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ABSTRACT

The design of linear-phase, nonrecursive, two-dimensional
(2-D) digital filters in the minimax sense is considered and
it is shown that such a design problem can be formulated
as a semudefinite programmung (SDP) problem. An SDP-
based algorithm is proposed and is then applied to the de-
sign of several nonseparable 2-D FIR filters, including cir-
cular symmetric and diamond-shaped filters. Experimental
results obtained show that our algorithm compares favor-
ably relative to other existing algorithms in terms of design
efficiency.

1. INTRODUCTION

Semidefinite programming (SDP) is a relatively new opti-
mization methodology that has attracted a great deal of re-
search interest in the past several years [1]-{6]. There are
several ways an SDP problem can be formulated. For the
purpose of filter design, the following formulation turns out
to be of convenience:

minimize c¢’x (1a)

subjectto F(x) = 0 (1b)

F(x) = Fo+ »_=z.F; )
i=1

In(1),x = [z; --+ @,]7 isthe variable vector, c € R"*?,
F;, € R™*" for 0 < ¢ < n are constant matrices with
F,; symmetric, and F(x) > 0 denotes that F(x) is posi-
tive semidefinite. Note that the constraint matrix F(x) is
afine with respect to (w.r.t.) x. SDP includes both linear
programming and convex quadratic programming as spe-
cial cases. More importantly, many interior-point methods,
which have proven efficient for linear programming, have
recently been extended to SDP [5]-[6].

In this paper, we consider the design of linear-phase,
nonrecursive, two-dimensional (2-D) digital filters in the
minimax sense and show that such a design problem can be
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formulated as an SDP problem. It is well-known that min-
imax designs of 2-D FIR filters can be accomplished with
various methods as shown, for example, in [7]-[11]. How-
ever, computer simulations have demonstrated that SDP can
yield the required design with significantly improved com-
putational efficiency.

For the sake of completeness, a brief review of several
key elements of the projective method, which was proposed
in [3][11], is included.

2. PROBLEM FORMULATION

Let the transfer function of a 2-D FIR digital filter be

N1—1Ny—-1

H(z, 2) = Z Z hijz"'27 =2l Hz, (2)

=0 j=0

where N7 and N, are odd integers, z; = [1 2]*

zl_(Nl—l)]T, 7o = (1 2! zg_(N"‘_l)]T, and H €
RN1*Nz_ To derive a compact expression for the transfer
function of a linear phase 2-D FIR filter, we partition H as

. Hy; hip His
H= h2Tl hoo hgs
Hj; hi; Has

where Hyy, Hys, Hap, Hag € R™X"2, hyy, hgy € RM X1,
hyy, hos € Rn2X1, hoo € R, ny = (]Vl - 1)/2, and
ng = (Ny — 1)/2. Now if

H]g = ﬂxpud (H33), H31 = ﬂiplr (H33),

H,; = flipud (fliplr (H33)),

h12 = ﬂipud (h32), and hgl = ﬂlpll‘ (hgs)
where flipud and fliplr represent the operations of fliping
a matrix upside down and from left to right, respectively,
then the filter characterized by H (21, 22) has linear phase

response with group delay (n, T3, nyT3), and the frequency
response of the filter is given by

H(eij, ejwz) — e—j(n1w1+n2w2)c¥'(wl)HcZ(w?)
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where ¢;(w;) = [1 cosw; cosnw;] T fori =1, 2,

and . LT
_ 22 2hg;
H= [2h32 4H33}

Consequently, the minimax design of a linear-phase 2-D
FIR filter is the solution of the optimization problem

minimize[maximize e{w;, wz, H)] 3
H (w1, w2)EQ

where
e(wr. wa, H) = W(w1, wa)le] (w1 )Heg(wp)~Ha(wy, wo)]

) denotes the frequency region of interest, W (w;, wz) >0
is a weighting function over region (Q, and H(w;, we) is
the desired amplitude response.
Evidently, the optimization problem in (3) is equivalent
to
minimize o6 (4a)
subjectto  e(wr, wa, H) < & for (wy, wz) € 2 (4b)

Furthermore, the constraint in (4b) can be expressed as
§ —e(w, we, H) >0 (5)
for (w1, wa) € §. The inequality in (5) implies that
§>0 for (w1, wa) € Q (6)

It is known from linear algebra that the inequalities in (5)
and (6) hold if and only if

Awy, w2) =0 for (w1, w2) € Q (7a)
where
_ 6 e(wl, wz,H)
A(wla “-’2) = e(wl, OJQ,H) 1 (7b)

It is important to note that matrix A(ws, we) in (7b) is gffine
w.r.t. design matrix H and the scalar auxiliary variable §. A
discretized version of the positive semidefinite condition in
(7) is given by

D(x) = diag{A(wgl), wél)), e A(w%M), wéM))} =0

®)
where the set {(w%’), wgl)), 1 < i < M} forms a suffi-
ciently dense grid in region Q, and x = [, z3 --- )7 is
vector of dimension 1 + (n; + 1)(na + 1) where z; = 6
and x4, 3 - - - are the entries of H. Taking the above anal-
ysis into account, a discretized version of the optimization
problem in (4) can be formulated as

minimize c¢’x (9a)

subjectto D(x) > 0 (9b)

wherec = (1 0 --- 0]7 and D(x) is defined by (8) and
(7b). Since matrix D(x) in (9b) is affine w.r.t. x, (9) is an
SDP problem.

