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ABSTRACT

An improved wavelet-packet-division multiple access
(WPDMA) system is presented. In a WPDMA environ-
ment, each message signal is waveform coded onto a wavelet
function to enhance the immunity of the system against in-
terference. We propose a wavelet design method based on
numerical optimization to mitigate the effects of asynchro-
nism in the system. In brief, the algorithm consists of two
parts: (a) identification of the feasible region, and (b) use
of a quasi-Newton search algorithm to find the minimizer.
By employing this technique, we found the optimal wavelet
function which minimizes the interference due to timing er-
rors. The advantages of the proposed WPDMA design al-
gorithm with respect to a previously reported procedure are
discussed.

I. INTRODUCTION

Wavelet-packet-division multiple access (WPDMA) is a pro-
mising new technique which provides an alternative to well
known schemes such as time-division (TDMA) and frequen-
cy-division (FDMA) multiple access. A key to all multiple
access methods is that various message signals (or users)
share a common channel without creating unmanageable in-
terference at the receiver end.

To provide better immunity against interference, wave-
form coding is usually employed in digital communication
systems. The interference can be effectively reduced by
maximizing the distance or, equivalently, by minimizing the
crosscorrelation betweeen message waveforms. In wave-
form coding, the message data is transformed into a mes-
sage waveform in order to make the crosscorrelation as smail
as possible. Orthogonal signaling is a waveform coding
technique which ensures zero crosscorrelation between mes-
sage waveforms. Two primary types of orthogonality sig-
naling are widely used: FDMA and TDMA where the mes-
sage waveforms are orthogonal in frequency and time re-
spectively. However, orthogonality is not limited to either
the frequency or the time domain. One can have a dual sit-
uation in which mutual orthogonality is given by different
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orthogonal subspaces, and self-orthogonality is achieved by
translation in time. Wavelets provide this kind of orthogo-
nality by allowing orthogonal message waveforms to over-
lap in the time and frequency domain [1]. Furthermore, the
overlapping nature of the WPDMA system yields a capacity
improvement over other multiple access techniques [2].

In this paper, we closely follow the WPDMA scheme
introduced by Wong {2]. The issue of synchronization is
critical in the design of any communications network. Since
synchronization between the transmitter and the receiver is
not always possible, the system may be subjected to de-
tection errors. To decrease the interference caused by the
timing discrepancies, an optimum wavelet design procedure
method was proposed in [2]. In this work, we implement an
alternative optimization technique to minimize the interfer-
ence in a WPDMA system. Our approach results in fur-
ther interference reduction relative to that reported in [2],
and consequently leads to an improvement in bit error rate
(BER) performance. :

II. SYSTEM MODEL

An L-level WPDMA system can be represented by the wavelet
transform tree [1] as follows:

level (1)

position (m)

Figure 1: WPDMA tree structure

In the above diagram, the branches of the tree corre-



spond to lowpass h and highpass g filtering followed by
downsampling. Also, each node (I,m) of the tree repre-
sents a wavelet packet subspace W, whose basis is given
by the wavelet packet scaling functions:

{pim(t —nT)}nez - 1)

This tree structure yields the following relationships between
the basis functions at different levels:

$re1am-1(t) = D_hlnlgim(t —nT)  (22)

Gri1am(t) =Y glnlgun(t —nT)  (2b)

Furthermore, one can express a wavelet terminal function
¢im in terms of the wavelet root function ¢, as

Gim(t) =D fim[Kldor (t — kTo) 3)

where fi,[n] is the equivalent filter generated from the com-
binations of h[n], g[n] and downsampling which lead from
the root to the (I, m) terminal.

In a WPDMA environment, each message signal or bit
sequence {bym[n]}nez, where by, [n] € {—1,+1}, is map-
ped onto the wavelet basis described by (1) according to the
rule: “1”— ¢y, and “—1"— —@yy,,. This waveform cod-
ing technique constitutes an orthogonal antipodal signaling
system. The above system has some interesting properties
that should be emphasized. First, the duration of the bit in-
terval at level [, denoted by T}, varies as we move vertically
along the tree structure. In fact, we have that T, = 27;_,.
Secondly, the number of bases or subspaces W;,,, required
depends on the number of message signals to be sent. More-
over, it is desirable to map each sequence of bits, namely,
{bu[n]}nez, {bi2[n]}rez, - .., onto subspaces located on
the same level in the tree, namely, W;;, Wi, . . ., since these
spaces are mutually orthogonal [1].

