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Abstract— A new optimization criterion for the de-
sign of a time-domain equalizer in asymmetric digital sub-
scriber line systems is studied. It is shown that the new
criterion maximizes the signal-to-noise ratio regardless of
the profile of bandwidth occupancy. Based on the fact
that the solution of the optimization problem is unique,
two adaptation algorithms are developed in the time and
frequency domains, respectively. The computational com-
plexities of these two algorithms are comparable to that
of the conventional least-mean-square algorithm. Simu-
lation results show that the two algorithms converge at
a satisfactory speed but the frequency-domain algorithm
offers a slightly faster convergence and a smaller excess
mean-square error.

I. INTRODUCTION

Discrete multitone (DMT) was selected as the standard
line-coding method for asymmetric digital subscriber line
(ADSL) systems [1]. For a DMT-based ADSL transceiver
over a highly dispersive channel such as a typical tele-
phone line, the major signal impairments are intersymbol
interference (ISI) and inter-carrier interference (ICI) [2].
These impairments can be avoided by appending a cyclic
prefix whose duration is the same as that of the chan-
nel impulse response (CIR) to each symbol. Since the
CIR duration of a typical telephone line is comparable
to the symbol length that is allowed by the permissible
transmission delay, the channel efficiency would be signif-
icantly degraded by adding such a long cyclic prefix. To
avoid this problem, a time-domain equalizer (TEQ) is of-
ten employed to shorten the CIR such that a cyclic prefix
of much reduced duration can be used [2].

The most popular criterion for designing a TEQ is the
mean-square error (MSE), which was originally proposed
in [3] for systems where the entire bandwidth is occu-
pied by transmitted signals and is now widely applied to
ADSL systems [4][5]{6]. One of the important advantages
of this criterion is that it allows a simple adaptive im-
plementation [4]-[6]. However, in many ADSL systems
only a portion of the Nyquist bandwidth is used and, for
such systems, the MSE criterion does not maximize the
signal-to-noise ratio (SNR). To overcome this problem, we
propose a new criterion that maximizes the SNR regard-
less of bandwidth occupancy. The corresponding TEQ
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can be obtained by minimizing the MSE subject to the
constraint that the norm of the target impulse response
(TIR) at the occupied frequency bands be a constant.
To compute the coefficients of the proposed TEQ, the
CIR is assumed to be known. However, in practice the
CIR is often unknown to the receiver and, more impor-
tantly, it may vary slowly. Hence, an adaptive imple-
mentation of the proposed TEQ, which does not require
knowledge of the CIR, is desirable. In this paper, we study
the adaptive implementation of the proposed TEQ. Note
that the conventional least-mean-square (LMS) algorithm
does not apply to the proposed TEQ owing to the non-
linear constraint added in the optimization problem al-
though it is applicable to the MSE-based TEQ. Based on
the fact that the constrained optimization problem has
a unique global minimum, we first propose a steepest-

“descent algorithm for computing the coefficients of the

new TEQ. The convergence of the algorithm is guaran-
teed for an appropriately selected step size. Based on the
steepest-descent algorithm, we then develop a stochastic
gradient algorithm in the time domain for TEQ adapta-
tion. To avoid the slow convergence and large excess MSE
of the time domain implementation, we further develop a
frequency-domain adaptation algorithm. This algorithm
fully utilizes the fast Fourier transform (FFT) and in-
verse FFT computing resources in an ADSL modem and,
as a result, offers a computational complexity comparable
to that of an adaptive implementation of the MSE-based
TEQ [5]. Simulations are carried out to compare the con-
vergence of both the time-domain and frequency-domain
algorithms.

II. A New TEQ

The objective of the TEQ, whose block diagram is il-
lustrated in Fig. 1, is to shorten the CIR such that the
equalized CIR is equal to a TIR of length v or less, where
v — 1 is the length of the cyclic prefix. If this objec-
tive is achieved, there will be no ISI and ICI. In practice,
however, this objective cannot in general be achieved by
a TEQ of short length and residual ICI and ISI exist. A
popular criterion for the design of a TEQ is the MSE crite-
rion. The corresponding solution is a pair of w and b that
minimizes the MSE, EleZ], under the constraint that ||bl|
be a constant. Evidently, if the signal spectrum is flat over



the entire Nyquist bandwidth, the MSE criterion leads to
the maximum SNR. However, in ADSL systems often the
lower portion of the spectrum is reserved for other sevices
and portions of the bandwidth are not usable due to chan-
nel nulls. As a result, an ADSL transceiver usually does
not occupy the entire bandwidth. In this case, the MSE
criterion does not maximize the SNR. In the light of this,
we propose a new TEQ that maximizes the SNR
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regardless of the profile of baﬁdwidth occupancy.
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Fig. 1. Block diagram of the TEQ.