3. PROJECTIVE METHOD FOR SDP

In this section, we give a brief review of the projective method
proposed in [3][11], which has proven effective for SDP
problems. To this end we define the set of all positive semidef-
inite matrices of size n X n by X and define the set of all
positive definite matrices of size n x n by S. A set C is said
to be a coneif x € C implies ax € C forall & > 0. A setC
is said to be a cozver coneif C is a cone and is convex. Evi-
dently, both X and S are convex cones and S can be viewed
as the interior of K. Given a positive definite matrix P, an
inner product can be introduced in S as

<X,Y >p=tu (PXPY) (10)
which induces the norm
IX||p = [r (PXPX)]'/?

Note that if P is the identity matrix, then the above norm is
reduced to the Frobenius norm

IXilr = (0X*)'2 = |[X]|pro

An important concept involved in the development of
the projective method is the Dikin ellipsoid [1] which is de-
fined, for a fixed positive definite X, as the set

DX) = {Y :||Y - X||x-1 <1} (11)

It can be shown that the Dikin ellipsoid can be characterized
as

D(X) = {Y: [[X3YX " —1||p,, < 1}

and that for a positive definite X, D(X) is always contained
in cone 8. Therefore, D(X) provides a region around X in
which a search for a better point can be carried but without
losing positive definiteness.

With the inner product defined in (10), one can consider
the orthogonal projection of a positive definite X in S onto
a subspace £. In the context of SDP, £ is the range of the
linear map F associated with the LMI constraint in 1(c),
ie.,

Fx=)Y aF; (12)

i=1

and subset £ is characterized by
E={Y:Y=Fx,xeR"} (13)

The orthogonal projection of a given positive definite X
onto subspace £ with respect to the metric <,>p can be
defined as the unique solution of the least-squares problem

minimize }|'Y — X||p = minimize ||Fx — X]|
Ye& x€R?
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If we denote this orthogonal projection by X*, then X+
can be characterized by the optimality condition

<Xt-X,Y>p=0 forYeé& (14)
which is equivalent to

<PX'"~X)P,Y >po=0 forYec€& (15)

Like any interior-point optimization method, the projec-
tive method starts at a sw2cty feasible initial point xg in the
sense that matrix F(xp) in (1) is positive definite. For the
sake of simplicity, we assume that the SDP problem at hand
does have a strictly feasible initial point and that the linear
objective function in (1a) has a finite lower bound.

As a preliminary step of the projective method, the prob-
lem in (1) is reformulated as the Zomogeneous problem

~T ~
minimize f(x) = ST—’f (162)
subjectto: Fx > 0 (16b)
dTx #0 (16c)

where

. ixl = | Fx+Fy 0] . fc| 5_ (0

[ e[ oo [ =[]
The projective method can now be described in terms of the
following algorithm.

Projective Algorithm for the SDP Problem in (16)

Step1 Input a strictly feasible initial point X and
tolerance € and compute Xy = FXq.
Set x§ = Xp, and evaluate the objective func-
tion at xjj as f§.
Compute the orthogonal projection X;c'L =
F%y of Xy, onto £ w.rt. metric < -, - > Xt
and check its positive definiteness.
If X} » 0, go to Step 3; otherwise, set f; =
fi_1, Y =X} — Xy, and go to Step 4.
Reduce f(x) in (16a) until |X; —
X;:(f)“xl;—l > 0.99 subject to X; (f) = 0,
where X[ (f) denotes the orthogo-
nal projection of X onto subspace
Ef) ={X=Fx: (8- fd)%x = 0}
Denote the resulting point by xj and
fi = f(x}), and set Y, = X (f) — X
If f;_1 — fi < e, then stop and output x}, as
the solution; otherwise generate X, using

Step 2

Step 3

Step 4

Xt = X = XP X

where v is selected such that X}, > 0
and det(X;},) > B det(X};") for some fixed
8> 1

Repeat from Step 2.

4. ALGORITHM IMPLEMENTATION AND
DESIGN EXAMPLES

Presently, there is only a limited number of software pack-
ages available that can be used to solve the SDP problem
as formulated in (9). One of them is the LMI Control Tool-
box from MathWorks Inc. [12]. The toolbox works with
MATLAB and is aimed primarily at solving design prob-
lems arising in control engineering by using linear matrix
inequality (LMI) techniques [4]. The LMI toolbox includes
a command named mincx which implements the projective
method described in Section 3, and can be used to minimize
a linear objective function subject to LMI constraints. Evi-
dently, this command is directly applicable to the minimiza-
tion problem in (9).

The proposed SDP-based algorithm was used to design
several nonseparable 2-D FIR digital filters, including circu-
lar symmetric and diamond-shaped lowpass, highpass, band-
pass, and bandstop filters. As examples, Fig. 1 depicts the
amplitude response of a 25 x 25 linear-phase, circular sym-
metric, lowpass FIR filter with w, = 0.4257, w, = 0.575,
and maximum ripple in both passband and stopband of 0.145.
The number of flops required by the algorithm was 299K.
Fig. 2 illustrates the amplitude response of a 29 x 29 linear-
phase, diamond-shaped lowpass FIR filter with w, = 0.8,
w, = m, and maximum ripple in both passband and stop-
band of 0.0056. The number of flops used in this case was
461K.

The proposed method was compared with one of the ex-
isting methods for minimax design of 2-D linear-phase FIR
digital filters, namely, the method described in [10]. Both
methods were applied to design several circular symmet-
ric and diamond-shaped lowpass filters. The design results
are shown in Tables 1 and 2 for the circular symmetric and
diamond-shaped filters, respectively. It is observed from the
tables that the proposed method achieve the designs with
considerably reduced computational complexity.

Table 1: Comparisons of the proposed method with the
method in [10]: Circularly symmetric lowpass filters

Maximum | Kflops required | Kflops required
N ripple by the by the
proposed method | method in [10]
5 0.3138 198 1,567
9 0.1629 204 3,117
13 0.0841 223 5,901
17| 0.0474 229 8,664
21 0.0249 234 12,074
25 0.0145 299 18,195
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