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ABSTRACT

The minimum-norm realization (MNR) of a 2-D recursive
digital filter is considered and it is shown that an MNR prob-
lem can be formulated as a quasiconvex optimization prob-
lem in which the largest generalized eigenvalue of certain
matrix pencil is minimized. It is demonstrated that efficient
interior-point convex programming techniques such as Nes-
terov and Nemirovskii’s projective method can be used to
perform the optimization with considerably reduced compu-
tational complexity compared to the existing minimization
techniques.

1. INTRODUCTION

Minimum-norm realizations (MNR) of digital filters have
been known to possess several desirable properties [1][2].
These include the freedom of overflow limit cycles, low pa-
rameter sensitivity, and low roundoff output noise power.
For 1-D recursive digital filters, the (spectral) norm of the
system matrix of a filter’s MNR is equal to the largest mag-
nitude of the filter’s poles and obtaining a MNR of a stable
recursive filter is a rather simple linear algebraic problem
[1]. In the 2-D case, all feasible state-space models, which
have been employed for finite-wordlength-effect (FWE) anal-
ysis to date, are local models. And the effort to establish an
explicit relation of the minimum norm of the system ma-
trix under local state-variable transformations to the sys-
tem’s “poles” is considerably complicated by the fact that
the “poles” of a recursive 2-D filter are no longer isolated
points but composed of continuous and often unbounded al-
gebraic curves [2][3].

In [4], the problem of obtaining a MNR of a given 2-
D recursive filter was formulated as an unconstrained op-
timization problem, and was tackled using quasi-Newton
algorithms [5][6]. A problem with the approach in [4] is
its exceedingly high computational complexity even for 2-
D filters of moderate sizes. In this paper, we describe an
alternative optimization-based method to obtain MNRs for
2-D recursive filters. The problem at hand is formulated as
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a quasiconvex programming problem, which has recently
been intensively studied in the optimization and control-
system communities in the context of convex and semidef-
inite programming [7]-[18], As will be seen in Section 3,
the proposed algorithm requires only a small fraction of the
computations that would be needed by the method of [4].

2. PROBLEM FORMULATION

2.1. Formulate an Eigenvalue Minimization Problem as
a Semidefinite Programming Problem

Semidefinite programming (SDP) is a relatively new opti-
mization methodology, which is primarily concerned with
the problem

minimize ¢l z (1a)
subjectto:  F(z) = 0 (1b)
n
F(zx) :Fo—l—inFi (1c)
i=1

where F; € R™*™ (i = 0, ..., n) are given constant ma-
trices with F; symmetric, and F'(z) > 0 denotes that F'(z)
is positive semidefinite at z. Note that the constraint matrix
F(z) in (1) is affine with respect to z. SDP includes both
linear and quadratic programming as special cases, and it
represents a broad and important class of convex program-
ming problems. More important, many interior-point meth-
ods have recently been generalized to SDP [7]-[13].
Now let us consider the problem of minimizing the largest

eigenvalue of a symmetric matrix S(z), which depends on
parameter vector x affinely. By writing

S(z) =vevT
where V is orthogonal and © = diag{\1, A2, ..., An}
with A7 > Aa > ... > A\, we have
M = 8(z) = Vdiag{\ — A1, A=Az, ..., A=A }VT
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Evidently, A — S(z) remain positive definite as long as A >
A1 = the largest eigenvalue of S{x). Therefore, minimizing
the largest eigenvalue of S(x) can be formulated as

minimize &' & (2a)
subjectto:  F(z) = 0 (2b)
where £ = [\ 2T}, é =[1 0 07, and F(z) =

AI — S(z). Note that F'(Z) is affine w.r.t. £ as S(z) is affine
w.r.t. z. Obviously, the problem in (2) is a SDP problem.

2.2. Formulate the 2-D MNR Problem as a Generalized
Eigenvalue Minimization Problem

For the 2-D case, let ¥ = {A, b, ¢, d} be a Roesser’s
state-space characterization of a given 2-D filter with A €
R(nl-{—nz)x(nl—i—nz)’ be R('n1+n2)x1’ ce RIX(n1+n2) and
deR,theny ={A, b, ¢ d} = {T~1AT, T~ ', ¢T, d}
with nonsingular T = T) @ Tp, T} € R™M*™ Ty €
Rm2xm2 describes the same 2-D filter. A state-space model
Y ={A, b, ¢ d} = {TYAT, T-'b, T, d} is said to be
a MNR of the filter if

minimize ||T1AT|| = ||4]|
T=T@T:

where || - || denotes the spectral norm.

By definition, ||T~1AT||? is equal to the largest eigen-
value of T-YATTT ATT-T, Since the nonzero eigenval-
ues of Y'Z and ZY are identical, ||T~*AT||? is the largest
eigenvalue of P APAT with P = TTT = W Tl o1, 717 .
If X is an eigenvalue of P~1APAT, then there exists col-
umn vector x # 0 such that

P lAPATz = Xz

APATz = \Pz

Thus X is also a generalized eigenvalue of matrix pencil
(APAT, P) [14]. Therefore, one concludes that |7~ 1 AT’||2
is the largest generalized eigenvalue of (APAT, P) with
P = TT7T, and that the problem of finding a MNR of the
2-D filter amounts to solving the minimization problem

L T
n}alr:nTrr%l%e Amaz (P, APA™) 3)

where Apq. (Y, Z) denotes the largest generalized eigen-
value of the pencil \Y — Z. Note that matrix P in (3) is
positive definite, and the two matrices involved there are
affine functions of P. Thus the problem in (3) can be refor-
mulated as

minimize  Apae(P, APAT) (4a)

subject to P=P &P, P,>0, P,>0 (4b)

Obviously, the constraints in (4b) are convex with respect to
parameter matrices Ifl and P;. In addition, for P = P, &
P,>0,P=P &P, >0,and 0 <9 < 1, it can be shown
that [10]

Amaz(6P + (1 — )P, A[GP + (1 — 6)P)AT)
< maX(’\maz(P’ APAT), )\maz(f)a APAT)) )

which means that the objective function in (4a) is quasi-
convex and the minimization problem (4) is a quasiconvex
programming problem [9][10].