Next, the transmitted signal can be written as

sW)= S S bimlnldim(t - nTy)

lEL,mEM n

4

where (I € L,m € M) indicates the different bases utilized
during the transmission. A quick inspection of (4) reveals
the inherent self- and mutual orthogonality of a WPDMA

scheme. That is, (a) different bits b[n] are orthogonalized by .

shifting ¢(t —nT') in time, and (b) different message signals
bim are orthogonalized by using different orthogonal bases
¢lm~ .

An alternative expression for the transmitted signal can
be easily obtained by substituting (3) into (4):

' s(t) =Y _ boa[n]gor (t — nTo) O)
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where bo: [k] is the equivalent sequence at the root of the

tree
Y fumlk — 2nlbiln].

leLymeM n

bor [k] = (6)

It is worth noting that the above expressions for the trans-
mitted signal reflect two modes of operation of the WPDMA
system. In (4), each user is assigned a different ¢y, (t) to
carry the message signal in a FDMA-like fashion. Alterna-
tively, equation (5) emulates a TDMA operation in which
only ¢g; (t) is employed to carry the time-multiplexed data
from different users. Indeed, a WPDMA system can be
viewed as a hybrid form of FDMA and TDMA, enriched
with overlapping time and frequency slots.

For the system under consideration, the optimal receiver
in an AWGN channel consists of a synchronous correlator
followed by a sampler [3]. However, perfect synchroniza-
tion is not always possible. As a result the system may be
subjected to errors, that is, interference caused by timing
discrepancies between the transmitter and the receiver. Let
us denote the timing discrepancy by A, and the transmitted
signal by (5). Then, in the absence of noise, the output of
the correlator at the receiver is given by

boa[n] = > bor[k]Ro(KTo — nTh + A) (7)
k

where Ry(7) = [ ¢(t)d(t — r)dt is the autocorrelation
function of the root wavelet ¢, (t). After some mathemat-
ical manipulations [2], the interference term in (7) can be
isolated and expressed as

Inn[n] = A " (bar[n + k] — bor[n — KR}, (kTo) . (8)
k

If the message bits are independent, then the energy of the
interference is directly proportional to the function

) 2
F=)"|Ry(nTo)|". 9)
In the next section, we develop an optimization method to
minimize F in (9).

III. OPTIMAL WAVELET DESIGN

Our goal is to find a wavelet scaling function ¢q; or, equiv-
alently, a wavelet filter h such that the function F' in (9) is
minimized.

Let us begin by demonstrating some important results,
The Z-transform of a wavelet filter A of length N can be

written as
1+ 1\*
+z ) B(2)

2

H(z) = ( (10)



where L is the number of vanishing moments (or zeros at
w = ) of the filter h, and B(z) is a Kth-order polynomial
inz7!,

In addition, we are concerned with an orthogonal wavelet
filter, i.e.,

R 2. 2
'h(w)‘ +|h(w+7r)‘ = 2, Yw an
where h represents the Fourier Transform of A. It can be
shown [4] that the orthogonality condition in (11) holds if

and only if:

Ab=m (12)
where A € R™3 *(K+1) i5 determined by the term (ﬁg;l)

in (10), b € RE*! is related to the polynomial B(z), and
m = [0---01]7 € R"S". In other words, the solution
of the linear system (12) will lead to an orthogonal filter
h. One can see that if the number of vanishing moments L
need not be maximum, then system (12) becomes underde-
termined. In fact, the number of degrees of freedom is:

_K-L+1 N-2L
- 2 -2

Therefore, the solution of (12) can be parametrized as

13)

b =bo + V,0 (14)

where byg is the last column of the Moore-Penrose pseudo
inverse of A, V, consists of the last 17 columns of V where
A = USVT denotes the singular value decomposition of
A, and 8 € R" is a free parameter vector. If n = 0 (L
is maximum) then b = by and h reduces to the known
Daubechies filter [1]. The dimensionality or degrees of free-
dom of the parameter # will be exploited in the search of the
optimal h.

