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Abstract— An optimization method for the design of
constant delay recursive digital filters is presented. The
stability problem associated with current recursive-filter
optimization algorithms is handled within the objective
function which specifies the amplitude and phase charac-
teristics simultaneously. Minimizing this objective func-
tion using specific starting points yields filter designs
that satisfy arbitrary amplitude and phase specifications
to within a preset degree of accuracy.

I. INTRODUCTION

A popular approach for the design of recursive digital
filters is to use optimization techniques [1]-[2]. Cur-
rent methods focus on minimizing the difference be-
tween a fixed, ideal or close-to-ideal response and the
response of a practical filter. However, sometimes the
ideal response 1s not known and must therefore be ap-
proximated. Such an instance arises when designing re-
cursive filters with linear phase response. These filters
would have a constant group delay but the lowest de-
lay that would vield the lowest-order filter which would
satisfy prescribed amplitude-response specifications is
unknown at the outset.

This paper presents an optimization method that al-
lows the ideal response to change during the design of a
recursive filter. In addition, the issue of instability is ad-
dressed and alleviated. However, the resulting objective
function is extremely nonlinear. and is therefore very
sensitive to the choice of starting points. A method for
finding suitable initialization points is presented along
with design examples of a linear-phase lowpass filter, a
differentiator, and a Hilbert transformer.

II. OBJECTIVE FUNCTION

Practical recursive digital filters can be represented
by the transfer function
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and the substitution z = €77 where w is the frequency
in rad/s and T is the sampling period in s, gives the
frequency response. The frequency response of an ideal
linear-phase recursive digital filter can be represented
by

D(r,w) = My(w)el*"
where Mo(w) is the amplitude response, and 7 is an

unknown delay. The error function to be minimized
can be expressed as

e(x,w) = IH(xl,ej”T) - D(r,w)|
where -
x=[xf 7]

The optimization algorithm used is the quasi-Newton
algorithm described in ch. 14 of [1] because of its flexi-
bility. The objective function

. K ‘ ry Up
U(x)=E(x){ D f(Tx*—)
i=1 | E(x)

where R

E{x) = R e(x, w;)
is minimized using the least-pth algorithm (see p. 510
of [1]) to achieve a minimaz solution.

If the prescribed specifications concern only the am-
plitude response, the filter can be designed using an
unconstrained optimization and if an unstable filter is
obtained, it can be readily stabilized by replacing any
poles outside the unit circle of the z plane by their re-
ciprocals (see p. 226 of [1]). If the prescribed specifi-
cations also concern the phase response, stabilization
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Fig. 1. Zero-pole plots of general 8th-order initial points.

is not possible without changing the phase response.
However, the problem can be alleviated by generating
the denominator of the transfer function in (1) by using
the modified bilinear transformation (MBT) described
in [3]. We can write

where

(5% + dys + )

=

D(s) = (s + dgo)

i

1

and ¢ 1s a small positive constant. Since the zeros of
D{s) are always in the left-half s plane, the zeros of
D(z), and hence the poles of H(z}. must be located in-
side or on the circle of radius 1 — ¢ in the z plane. A
nonzero value of § is used to provide a certain stabil-
ity margin and to avoid high sensitivity to coeflicient
quantization and possible artifacts in the amplitude re-
sponse.

II1. INITIALIZATION

The MBT causes the objective function to become
highly nonlinear and, as a consequence, the choice of
an initialization point becomes very critical in achiev-
ing a good local minimum point for the optimization
problem. However, good initialization points do exist
and can be found by initially using a general initializa-
tion point that would reveal the general characteristics
of the desired filter.

The allpass filters represented by the zero-pole plots
in Fig. 1 have a constant delay equal to their order times
T. The magnitudes of the poles and zeros are half and
two, respectively. The angle difference between adjacent
poles and zeros in an Nth-order filter with N even is
27 /N . and odd-order filters require an additional pole
at the origin and a single zero at either plus or minus
two.

Although one of the benefits of using a low-order filter
1s its low delay. one may expect that the constraints on
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Fig. 2. Initial point for a 9th-order lowpass filter.

the phase will increase the delay. This, indeed, is the
case, and this is one of the reasons why the initialization
points in Fig. 1 tend to give good results.

Inspecting the form of equation (1) reveals its lim-
itations to zero-pole movement. If a pair of zeros are
complex conjugates of each other, and the optimal point.
requires the pair of zeros to be real with one positive -
and the other negative, both outside of the unit circle,
this point will not be reached. This is because as a zero
enters the unit circle, the error function will increase,
and a quasi-Newton algorithm will only decrease an er-
ror function. A similar analogy can be used for pole
movement within the unit circle. These problems can
be overcome by using both of the general initialization
points in Fig. 1 {(a) and (b).

