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Abstract: Based on an eigen-analysis of the inertia ma-
trix of the mechanical manipulator considered and a least-
square type approximation of the Coriolis, centrifugal, and
gravity terms in the manipulator’s dynamics, this paper pre-
sents a linear feedback control scheme for trajectory track-
ing which is shown to be robust against model uncertainties.
More precisely, the above mentioned eigen-analysis and least-
square approximation lead to a simple yet reasonable model
which in turn defines a structure of the constant feedback
control. To determine the parameters of this controller, an
analysis of the tracking-error dynamics is carried out using a
Lyapunov approach. It turns out that by properly choosing a
set of feedback gains, the tracking error can be kept to a pre-
scribed range during the task in the presence of gravity effect
and model uncertainties.

1. INTRODUCTION

Due to the complexity of the dynamics for most of industrial
robots 1] [2], it is often desirable to introduce approximate
models, based on which simple and possibly robust controllers
may be designed. In this regard, various nonlinear and linear
robust control schemes have recently been proposed by a num-
ber of researchers, see [3]-[8] among others.

Based on a simplified manipulator model, this paper pre-
sents a linear feedback control for trajectory tracking. The
model is obtained using an eigen-analysis of the inertia matrix
of the manipulator considered combining with a least-square
type approximation of the Coriolis, centrifugal, and gravity
terms, which in turn defines the structure of the control law
to be developed. An analysis of the tracking error dynamics
then follows using the Lyapunov approach [5], [9]-[12] in order
to determine the parameters of the controller.

The proposed control scheme is shown to be robust against
model uncertainties since its parameters depend only on some
spectral bounds of the inertia matrix and the 2-norm bound
of the lower-order terms in the “true” dynamic model of the
manipulator.

II. APPROXIMATION OF THE MANIPULATOR
DYNAMICS

1. The Manipulator Dynamics

The equation of motion for an n degree of freedom (d.o.f)
mechanical manipulator is given by

*This work was supported by the National Sciences and Engineering
Research Council of Canada

0-8186-2012-9/89/0000/0430$01.00 © 1989 IEEE

430

H(g)i+h(g,9) =r 1
where ¢ is the joint displacement vector of dimension n, & (9)
denotes the inertia matrix, h(g,§) includes the Coriolis, cen-
trifugal and gravity terms and r represents the joint forces/

torques.
When the joint actuators used are constant magnetic field

DC motors and are operated in their linear ranges, by ne-
glecting the inductance of the motor armature winding, each
actuator can be modelled by the second-order equation

JiGi + cigi = dyv; — 1 1<i<n

where v; is the input voltage of the ¢th actuator, J; is the
actuator inertia, and ¢;,d; are determined by the back EMF
constant, the resistance of the armature winding, and J;, etc.
Thus the actuators’ dynamics can be described as

Jii+Cy=Dv—r o))

with v = [vy -+~ va]T, J, = diag {J,++-,Jn},
C = diag {1, ,¢n}, and D = diag {dy,---,d,}-

By combining Eqn. (1) with Eqn. (2), the manipulator
dynamics is described by

H(Q)i + h(g,d) = Do ®)
where

H(a) = H(g) +J.
and

h(g,d) = h(g) + C§

2. Approximation of H(q)

In this subsection we present a method to determine a
positive constant 8 such that

IBH(q) —I||<a<1 forall geR™ (4)
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where ||-|| denotes the 2-norm and « is a constant. It is noted
that the problem of approximating H(g) by a constant I in
the sense of (4) has also been considered in [8] where only the
upper and lower bounds of ||H™(g)|| are used. The formula
to compute such a constant approximation is, however, not
valid in general as will be shown through the example given
in Section II, 4. The method proposed here requires that the
spectral behaviour of H(g) is known in a certain sense as de-
scribed below.

Let

Ai{g) 2 A2{g) > --- > An(g) >0

be the eigenvalues of H(g), and let

A= mqin An(q) s (6)

X= max Ay (g)

As in practice the set of all possible configurations for a
mechanical arm is always bounded, it is assumed throughout
that A > 0 and A < +00.

Since H(q) is positive definite, it follows from (5) and (6)
that for any 8 > 0
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Clearly, the upper bound of |{|[3H~'(q) — I|| given by (7) is
independent of joint displacement vector ¢ and achieves its
minimum if # is taken to be
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which leads (7) to (4) with
-2

a= <1
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By (8), only the “largest” and the “smallest” eigenvalues of
H(q) are required to find such a 3. In case A and ) defined by
(6) are not precisely known, a suitable 3 leading to inequality
(4) may still be possible if a lower bound of A,(g) and a upper
bound of A;(g) are available. Indeed, let A, and A, be the
lower and upper bounds of A, and A, respectively, i.e.

