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ABSTRACT

Semidefinite programming (SDP) has recently attracted a great
deal of research interest. Among other things, the optimization
tool was proven to be applicable to design various types of FIR
digital filters. This paper describes an attempt on extending the
SDP approach to 2-D IIR filters. It is shown that a stable 2-D IIR
filter design in the minimax sense can be formulated as an iter-
ative SDP problem. Stability constraints are expressed as linear
matrix inequalities which fit nicely into the SDP-based design set-
ting. Unlike the 1-D case, an alternating iteration scheme is used
to deal with parameter nonlinearity encountered in the separable
denominator polynomials. A design example is presented to illus-
trate the proposed method.

1. INTRODUCTION

Recursive digital filters offer improved selectivity, computation
efficiency and reduced system delay compared to what can be
achieved by nonrecursive digital filters [1]-{5]. Like the 1-D IIR
filters, the major drawbacks of 2-D IIR designs are that linear
phase response can be achieved only approximately and the de-
signs must handle stability problem which does not exist in the
FIR case. Several recent methods formulated 1-D IIR designs as
constrained optimization problems [4], [6]-[9]. In [9], the 1-D
IR design problem was formulated as a semidefinite programming
(SDP) problem. SDP is arelatively new interior-point optimization
methodology that has attracted a great deal of research interest in
the past several years [10][11].

In this paper, we describe a SDP-based method for the design
of stable 2-D IIR filters. The proposed method is applicable to
design recursive 2-D filters that approximate given arbitrary fre-
quency responses. For the sake of notation and description sim-
plicity, however, here we restrict ourselves to the class of filters
with separable denominators, which covers virtually all useful 2-
D filters. An algorithmic feature of the method proposed here that
distinguishes itself from the SDP-based method in {9] is that it
employs an alternating iteration scheme to deal with the parame-
ter nonlinearity encountered in the separable denominator polyno-
mial. Stability constraints are expressed as linear matrix inequal-
ities (LMI’s) which fit nicely into the SDP-based design setting.
The proposed method is illustrated by a design example.
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2. SDP AND STABILITY CONSTRAINTS

2.1. SDP

There are several ways a SDP problem can be formulated. For the
purpose of filter design, the following formulation turns out to be
of convenience:

minimize cTx (la)
subject to Fx)>0 (1b)
F(x) = Fo+ ZmiFi (lc)
i=1
In(l), x = [m 2,]7 is the variable vector, ¢ € R™*1,

F; € R*™" for 0 < i < n are constant matrices with F'; sym-
metric, and F(x) > 0 denotes that the constraint matrix F(x)
is positive semidefinite. Note that the constraint matrix is affine
with respect to x. SDP includes both linear and convex quadratic
programming as special cases. More importantly, many interior-
point methods, which have proven efficient for linear program-
ming, have recently been extended to SDP [10][11]. Efficient and
user-friendly software implementations of various SDP algorithms
are available. In particular, we mention the LMI Control Toolbox,
which works with MATLAB, as an excellent implementation tool
[12].

2.2. Stability Constraints

Consider a separable denominator polynomial of order (r1, r2)

d(z1,22) = f(21)9(22) )

where
flz1) = 20 + fiz? T b f 3)
g(za) = 202 + 9122 - 4 gry 4)

Polynomial d(z;, z2) is said to be stable if d(z1,22) # 0 in the
region {(z1, z2) : |z1| > 1, |z2| > 1}. A 1-D polynomial f(z1)
is said to be stable, if the zeros of f(z1) are in the region {z1 :
jz1] < 1}. Clearly d(21, 22) in (1) is stable if and only if both
f(z1) and g(z2) are stable. Defining the canonical matrices

-fi —f2 o =
1 0
D, = § . )

and
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—g —g2 - —9n
D, = .. : (6)
1 0

then.the zeros of f(z1) and g(z2) are the eigenvalues of D and
Dy, respectively. We say a matrix D is stable if the modulus of its
eigenvalues are strictly less than 1. Hence an irreducible transfer
function b(z1, z2)/ f (21)g(z2) represents a stable IIR 2-D filter if
and only if both Df and Dy are stable. From the well known

Lyapunov theory [13], it follows that D¢ and D, are stable if and
_only if there exist positive definite matrices P and Q such that

P-DIPD; > 0O Q)
and
Q-DJQD, » 0 ®
It can be readily verified that (7) and (8) hold if and only if
P! D f]
- 0 )
[ DY P
and Q' D
g
5% -0 w

respectively. As will be seen in the next section, the LMI con-
straints in (9) and (10) are of convenience to use in an SDP-based
design, because parameter matrices Dy and D4 appear affinely.