Let us assume that the TEQ is of length [ and that the
decision delay is A. From Fig. 1, we have

ey = WTy;c - bTxAJc (2)

where XAk = [Tk—A Tk-1-a - Tk—i—1-a)7 and yx =
¥k Ye—1 -+ Ye—v—1]T. It follows that

Ele}] = wTRy,w + bTR;;b — 2T R,y AW (3)

where Ry, = Elxarxaxl’, Ryy = E[yry?], and
Raya = E[xA,ky{]. Since the number of subchannels
is large relative to the number of taps in the TIR, we
can assume that the amplitude response of the TIR is flat
within each subchannel. Consequently, with the fact that
the signal spectrum tends to be flat [7], the signal energy
at the output of the TEQ can be expressed as

Elzi] = o7y lbif? (4)

i€l

where o2 is the signal spectrum density, b; is the ith N-
point FFT of b, N is the symbol length, and I is the index
set for the occupied subchannels. Let Q be the N-point
FFT matrix with

1 27x(m —1)(n —1)
Im,n = "/_NGXP N
Eq. (4) can be rewritten as
E[2}] = o2b"Bb (5)
where
B =Q/LQ, (6)

Q. is an N x v matrix consisting of the (A + 1)th to the
(A + v)th columns of Q, and I; is an N x N diagonal
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‘matrix with the ith diagonal entry equal to 1 ifi € I or 0
otherwise. Hence, maximizing the SNR is equivalent to

F.=cTAc (7
cTBe=1 (8)

minimize
subject to

where ¢ = [w” bT|T, Bis a (v +1) x (v + ) matrix with
B as its lower right block and zeros elsewhere, and

— Ryu —R’:{y,A
A= _Ra:y,A Rzz (9)

Using the Lagrange multipliers [8], the optimization prob-
lem given in (7) and (8) can be transformed into

minimize L(c,a) = cTAc — a(cTBc — 1) (10)

The gradient and the Hessian of the Langrange function
L(c, ) with respect to ¢ can then be found as

Vel(c,a) = 2(A — aB)c (11)
viL(c,a) = 2(A - af’:) (12)

Solving cL(c,a) = 0 and (8) for ¢, we have
a=cTAc (13)

It follows that only those ¢ that are the eigenvectors of
the matrix pencil A - aB are the stationary points of
function L(c,a). Denote the eigenvector associated with
the smallest eigenvalue a,;, of the matrix pencil by c*.
From (12), it can be shown that the Hessian is positive
semidefinite only at ¢*. Furthermore, it can be verified
that

dT Vz L(C, a) Ic:c" d=90

if and only if d and ¢* have the same direction. Hence,
the optimization problem has a unique global minimizer.

III. ADAPTIVE IMPLEMENTATION
A. A Steepest-Descent Algorithm

The uniqueness of the solution to the optimization
problem given by (7) and (8) suggests that a steepest-
descent method can be used to compute the coefficients
of the TEQ. At the kth iteration, cg41 can be computed
as

k1 = ok — pu(A — oxB)ck (14)
Cr+1
Ck41 < cT—ﬁ_;:-_ (15)
k+12Ck+1
where
ar = cfAcy (16)

A sufficient condition for the convergence of the above
steepest-descent algorithm is given in Proposition 1 below.



Proposition 1: For an arbitrary starting point, the it-
erative procedure given by (14) and (15) converges to c*
if

2
Amax(A — C’minﬁ)

u< 17

where Apax stands for the maximum eigenvalue and @,
is the minimum eigenvalue of the matrix pencil A — aB.

Proof: Note that ay is the output noise-to-signal ratio
corresponding to c¢i. Hence, in order to prove the propo-
sition, we need only to show the convergence of a;. From
(14), (15), and (16), we have

T

ap + ————— 18
¢ b{+1Bbk+1 ( )

Ag4+1 =

where
Ty, = pbj (A — axB)[u(A - aB) — 2I}(A — aB)by, (19)

It follows that if (17) is satisfied, matrix u(A — oB) ~ 21
will be negative definite. Consequently, we have

T <0 (20)

Since the denominator of the second term at the right-
hand side of (18) is always positive, we have

a1 —ap <0 ‘ (21)

where the equality holds only if (A — a;B)bx =0, ie., b
is a stationary point of the optimization problem. How-
ever, at stationary points other than the minimizer, the
algorithm will not stop due to the rounding errors. This
proves the proposition. n

In practice, however, the gradient is unknown. In the
rest of the section, two stochastic gradient methods for
the adaptation of the TEQ will be developed in the time
and frequency domains, respectively.

