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ABSTRACT

The key element of Mastorakis’ approach is the well-known

theorem of Rouché: Suppose f(z) and d(z) are analytic in
domain D and on its simple closed boundary 8D, and sup-
pose that |d(z)| < |f(2)| on dD. Then f(z) and f(z)+ d(z)
have the same number of zeros in D. By taking the nomi-
nal and perturbed denominator polynomials of a stable dis-
crete-time transfer function as f(z) and f(z) + d(z), respec-
tively, and taking the unit disk as D, Rouché’s theorem
is directly connected to a stability-robustness study. This
paper proposes an enhanced complex-variable approach ini-
tiated by Mastorakis to derive several improved bounds for
stable coefficient perturbations of a nominal Schur polyno-
mial.

1. INTRODUCTION

Stability and stability robustness of dynamic systems have
been a subject of research in the past several decades with
many striking results [1]-[8]. In a recent paper [9], Mas-
torakis proposed a complex-variable approach to investi-
gating stability robustness of discrete-time systems. The
key element of the approach is the well-known theorem of
Rouché: Suppose f(z) and d(z) are analytic in domain D
and on its simple closed boundary 8D, and suppose that

ld(2)| < [f(2)] on 8D 1)

then f(z) and f(z) + d(z) have the same number of zeros in

[10]. Consider a nominal stable transfer function whose
denominator polynomial is denoted by f(z), and let f(z)
be a perturbed denominator polynomial. Mastorakis [9]
describes a novel application of Rouché’s theorem to study-
ing the stability of f(z) by taking d(z) = f(z) — f(z) and
D = the open unit disk, leading to several bounds for stable
coeflicient perturbations of the nominal Schur polynomial
£(2).

This paper proposes an enhanced complex-variable ap-
proach to derive several improved bounds for stable coef-
ficient perturbations of a nominal Schur polynomial. Ex-
amples are included to demonstrate that the improvement
achieved can be substantial. In the second part of the paper,
the complex-variable approach is extended to investigate ro-
bust stability of two-dimensional discrete (2-D) systems.

2. BOUNDS FOR STABLE COEFFICIENT
PERTURBATIONS

2.1. Notation, Definitions, and the Results of Mas-
torakis
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Consider an nth-order polynomial in one complex variable

z:
f(z)= Zakzk
k=0

f(2) is said to be a Schur polynomial or Schur stable if it’s
zeros are strictly inside the unit circle T'= {z : |z] = 1}. A
time-invariant, discrete-time, dynamic system is asymptot-
ically stable if and only if the denominator of its transfer
function is a Schur polynomial [1]. Let a perturbed polyno-
mial of f(z) be denoted by

ax € R (2)

f@)=) a* (3)

where coefficients {ax, kK = 0, ..., n} vary in a hyper-

rectangular region centered at {ax, k=0,..., n}
lae — ak| < i 0<k<n (4)
Denoting
r = max{rg, 0 < k <n} (5a)
one can write
Tk = AkT with some Ak € [0, 1) (5b)

One of the problems to be studied in this paper can be
stated as

Hyberrectangular Type Robust Stability (HRS)
Problem:

Given an nth-order (nominal) Schur polynomial f(z) and

the Ax’s in (5b), find a bound p for r in (5a) such that f(z)
in (3) remains Schur stable if » < p.
The main result of Mastorakis [J] as related to the HRS

problem is that f (z) remains Schur stable if r < ppm where
prm = min |f(2)|/ Y pmo e (6)
In the case A\x = 1, then the bound ppm becomes

i = min | £(2)|/(n + 1) ™

Another problem to be considered in this paper is the ro-
bust stability of f(z) with its coefficients varying in a ball
centered at {ax, k=0, ..., n} in the (n + 1)-dimensional
parameter space. This problem will be referred to as
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Ball Type Robust Stability (BRS) Problem:

Given an nth-order (nominal) Schur polynomial f(z) and
assume that the perturbed coefficients {dx} are restricted
to be in the ball

" 1/2
{Z(ak - akf} <r ®)

find a bound p for 7 in (8) such that f(z) in (3) remains
Schur stable if » < p.

2.2. New Bounds
2.2.1. Rouché’s Theorem as Related to Robust Stability
Let D be the open unit disk and d(z) = f(z) — f(2).
Rouché’s theorem implies that all the zeros of f (2) are in
D (hence the stability of f(z)) if

1f(z) = £(2)] < 1£(2)]

With the notation in Sec. 2.1, (9) becomes

n
Z(ak - ak)ejk“’

k=0

on T={z:|z|=1} (9)

<|f(e™)| for welo, #] (10)

In (10), we have taken the advantage of the fact that co-

efficients of f(z) and f(z) are real, therefore parameter w
needs only to vary from 0 to 7.