3. DESIGN FORMULATION AND ALGORITHM

3.1. Design Formulation
Let the transfer function of a 2-D IIR digital filter be denoted by

b(zl,n) .(11)

H(Zl,ZQ) = d(zl 32)
where nm
b(z1,22) = ZZbisz“iz;"_k (12)
i=0 k=0
d(z1,22) = f(21)9(22) (13)
flz1) = 27~ ”Zfz”" with fo=1 (14
1=0

T2
9(z1) = 7Y gzt withgo=1 (15)

i=0

and r; and 72 are integers with0 < v, < nand 0 < r; < m.
This form of d(z1, z2) is convenient to preserve a certain number
of poles at the origin as it might be beneficial for the design of
several types of digital filters [4]{8]. The frequency response of
the filter can now be written as

b(w,
H{wi,wz) = ﬁ—:ﬁ% (16)
where n .
blanswn) = DD bue™ (1T a7
i=0 k=0

r1 T2
a’(wl,wz) — <Zfie~jml) (Zgie—jiuﬂ) (18)
i=0 i=0

The design problem here is to find a stable H(z1,22) that best
approximates a given 2-D frequency response Hy(wi,w2) in the
minimax sense. Namely, H(z;, z2) solves the following constrained
optimization problem

minimize _rgg.mmrﬂzg e{wr,wa) (19a)
subject to f(z1)#0 for jz1] > 1 (19b)
g(z2) #0 for |z2] > 1 (19¢)

where

e(wr,w2) = W{wi,w2)|H(w1,w2) — Ha(w1,w2)|

and W (w1, ws) > 0 is a weighting function.

3.2. Assumptions and Notation

For the sake of description simplicity we assume that n = m and
r1 = ro = r. With several minor modifications in the notation, the
design algorithm to be described can be applied to the cases where
n # m and r; # r5. The following notation will be adopted in
the rest of the paper:

b = [boo b1o - bnobor -+ bun]”

f=[fifo - f7
g=log gl

c(wr,w2) =
[1 coswr -+ cosnwi cosws -+ cos(nwy + nws)]T
s(wi,ws) =
[0 sinwjy .- sinnw; sinws; e smt(nwl +nw))]T
¢i{w;) = [cosw; - -+ cosrw; ori=

s1{wi) = [sinw; -+ sinrw;]T fori = 1,2

Hy(w;,w2) = Hr(wy,w2) — jHi (w1, wa)

where Hr(w1,w2) and —H;(wy,ws) are the real and imaginary
parts of Ha(w:,ws2), respectively.

3.3. An Iterative SDP Formulation

First, we re-formulate the minimax problem in (19) as

minimize ¢ (20a)
subjectto  e*(wi,wz) < 4 (20b)
f(z1) #0 for |zl > 1 (20¢)
g(ZQ) 75 0 for '22' > 1 (Zod)

where the upper bound § will be treated as an auxiliary design
variable. Next we write the constraint in (20b) as

|b— foHu* <6 21

2
Hor) = [
where for the simplicity of writing the dependence of W, b, f, g,
and Hy on wi, wa have been omitted. Note that the term fgH is
nonlinear in terms of the design variables. This makes it difficult
to convert the problem into a SDP problem because the square of
the term fgH g4 in magnitude is no longer quadratic. A remedy for
this technical difficulty is to use an alternating iteration scheme as
described below.

Suppose an initial bo(21, z2) and a stable pair fo(z1), go(22)
has been chosen. For an integer k > 1, (21) suggests to first solve
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the following constrained problem for b(z1,z2) and a
stable f(z1): '

minimize & (22a)
w2

[fr—11%gk—1]%

fz1) £0  for|z|>1 (220)

subject to b— for_aHa> <6 (22b)

Let the minimizing b(z1, 22) and f(z1) be denoted by bk (21, 22)
and fi(21), respectively. Next one seeks to find a stable g (zz)
and a (new) bi (21, 22) that solves the constrained problem

minimize & (23a)
subject to —Wz—lb ~ fr-19Haf> <8 (23b)
[fie—11? |ge—1]? -
9(z2) #0  for|z| 21 (23c)

The iterations described above are similar in spirit to the Steiglitz-
McBride (SM) scheme which finds applications in system identi-
fication and adaptive filtering [14]. The difference between (22),
(23) and the SM scheme is that the SM scheme iterates a least-
squares objective function while each of (22) and (23) involves an
iterative constraint in a minimax problem.

By straightforward manipulations it can be verified that the
constraint in (22b) can be expressed as a parameterized LMI con-
straint

'I’(J,x,wl,wz) >: 0 (24)
where
6 al az
Q(J, X, wl,wz) = | a1 1 0
az 0 1
with

T T
a1 = X ¢t — Hay, a2 =% si — Hg,

x=[¢]io= (0] o= 3]
f u, Vau
W(wy,w2)

[ -1 {w1)gr-1(w2)|
Cw = wrc{wi,ws), Sy = wWis(wi,ws)
—dk-1€1) + Hi(dk—181 + ex—~1¢1))

Vo = wp[Hr(dk-1851 + ex-1€1) + Hi(drk_1€1 — ex—151)]
Ha, = wi[Hrdr—1 — Hiex_;)

Ha, = wi[-Hrex—1 —Hdk 1)
dk—1 = 1+gk 1€

gk—lsl

W =

Uy = Wk [Hr(ek—lsl

Il

€k—1

Note that matrix ®(4, x,w;,w2) depends on design parameters &
and x affinely, and the stability of fr_1(z) and gx—1(z) obtained
from the (k — 1)th iteration assures a well-defined weighting func-
tion wg.