B. A Time-Domain Adaptation Algorithm

In the steepest-descent method given by (14) and (15),
the unknown matrix A can be approximated instanta-
neously as

A= (yi xa4)7[vE xa (22)

In doing so, we obtain a stochastic gradient method in the
time domain. From (3), (14), (15), and (22), at the kth
iteration, we compute

brr1 = b + perxar + ﬂeiBbk (23)
Wiyl = Wk — pery (24)
t= b{+1Bbk+l (25)

b
by — (26)
W1 w—?i (27)
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Since a3 is updated through a nolinear recursion, the
necessary and sufficient condition for the convergence of
the algorithm with respect to the step size p is difficult
to obtain. However, the convergence of the algorithm in
the neighbourhood of ¢* can be obtained by letting oy =
Omin- In addition, the condition stated in (17) was found
useful as a guideline for the selection of u.

C. A Frequency-Domain Adaptation Algorithm

Since an ADSL modem has on-board FFT and IFFT
computing resources, an efficient frequency-domain adap-
tation algorithm can also be derived as an alternative to
the time-domain adaptation algorithm. Furthermore, a
frequency-domain adaptation enjoys a faster convergence
and yields a smaller excess MSE due to its block process-
ing mechanism.

Let &, b, and W denote the N-point FFT of
ler ex—1 ex-n+1]7, [01,a BT 0y n—y_alT, and
[wT 0, y—r]7T, respectively, where 0, , stands for a zero
matrix of size m x n. In the frequency domian, the opti-
mization problem can be formulated as

]T

E(&{&] (28)
bAIsb =1 - (29)

minimize

subject to

where I; is an N x N diagonal matrix with its ith diag-
onal entry equal to 1 if the ith subchanel is occupied or
0 otherwise. Since during the training period, a pseudo-
random sequence of length NV is transmitted periodically,
we have

&, =Y,w—-Xib . (30)
where Y, = diag(¥«], X, = diag(Xg], ¥r =
Wk Yk—1 - Yk—N+1)7, and Xg = [Tk Th—1 - Th—N+41)

. Let
~ YHY, -YEX,
A_E{[ -X{Ye X{Xy e

Denoting & as [W¥ b¥}¥ | the optimization problem given
in (28) and (29) can then be rewritten as

efAe (32)
b PHL,P,b=1 (33)

minimize
subject to

where P, = Q,QH. Following similiar steps as those
in the time-domain development, we obtain a stochastic
algorithm in the frequency domain, in which the kth iter-
ation consists of computing

bry1 = by + pP,(XHe + &felby) (34)

W1 = w—pPYHg (35)
t = bI;b; (36)

- b

b1 < Ltﬂ- (37)

Wil ¢ Y‘%ﬂ (38)



wheré P; = QQF and Q; is an N x [ matrix consisting of
the first Ith columns of Q. Note that the two projection
operations P, and P; can be efficiently computed by using
the FFT and IFFT.

IV. SIMULATION RESULTS

Extensive simulations have been carried out to exam-
ine the performance of the proposed adaptation algo-
rithm. As an example, we considered ANSI recommended
carrier-serving area loop 1 [1]. The sampling frequency
was 1024 kHz and the length of the IFFT was 256 sam-
ples. The SNR at the input of the receiver was assummed
to be 30 dB. The ideal SNR at the output of the TEQ
was found to be 24.47 dB. In Figs. 2 and 3, ensemble-
averaged learning curves of the proposed time-domain and
frequencey-domain adaptation algorithms are illustrated,
respectively, in terms of the SNR. . Same step size was used
for the two algorithms. It can be observed from the fig-
ures that an SNR of about 21 dB is achieved after about
3500 and 2000 iterations by the time-domain algorithm
and the frequency-domain algorithm, respectively. For
the time-domain algorithm, the SNR converges to about
22.5 dB after 5000 iterations. On the other hand, the
in the frequency-domain algorithm, the SNR converges
to about 23 dB after about 4000 iterations. Considering
that 5000 iterations correspond to only 20 symbols, the
convergence speeds of the two algorithm can be regarded
as satisfactory in practice. As expected, the results also
show that the frequency-domain algorithm has a faster
convergence and yields a smaller excess MSE.
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Fig. 2. Learning curve of the proposed time-domain adaptation
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Fig. 3. Learning curve of the proposed frequency-domain adapta-
tion algorithm.
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V. ConcLUsIONS AND FUTURE WORK

A new criterion for the design of a TEQ for ADSL sys-
tems has been studied. It has been shown that the new
criterion leads to a maximum SNR regardless of the pro-
file of bandwidth occupancy. Moreover, it has been shown
that the solution to the optimization problem based on
the new criterion is unique. This fact allowed us to de-
velop two stochastic gradient algorithms for the adaptive
implementation of the new TEQ. Simulation results have
demonstrated that two algorithms converge at a satisfac-
tory speed but the frequency-domain algorithm offers a
faster convergence and yields a smaller excess MSE.

A sufficient condition for the convergence of the algo-
rithms with respect to the step size has been derived for
the case where the gradient estimation is not affected by
noise. The convergence of the algorithms for more real-
sitic situations where the gradient estimation is affected
by noise is currently under investigation.
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