2.2.2. A New Bound for the HRS Problem
Considering the HRS problem, one can write

ar = ak + Agr (11)

with [Ag| < Ag. This leads (10) to

n
E :S\kejk:w
k=0

A key step in developing improved bounds is to treat
7

r iG] wel0, m (12)

| E S\kejkwl as the Euclidean norm of the vector
k=0

WA
sT(w)A
with
c(w) = [1 cosw -+ cosnw]”
s(w) = [0 sinw -+ sinnw]”
and
A=[% A - )T eA={N:| x|l <A, for 0< k< N}

where A is referred to the uncertainty polyhedron of poly-
nomial f(z). Define the frequency-dependent 2 X (n + 1)
matrix

Hw) = [jﬁﬁ“’;] (13)

w

then we have

n
§ xkejlcw

k=0

= |[H@)Al| (14)

where A = [Mo A1 -+ Aa]T is a known vector.

By (12) and (14), one concludes that f(z) remains Schur
stable if r < pp where

A

o (| H (@)X (15)
<o [[H(w)All

Ph =

The bound py, is the global minimizer of (n + 2)—varijable

function | f(€’*)|/||H(w)}A|| in the region (w, A) € [0, 7] xA.

Two easy-to-use bounds can be derived from (15) as follows.
Note that

min —~—|f(ejw2l = min ____|f(ej“’)|' (16)
wel0, ] [|H(w)A||  welom) I)}\l:})\(”H(W))\H

For a fixed w, ||H (w)_j\H is convex with respect to A, so the
maximum of ||H(w)A|| is achieved at one of the verteices

whose ith entry is either A\; or —\;. A total of 20+ func-
tion evaluations are required to compute

h(w) = max||H@)X|| = max |[HWA  (17)
AEA A;=EA;

i

Once h(w) is obtained, the bound in (15) becomes

_ A
Ph = ulér%(l){lw] h(w)

(18)
To avoid the combinatorial optimization (17), we estimate
max || H (w) M| < [|H (w)|[max |[X]| = [|H ()] - [|Al]

Aea Xea

where || H(w)|| denotes the spectral norm of H(w), and ||Al|
is the Euclidean norm of A. Since

|f(e’)] 1 L)
min ——————=— > —— . min ———=—
RN M| wefon] |[H(w)]}

one concludes that f(z) remains Schur stable if 7 < pn,
where

1
= -~ mj 19
Pra = T in Fr(w) (192)
v ()]
f(e?
fa(w) = 19b
M9 = @) (199)
If Ax = 1, then bound pn, becomes

o = min _fp(w)
= Tnr 1 welom
From (13), it follows that [11]

I<|Hw £vn+1 (21)

with its upper bound reached at w = 0 and w = 7. By (19)
and (21), we see that

pn 2> min |F(&")]/(n+1) = P, (22)

(20)
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where pp,, is the Mastorakis bound in (7). Therefore, (20)
offers an improved bound over the Mastorakis bound. The
examples given in Sec. 4 will demonstrate that the improve-
ment can be substantial.

The chief reason why the improvement can be significant
is that the frequencies, at which ||H(w)|| is far less than
Vn+1, consist of a large part of interval [0, n]. In fact,
the curve ||H(w)|| versus w on [0, 7] has a U-shape, and
as order n increases, the frequency subset corresponding to
the bottom part of the U-shape curve quickly dominates
the [0, ] interval. See Fig. 1 for two plots of ||H(w)|| with
n =10 and n = 50.

75

i i i |
22 5 : :
{b) n=50

Figure 1. {|H(w)|| on [0, 7]: (a) n =10; (b) n = 50.

2.2.3. A Bound for the BRS Problem
Consider the perturbed coefficients

8k = ak + AT (23a)
where A = [5\0 ces S\n]T varies in the unit ball:
XeB={\: )| <1} (23b)

By an argument similar to that in Sec. 2.2.2, one concludes
that f(z) remains Schur stable if r < p, where

Jw
Py = min LEZ—'— (24)
welom || H(w)Al|
rEB
Since
Jw Jw Jw
CUE o E )]
wStom [H@)A]  welom max||H@)X] el IH@)I]
reB XeB
The bound ps in (24) can be expressed as
po = min fr(w) (25)

welo,n]

with fn(w) given by (19b).

2.2.4. Computational Complexity

First we remark that as long as the order of f(z) is known
||H(w)|| can be evaluated prior to the stability test. Like-
wise, for a given uncertainty polyhedron A, function h{w)
defined in (17) can be computed and used for testing ro-
bust stability of any nth-order polynomial as long as its
uncertainty polyhedron is contained in A.

