer function of system ¥ can be written as
LT ROIN M N )
=Clz)(z:0- A(z,)) " B(z,)+ D(=,)

where
Alz,)= A [z, 1-4,)" 4,+ 4,
B(z,)=Ay(z,1-4,)"'B,+B.
Clz,)=C,(z,1-4,)"4,+C, (2)
Diz,)=C,{z1~4,)"8,
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In order to meet a technical condition regarding
the real boundness of a relevant transfer matrix
described below, the proposed reduction procedure
shall be carried out for a "scaled" transfer function

H,lz,,z,] where

H,{f;—:l.z:]=a2H(zl,22)

z,1-4,
- A,
=Cm(3|)(221"4’1(21”71

-A. Y'faB,
z,I-4, aB,

Ba(zl}+D:(zl)

where o >0 is a scaling factor to be chosen,

={aC, aC:)(

(3)

Bz, )=4,02,1-4,)"aB +aB,
Cu(vzl\r=acl(ZII’—AI,;’lAZ*-aCZ

Da{ixl}=‘1c1[’31]“’11]4033

When the order
approximation of H(zi,z2)
by a re-scaling.

Notice that due to the L-stability of system X ,
A(z;) defined by (2) (up to a similarity transformation)
can be assumed to be strictly bounded real (SBR)
without loss of generality [9], i.e.

A(z,)l.<1

the desired
immediately

of Ha (z1,22) is reduced,
can be obtained

(4)

Further notice that in order to reduce the order of
system Y , one may seek a lower-order 2-D system,
say for which the corresponding transfer
f/l‘,mction

Az, 2= Culz )(z,0- A(2,)) " Bu(2))+ Do(z))

A
is close to, Hafzi, 2z2) in the sense that /’X(m), 1%.{(21). G

(z1), and Dx(2z1) are simultaneously close to A(z), B,
(z1), Cg(z1), and Dx(zi) in Le norm, respectively.
One way to accomplish such a simultaneous

approximation is to reduce the order of the transfer
function matrix @4(z:) defined by

; Ale) Ba(zx) -1
o, (z,)=| =H (z,1-4,)6¢,+J, (5
( 1 (Calzl) Da(Z|) (zl l) ( a)
where
A A aB
G.=(4 B),H,=| 2|, J,=] :
.=(4, aB,),H, (aC) « (aC2 0 (Sb)
Since can be written as
Alz aBlz
¢a(21)=( (1) o x)
aC(z,) a’D(z,)

> 0 such that
(6)

in a position to begin our reduction
” defined by (5a) satisfying SBR

condition (4) implies that their exists
”¢u(zl)”u<l

We are now
procedure with
condition (6).
Step 1 Compute the two extremal positive-definite
(PD) solutions Pmax and Pmin of the discrete algebraic
Riccati equation(DARE) for system ) =



(4,,6,.H,.7,):

-P+ATPA+HIH +
[ATPG +HIJ )I-J1J,-CIPC JATPG,+HLJ,|=0

Note that the two extremal PD solutions Qmax and Qmin
of the DARE for dual system g:=(AlT,H:'c:,J§);

-Q+A4,Q47+G . Cl+
(AQHI+C I I-J JI-H QHI)(4,QH]+C,J])=0

are related to Pmax and Puin by Qmax = Pmin~! and Qmin =
Pmax'l. It can readily be verified that with any
similarity  transformation T, the associated PD
solutions Pmaxy Pmin) Qmax, Qmin Of the equivalent system
L=(T AT T G H, T J,)

and its dual system are related to Pmax, Pnin,
Qumax and Qnin by  Pmax=T1""PwaxT1!; Puin=T1 "PuinTi"?,
Quax=T1QmaxT1T, and Qmin=T1QniaT1T.

In other words, the eigenvalues of PaninQuin ({i.e.
PuiaPnax'!), for instance, are real, positive and
invariant under similarity transformations. This
enables us to proceed with the next step.

Step 2 Find a nonsingular T: such that

Pow=Pri=diag{s,) with §,2F,2..2F,>0
This can be accomplished by using a standard
procedure [10].

Step 3
direction)
If §n>>&, ., then parution I, as

G (At Aw, aBy,
A=T AT =" eeTie, s T f0
% a 1¥a *

* *

-1 A3"1 *
Ho=H,Ti'=| " |J.=J,

Ir,

ryxr ryxe
where A, €R"TAL €RTMA, €R

‘(order reduction along the horizontal

ngxry
- e
B, eR".C, €RTT,

and form the horizontally reduced 2-D system
L,={4,,B,.C,},

with . Ay A, 2 B, ‘c c
S VI il U Cop=tlur, Gl

It can be shown that Ay; is 2-D L-stable and the
reduction error is given in terms of Ei, ri+l < i < nj.

To vreduce the order of system X along the
vertical direction, we form the transfer function
matrixgl'g (z2) defined by

Flz,) Bylz,) -1
WE(ZZ)'(Ca(Zz) Dﬁ(zz])HHﬂ(ZZI—AJ G£+JE

where B> 0 is a scaling factor to be chosen, and
F(Z2)=A2’1[221_A‘).IA‘H.*Alvx‘

Bylz,)= 4, (2,1-4,) ' BB,+ BB, ,
Colz,)=BC.(2,1-4,)" 45, + BC,,

Dy(2,)=BC,(2,1-4,)"'BB..

A, A, BB,
={A B - 1 _ ) )
Cy=(A4s, BB;),H, (BQ)’J’ (30“‘ o )

Steps analogous to step 1 - step 3 can then be
proceeded to finally obtain an L-stable reduced 2-D
system of order (ri, rz).
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