0<A <An(g), Mfg) <A <+oo forall geR" (6')
then it follows from (7) that
) =TI < _E — B
loma) - 1) < max{ | 1] | £ -1
Therefore by taking
23,
=8, = 10
p=p.=1 oy (10)
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estimate (4) holds with a = a, where
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o, = <1
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Note that, however, the incomplete knowledge of X and A
yields a looser estimate as «, in (11) is always not smaller
than « in (9). The importance of having a tighten estimate
for [|[BH '(q) — I|| shall become apparent when the design
issues are considered in Section III.

3. Approximation of h(qg,§)

The n-dimensional vector h(g, ¢) includes many highly non-
linear terms representing the Coriolis, centrifugal, gravity ef-
fects of the manipulator and some electric parameters of the
actuators. In order to derive a linear control scheme, it is
required that h(q,§) be approximated in 2-norm by a vector
which is linear with respect to both ¢ and §. Namely we seek

constant n X n matrices Lo, L; and vector £ye R"™ such that

n =max |lh(g,9) —£(q,d)l|
geDy
geDy

(12)

is minimized, where

£(q,q) = Lo+ Log + L1g (13)
and Do C R™, Dy C R" are subsets of R™ representing the
actual workspace of the manipulator and constraints on the
joint velocities, respectively. The minmax optimization prob-
lem associated with (12) may be considered as a variation of
an L*™-optimization problem and is difficult to solve analyti-
cally. Instead we now seek a suboptional solution to the above
approximation problem as follows.

Let {g:;,1 < ¢ < k} and {p;,1 < j < m} be the two sets of
sampled values over D and D respectively, constant matrices
Ly, L;eR™™ and constant vector {yeR" are sought such that

10 = ||Him — (€0 Lo L1)Fml| (14)
is minimized where
m = [h(q1,P1) h(q1,P2) - - h(k, Pm)lnxm
1 1 --- 1
m:[fll flz“‘flk]: g ¢ /3
o2 Pm ) (gni1)xkm

This is a standard least-square problem and the solution is
given by
) -1

where Fy} denotes the pseudo-inverse of Fyn. Note that with
k and m large enough, kaFkTm is generically of full rank and

[ZU Lo Ll] Hkkatn = HkmFEm(kaFEm)_l

(5 hawn ] (zzf‘,

i=1j5=1 $=1j=1
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therefore its inverse exists. Also note that the computation
burden involved in (15) depends entirely on the number of
manipulator joints as well as the number of sampling points
over Dy and Dy, and it is an off-line task.

4. An Illustrative Example

Consider the 2 degree-of-freedom planar arm shown in
Fig. 1 where £; = £, = .432m, m; = 15.91 kg, m, = 11.36 kg.
With the actuator effects included, the associated H(q) and
h(q,g) are given by

3.82 4+ 2.12cos 8, .71+ 1.06cos 8,
H(q) = (16)
.71 4+ 1.06cos b, .81
and
——2.125in02(9193 + 05@;) + 5bl+
. 81.82cos 8, + 24.06 cos(8, + 6.
ha,d) = ‘ 0+ )

1.065in 802 + 26; + 24.06 cos(8; + 0;)

Fig. 1 The 2 d.o.f. planar arm

where ¢ = [6; 6,]7,0 < 6,,0; < 27, and |f14] < 1 rad./sec.
Using PC-MATLAB [13] on an IBM PC/AT, it is found that
X = 6.4914, ) = 0.2586, therefore, § = 0.4973 and o = 0.9234.
It is noted that 1.2346 < ||H~!(g)|| < 3.8674, thus the formula
described in [8] gives § = 2.5510 leading to max || H~1(g)—I||
= 8.8657 (or, if B = 5345 is used, then max||BH+(g) — I|| =
2.8674.)

To approximate h(q, §), intervals [0, 2x| for 61,0; and |-1,
1] for 0y, 0, are equally partitioned into 36 and 20 subintervals
respectively. Computing [¢y Lo L;] through (15) with k = 372
and m = 212 on the same machine, the coefficients of linear
function £(q,§) are then found as

||

|

III. A LINEAR ROBUST CONTROL LAW

1.8877 0 0.1086 50 0

-

It

0.3588 0 -0.1086 0

1. The Computed Torque Method as Applied to the
Approximate Dynamics

Based on the approximation of H(q) and h(g,§), the ap-
proximate dynamics for the manipulator may be described as

BG+£(q,q) = Dv (17)
where 8 and £(q, §) are given by (8) (or (10)); (13) and (15).
As this simplied model is linear and time-invariant, the ap-
plication of the computed torque control [14] to (17) yields a
linear control scheme as follows .