It is well known that function ||H(w)|| is continuous but
not differentiable, see for example Fig. 1. In addition, for a
fixed n ||H(w)|| exhibits on [0, 7] exactly n local minimums
and n + 1 local maximums. Consequently, fi(w) is contin-
uous but not differentiable, and in general has several local
minimums. In [12], a global optimization algorithm for one-
variable continuous functions is proposed. For minimizing
a continuous function, the algorithm in [12] finds the global
minimizer by generating a sequence of lower-bounding func-
tions obtained from sample values of the objective function.
Therefore, the minimum value obtained from the algorithm
serves as a very tight lower bound of the true minimum
value of the objective function. Obviously, this lower-bound
(rather than upper-bound) nature makes the algorithm es-
pecially suitable for estimating bounds pn, and pn.

3. BOUNDS FOR 2-D DISCRETE SYSTEMS
Let .
flz1, z2) = ZkazizS (26)
1=0 k=0

be the denominator polynomial of the transfer function of
a 2-D discrete system, and let a perturbed polynomial of
f(#1, z2) be given by

flz1, 22) = szuklizg (27)

=0 k=0

It is well-known that the system associated with f(z1, 22)
in (26) is bounded-Input-bounded-Output (BIBO) stable if
and only if [13, Theorem 5.6]

(a) fa(z) = Zalmzl is stable and (28a)
1=0 m n
(b) falwi, z2) = Z(Zalkeﬂ“")z§ is stable for each
k=0 1=0
wi € [-m, 7. (28b)

Let us consider the HRS problem for 2-D discrete sys-
tems: Given an (n, m)th-order (nominal) BIBO stable
polynomial f(z1, z2) and assume the coefficients of the
perturbed polynomial f(z1, z2) in (27) vary in a hyper-
tectangular region centered at {aix, | =1, ..., n; k =
1, ..., m}

(i — aik] < Agr with Ay € [0, 1] (29)

find a bound p2 such that f(z1, 22) remains BIBO stable if
r in (29) is strictly less than pn,. Denote

n

fi(z) = Zﬁzmll (30a)
=0
fa(wi, z2) = Z ( alkejlwl) 25 (30b)
k=0 \ =0
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[

Gk = ai + MkT ‘with |5\1k] < Ak
)‘gO) [AOm Anm]T
Az = oo o+ Aom Ao Anm]T

(30c)

The results obtained in Sec. 2.2.2 are directly applicable

to fi(z) in (30a) to conclude that fi(z) remains stable if
(0)

7 < py’ where
A= G e e
with ]
@y — W1(e™)]
P ) = E@)| (310)

Based on Rouché’s theorem, an argument similar to that

used in Sec. 2.2.2 can be adopted to claim that fz(wl, z2)
is stable for each w; € [—n, 7] if

rzlekea‘(l‘dﬁ'kw) < Zzalkej(lw1+kw2) (32)
k=0 1=0 k=0 1=0
and Eq. (32) holds if 7 < pz where
1
= — i 33
P = Tl ortaes M ) (35)
with S = [-=, n} x =, ‘ ‘
[f(e?1, &)
ha(wr, we) = 22 33b
21 92) = tor, o) (33b)
and
Hz(wl, u.}z) =

1 coswy -+
0 sinwy ---

cosnwy cos(wz) -+

cos(nwi + mws)
sinnw; sin (wz) -

sin (nwy + mwsz)

Using the stability test in (28), one now concludes that

(21, z2) remains BIBO stable if r < pp, where
. (0

phy = min(pf”, p2) (34)

with p(zo) and p2 determined by (31) and (33), respectively.
If all \;x are equal to 1, then the bound becomes

pry = min(p”, p2) (35a)
with
A = o min h0 ) (35b)
and )
p2 = ha (w1, w2) (35c)

= e min
v/ (n+1)(m + 1) wiw2)es
4. EXAMPLES

Consider the Schur polynomial of order 4 that was used in
[9] to illustrate the method of Mastorakis:

Pa(z) = 122" +22° — 2% - 32+ 1
and the Schur polynomial of order 8:
Ps(z) = 1482° 44827 —442° ~802° +122"+162° +52° 622

Assume )\ = 1, the bounds ppm, pr, and py, for Py(z) and
P3(z) are listed in Table 1.

Table 1. Bounds for P2(z) and Pys(z)

| Polynomial | pnm | o0 | &n ]
Ps(z) | 15131 | 2.0000 | 1.9525
Ps(z) 6.8913 | 10.0719 | 9.2538

Now consider the BIBO stable 2-D polynomial
f(z1, z2) = Z;FCZQ with Z; = [zf 2 1]T, Zy = [z% 22 1]T,

and
40 -28 7
C=|-30 25 -5
6 —4 1

and assume X\, = 1. The ﬁgo) and pn, are found to be
5.3333 and 1.2005, respectively, which lead to the bound
2 = 1.2005.
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