3. ALGORITHM IMPLEMENTATION AND
SIMULATION

Presently, there is only a limited number of software pack-
ages available that can be used to solve the quasiconvex
minimization problem as formulated in (4). One of them
is the LMI control Toolbox from MathWorks Inc. [15].
The toolbox works with MATLAB and is aimed primarily
at solving design problems arising from control engineer-
ing by using linear matrix inequality (LMI) techniques [10].
The LMI toolbox includes a command gevp which imple-
ments the projective method proposed in [9] as applied to
the generalized eigenvalue minimization problem.

We now present two numerical examples. The first ex-
ample is a stable recursive 2-D state-space filter of order (2,
2), characterized by

A A, k]
A—[A3 AJ,b-—[bJ,c—[clcQ]

where
1.8890 —0.9122 -1 0
IR i R
A4, — | 00277 —0.0258] , [ 18890 1
3 —0.0258  0.0243 |’ “* T | —0.9122 0
b — 021017 [-0.0289
1= o |"727 | o0.0912
and
1 = [0.2889 —0.0912], ¢; = [-0.2191 0)].

By applying Nesterov-Nemirouski’s projective method to
problem (4), we obtain a MNR of the above system as

A— 41 1‘12 i él ~__Ix =
A= [A3 AJ,b—{bg],c—[q 2]
where

i - {0.9412

= 101257 o09478|° 4= 00813

—0.1601 - —0.0995
—0.0664

0.0813}
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A._ | 01344 —00366] 5 _ [ 0.9413 01258
8= | -0.0366 0.1263|> “* T | —0.1600 0.9477
o [ 01157] 5 _ [1.1369

1= 1 _0.0046 |’ "2~ | 1.5793

and

& = [1.5329 1.2068], & = [0.0413 0.0337).

The norm of the system matrix is reduced from ||A|| =
2.7584,to || A|| = 0.9867. The number of floating-point op-
erations (flops) used is 2353, with 0.66 seconds of CPU time
on a Pentium Pro 200. For the comparison purposes, the
BFGS-based minimization algorithm proposed in [4] was
applied to the same problem, which leads to a MNR with
the same system matrix norm as || A}|. The algorithm of [4]
however requires 2.05 x 10° flops and 3.68 seconds of CPU
time on the same computer. The unweighted mixed Ly /Ly
sensitivity, and Lo sensitivity, which are defined and studied
in [16], and the output roundoff-noise power of the original
system are 2.3179 x 10°, 1.9831 x 107, and 3.2243 x 10°
as compared to 2.6391 x 103, 3.3118 x 10%, and 129.4412
for the MNR system obtained above.

The second example is a stable 2-D system of order (3,
3), characterized by [16]

A= {Al AZ},b: [bl] and ¢ = [e; ¢

As  Ag by
where
[0 1 0
A, = 0 0 1
0.38315 —1.38605 1.90670
[—0.06280 0.06190  0.00654
A, = | —0.02810 0.03956 —0.02248
| 1.24452  —0.57092  2.05865
[ —0.00003 0.00038 —0.00053
As = | —0.00001 0.00018 —0.00026
| —0.00008 0.00023 —0.00017
[0 1 0
Ay = 0 0 1
| 0.38238 —1.38178 1.90253

by = by =100 17
e = [0.01141 —0.00540 0.01956]
ca = [0.01164 — 0.00545 0.01960]

It took the projective algorithm 4364 flops and 1.27 seconds
of CPU time to generate an MNR of the system as

i_[A A [ e
A_[Ag AJ,b—-[bJ and ¢ = [¢; &)

where
} [ 0.6683  0.3025 0.0251
A; = | -0.2674 05781 0.3265
| 0.0850 —0.3000 0.6603
3 [ 0.0088  0.0075  0.0065 ]|
Ay = | -0.0323 —0.0269 —0.0230
| 0.0344  0.0286  0.0243 |
[ 00072 00101 —0.0190]]
Az = | 0.0077 —0.0311 —0.0086
| —0.0065 0.0316  0.0069 |
[ 06419 0.2831 0.1457
Ag = | —0.3424 0.5865 0.2601
| —0.3337 —0.2898 0.6742

by = [0.0051 —0.0181 0.0193]7
by = [1.5886 — 4.4301 4.6081]7
¢ = [4.5415 3.5599 3.1759]

[

¢z = [0.0167 0.0139 0.0119].

The system norm was reduced from || A|| = 3.9560 to || |} =
0.7490. The BGFS based minimization method also works
but requires 16.75 x 10® flops and 13.51 seconds of CPU
time. As well, the unweighted mixed Lj /Lo sensitivity, Lo
sensitivity and the output roundoff-noise power are reduced
from 1.7344 x 104, 2.8990 x 10°, and 72.8485 for the orig-
inal system to 8.7248 x 103, 8.7450 x 103, and 10.8377 for
the MNR system.

4. CONCLUSION

It has been demonstrated that the recently developed interior-
point convex programming algorithms have a positive im-
pact on finding minimum-norm realization of 2-D recursive
digital filters.
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