D™Y(Bw + £(q,4))
= D YBw+ £ + Log + Lig)

v

(18)

where w is the external input to be specified. The closed-loop
dynamics as control (18) applied to the manipulator modelled
by (3) is given by

§— H'(9)Ah(q,d) = BH }(g)w (19)

where

Ah(Qy é) = t(qs é) - h(q’ é)

2. A Linear Compensation of the Tracking Error

(20)

Let g4(t) denote the desired joint displacement vector and
define the 2n-dimensional vector e(t) representing the tracking
error as

elt) = a(t) — qa(t)
®= [6(‘)‘@4(‘)

By (19), the dynamics of the tracking error is described by

¢=Ae+ BAjJ(e) + (B+ AB)w (21)
where
A= [ o (I) ] ,B= [ ‘} ] ,AB = BE,E = fH(q)—1,(22)
and

AJ(e) = H™(a)Ah(9,4) — G
The input signal w in (18) can now be specified as
w=—[K; K;le+u A _Ke+u , Ki, K:eR™"™ (23)

in order to stablize the linear part of dynamic equation (21),
where u is the external control signal to be further specified.
In so doing we obtain

&= Ae+ Bu+ B(Eu + Af(e)) ~(24)
with
Af(e) = AJ(e) - EKe
H™'Ah—§;— EKe (25)
and




0

A=A—BK=[_K1

I
~K,

where K; and K, are chosen such that matrix A is stable (i.e.
all eigenvalues of A are located in the open left-half complex
plane).

To obtain the desired stabilizing compensation, let P be
the positive definite solution of the Lyapunov equation [15]

ATP+ PA=—T

and define the Lyapunov function V(e) = eTPe. The time
derivative of V (e) along any solution trajectory of (23) is then
given by

V = —|le|* + 2¢TPB(u + Eu + Af)
If we choose

u=—~yBT Pe (26)
then from (22) and (4) it follows that
V. = —lleli* ~ 2+(||B" Pe|| + z" PBEBT Pe) + 2T PBA §
< —lleli* = 24(1 — a)||BT Pe||* + 27 PBAf

Note that for any € > 0

2eTPBAf < HBTin
- €

+ellaf|?

where, by (25

~

, (6) and (12),

IAFE < IR + 1zl + edK]| [le]
n -~
< 5+ laall + el K [fe]
= 6+ aulle]| (27)
with
6= +max|lall, o= allK]| (28)
Thus

V < —(1~20¢) el -+ 26%~[2(1~ )~ ||| B Pe][*(29)

Given a prescribed ultimate error bound p, € may be de-
termined such that

—(1 —20ke)p* +26% =0 (30)
k

i.e. € = p?/2(6% + alp?). The gain factor ~ required to imple-
ment (26) can then be chosen such that

1
27(1~a)—g>0
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6% + olp?

>
T U

(31)

Evidently, with ~ chosen by (31), the last term in the right-
hand side of (29) remain non-positive and the sum of the first
terms in (29) becomes negative whenever |le|]| > p. We are
therefore in a position to apply the standard results from non-
linear control theory [10][12] to conclude that tracking error
e(t) is uniformly ultimately bounded, i.e. using linear control v
characterized by (18), (23), and (26), the tracking error ||e(t)|]
will be ultimately bounded by p after a finite time duration.

From (18), (23) and (26), the overall linear control can be
expressed in terms of a constant linear feedback control (PD
control) combined with a pre-compensation term

v=K'e+Q (32)
where
K' = BD YK +~BTP-1L)
L = [Ly Li] (33)
and
Q= D! (eo + Loga + L.-i;d) (34)

3. Robustness of Linear Control (32)

It is noted that the control law given by (32) does not
depend on precise knowledge of the manipulator dynamics but
the spectral bounds X, A of H(q) and the number n defined by
(12). As demonstrated in Section II, 2, when X and A are
not precisely known due to either parameter uncertainties or
unknown load, a upper bound of X and a lower bound of
can be used and, under such circumstances, parameters A8
and o used in this section should be replaced by A,, 8. and a.

which are defined by (6'), (10)and (11), respectively.

Another term that should be considered in robustness anal-
ysis of control law (32) is h(q, ). Note that the control param-
eters related to h{q,§) are n,4, Ly and L; given by (12), (13)
and (15). If h(g, ) is numerically too involved, or if h(q,q) is
not precisely known, one may simply take £(g,4) = 0 and 5
then becomes a upper bound of ||k(g,§)||. Consequently, con-
trol law (32) becomes

v=—-K"¢ (32)

where

K*'=pBD"Y(K +~BTP) (33"

Of course, the acquisition of better control robustness de-
mands a larger feedback gain factor v due to larger «, a; and
6 as is seen from (28) and (31).

IV. CONCLUSIONS

A PD-like linear control for robotic manipulators is proposed
based primarily on an eigen-analysis of the inertia matrix of
the manipulator considered. The proposed control law is ro-
bust against model uncertainties since its parameters depend
only on the lower and upper bounds of the spectrum of H(q,q)
and the bound of ||k(g, q)]!.
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