We can now proceed to formulate an optimization prob-
lem as follows:

minimize F =Y | R}y (nTo)|’ (15)
~ 2 R 2
’h(w)‘ + ih(w +7r)‘ = 2, Yw
subject to =2, (16)

h(0)
h has 7 degrees of freedom.

The constraints in (16) can be categorized into two groups.
Constraints (a)-(b) guarantee that the wavelet filter h is or-
thogonal and normalized respectively. Constraint (c) sets
the number of degrees of freedom 1 which is directly re-
lated to the number of vanishing moments L via equation
(13). Finally, it should be emphasized that the objective
function in (15) is nonlinear and computationally complex.

L
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The design of a WPDMA system by optimization can be
implemented in the following steps:

1. Set the filter length N and choose the number of van-
ishing moments L between 1 and % This fixes the
number of degrees of freedom 7.

Determine the feasible region given by the constraints
(16). The geometry of the region will change with 7.

. Apply the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
search algorithm [5] over the feasible region to find
the minimizer A* of (15). A good initial point is also
required to obtain the global minimum.

Derive the optimal wavelet scaling function ¢§; from
the optimal wavelet filter A* through elementary wave-
let theory [1].

2.

4.

In this algorithm we have decoupled the constraints from
the objective function. This ensures that the filter will be
perfectly orthogonal. Orthogonality is a necessary condi-
tion in order to have exact wavelet packet reconstruction
and decomposition at the transmitter and receiver ends of
the WPDMA system respectively. By contrast, in the ap-
proach proposed in [2], the constraints are incorporated into
the objective function via Lagrange multipliers. Thus, per-
fect orthogonality might not be possible in this case.

IV. RESULTS

The performance of the proposed design method was com-
pared with that of Wong’s [2]. We set the length of the
wavelet filter h to be N = 14. As a result, the number
of vanishing moments L could vary in the range [1, 7] or,
equivalently, the number of degrees of freedom » could be
up to 6. We tested our algorithm for n = 1, 2, 3, 4, and
5. The case n = 0 corresponds to the Daubechies wavelet
filter which was also included for reference.

The interference performance is gathered in Fig. 2. It
is apparent from the graph that the proposed algorithm pro-
duced significantly better results than that of [2]. The min-
imizer was found by applying our design algorithm with
n = 3. Thus, the optimal wavelet filter has 4 vanishing
moments. Most notably, the reduction in interference rela-
tive to [2] is almost 50%, and close to 70% with respect to
the Daubechies filter.

The behaviour of the optimal filter is displayed in Fig.
3. First, the frequency response of the filter reflects a trans-
fer of energy from the passband to the stopband. Secondly,
the orthogonality of the filter given by (11) is analyzed. It is
clear from the graph that the orthogonality equation is sat-
isfied within 1078. This discrepancy coincides with that of
the Daubechies filter. However, the filter in [2] shows a dis-
crepancy of 6 x 1079, i.e., one order of magnitude larger.
These findings confirm that the proposed method provides
also a “more” orthogonal wavelet filter.



V. CONCLUSION -

We have developed a design method to mitigate the interfer-
ence caused by asynchronism in a WPDMA system. Using
numerical optimization techniques, we have found the op-
timal wavelet function which minimizes the above interfer-
ence. The performance of the optimal wavelet filter in terms
of interference reduction is superior to that of a previously
reported filter. Finally, the proposed algorithm ensures per-
fect orthogonality of the wavelet filter which is needed for
an accurate wavelet reconstruction and decomposition in the
system.
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Figure 2: Interference comparison. Wavelets filters plotted
from left to right are: Daubechies(14), Wong’s [2], and the
filters obtained using the proposed design algorithm for =
2, 3 (optimal), 4, and 5.
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Figure 3: Frequency response and orthogonality compari-
son. Wavelet filters displayed are: Daubechies(14), Wong’s
[2], and the optimal one.’