Concerning the stability constraint in (22c), from Sec. 2.2 it
follows that for a stable fx—1(z) there exists a Px_; > O that
satisfies the Lyapunov equation

Pioy —D}_ Py Dyf_ =1 (25)

where Dy, _, is the canonical matrix (5) with —fx—; in its first
row, and I is the ; x r; identify matrix. From Sec. 2.2, a natural
stability constraint for fix(z) is

Pyl -7 Dy
= - -
Si(x) DI P --1| =0 O

where Dy is defined by (5) and 7 > 0 is a scalar introduced to
contro] the stability margin of fx(2z1). It is observed that Sk (x)
depends on Dy and hence x affinely, therefore (26) is an LML
Also notice that the positive define matrix Pr_1 in (26) is ob-
tained from (25), hence it is “constrained” by Dy, _,. As aresult,
(26) is a sufficient (but not necessary) constraint for the stability
of fr(z1). However, if the sequence of iterates { fx(z)} converges
as the iterations continue, then the matrix sequence {Dy, } will
converge as well. Since the existence of Pr_; > 0in (25)is a
necessary and sufficient condition for the stability of fi_1(21), the
LMI constraint in (26) gets less and less restrictive as the algorithm
proceeds. We consider this a desirable feature of the proposed al-
gorithm.

At the kth iteration the constrained optimization problem in
(22) can now be formulated as

minimize &% (27a)
®(x) O ]
0 Sk(x)

where X is the augmented variable defined by

x=[5]=[g],e= O 270)
0

=0 (27b)

subject to [

and ®,(X) = 0 is a discrete implementation of (24) on a set of
frequencies {(wﬁ",wg'")) for1 <! < L,1<m< M}ina
frequency region of interest:

Bi(%) = diag{® (%, 0{", wf"), -, B(E,wf", i)
(278)
Since both @ (%) and S (x) depend on % affinely, (27) is an SDP
problem as defined in (1).

By a similar analysis, it can be verified that the companion
optimization problem in (23) at the kth iteration can also be for-
mulated as an SDP problem:

minimize &t hY (28a)
[

subject to ] =0 (28b)

¥)

where
1
5 s 0
y:[]:b,é: , (28¢c)
y g .
Lo

and matrices ¥« (§) and Tk (y) are defined in a manner similar to
that of ®x(%) and Si(x), respectively.

3.4. The Algorithm

Given a desired frequency response Ha(w1,ws), a weighting func-
tion W (w1, ws), and filter order (n ), one chooses a palr of con-
venient initial points xo = [b foT 1T yo = [b gl]T where

1-397



fo = go = 0 and by is obtained by designing a 2-D FIR filter
to approximate H,(wy,ws) using a routine design method. Next
one solves the SDP problems in (27) and then (28) for k = 1, and
evaluates ex = ||xx — Xk—1]] + ||yx — Yr—1]|- If €k is less then
a prescribed tolerance e, then the by, gx from y and fi from xx
are deemed as the optimal solution for the design problem. Oth-
erwise the algorithm proceeds by solving (27) and then (28) for
k = 2, etc. The algorithm is illustrated in the next section by a
design example.

4. A DESIGN EXAMPLE

The proposed algorithm was used to design several 2-D IIR fil-
ters, including circular symmetric and diamond-shaped lowpass,
highpass, bandpass, and bandstop filters. As an example, we de-
sign an (n,r) = (12,8) circular symmetric, lowpass IIR filter
with passband edge = 0.5, stopband edge = 0.77, and linear
phase response in the passband with group delay in both direc-
tions being 6 samples. Withn = 12, r = 8, w, = 0.57, w, =
0.7, ¢ = 0.05, 7 = 107!2, W(wi,w2) = 1 in the union
of the passband and stopband regions and W (w1,w2) = 0 else-
where, it took the proposed algorithm 7 iterations to converge to
a solution whose amplitude and phase (in passband) responses
are depicted in Fig. 1. The maximum modulus of the poles of
b(z1, 22)/ f(21)9(22) was 0.8859. The maximum amplitude de-
viation in passband and stopband are 0.0578 and 0.1454, respec-
tively. The proposed method was favorably compared with other-
methods [5] for designing 2-D IIR filters in terms of design effi-
ciency and filter’s performance. The comparison results are omit-
ted here due to space limitation. Finally, we remark that a fairly
low group delay can be achieved by the proposed IIR design com-
pared to that of a linear-phase 2-D FIR filter with comparable ap-
proximation accuracy.
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Figure 1: (a) Amplitude responses, (b) Phse response in passband.
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