After using these general initialization points for spe-
cific types of filters such a lowpass filters, certain zero-
pole patterns emerge. These patterns can then be
copied and used as initialization points. These new tai-
lored initialization points can yield lower errors, and po-
tentially lower-order filters which satisfy the same spec-
Ifications. When designing these tailored initialization
points, it helps to catagorize the zeros as phase zeros
and amplitude zeros. Phase zeros are located outside
the unit circle, and are mainly used to keep the phase
linear. Amplitude zeros are located on or near the unit
circle, and are mainly used to provide attenuation in
the stopbands.

Algorithms 1 to 4 below provide general methods for
generating initialization points for lowpass, highpass.
bandpass, and bandstop filters. Fig. 2 gives an example
of an initialization point for a 9th-order lowpass filter
with passband edge at 1 rad/s and T =1 s.



Algorithm 1: Lowpass and highpass filters
1. Set: n = filter order
2. Set: wp to passband edge
3. If lowpass: Set: Qp = w,
4. If highpass: Set: Q, = #/T — W,
5. Set: Q,=n/T -,
6. Choose an even or odd number of phase zeros.
If even:
Set: Z, = 2|QnT/(27) + 1/2]
If odd:
Set: Z, = 2|QpnT/(27)]| + 1
7. Set: Zy =n— 2,
8. Call Algorithm 2 with the following parameters:
If lowpass:
(a) n = order, Q = —Q,, w1 :wp, m=1/2
by n=2Z, Q==Qp.wy =wp, m=2
(c) n=Z,. 2 =Q,, wl-—wp,ﬂ‘l—l
If highpass:
(a) n=order, Q =Q,. w1 =wp, m=1/2
(b) n=2, Q=Qp, w1 =wp, m=2
() n=2,.9=-Q,wi=wp. m=1
9. Assign Hy to give an average gain of unity.

Algorithm 2: Pole and zero placement
1. Set: w=w; +0
fu=0o0rw=m:
Set: Aw =2Q/(n—1)
Else:
Set: Aw =Q/(n/2-1)
2. Fori=1ltoi=[(n+1)/2]
fw;=0o0rw =7

If m = 1/2:
Place a pole at 0.5¢/%
Else:
Place a zero at me’*:
Else:
m=1/2:
Place two poles at 0.5¢Xiws
Else:

Place two zeros at me*i«:

Assign wip] = wi + Aw

Algorithm 3: Bandpass filters
Set: n = filter order

Set: wp, to 1st passband edge

Set: wp, to 2nd passband edge

Set: Qp = wp, — wp,

Set: Q, =w/T — £

Set: Qq, = wp,

Set: Qq, = Qo — Qq,

. Set: Zp, = 2|QpnT/(27) + 1/2]

. Set: Zo, = |Quy(n— Zp)/Qa +1/2]
0. Choose an even or odd number for Z,,
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If assignment of Z,, in step 9 does not satisfy choice:

M Q0,7 Q0 (N =2, —Zg, ):
Assign: Z,, = Z,, +1

Else:
Assign: Zg, = Zg, — 1

11. Set: Z,, =n—Z, — Zg,

12. Call Algorithm 2 with the following parameters:
(a) n=order, Q=Q,, w1 =wp,, m=1/2
(b) n=2,, Q= w1 =w,,. m=2
(c) n=24,, 0=, w1 =wp,, m=1
d) n=2,,, 2= Qu, w1 =wp,. m=1

13. Assign Hj to give an average gain of unity.

Algorithm 4: Bandstop filters
1. Set: n = filter order
Set: wp, to lst passband edge
Set: wp, to 2nd passband edge
Set: Qp = 7/T +wp, — wyp,
Set: Qo =7/T —Q,
Set: QI)] = Wwp,
Set: Qp, =Q,
Set: Z, = ZLQanT/ 27' +1/2]
. Set: ZP1 - LQIH /QP + 1/2J
0 Choose an even or odd number for Z,,
If assignment of Z,, in step 9 does not satisfy choice:
U Qp.Zp, <Qpy(n—2Za—2Zp,):
Assign: Z, = Z,, +1
Else:
Assign: Z, = Zp, — 1
11. Set: Z,, =n—Zo — Zp,
12. Set: Py = |Qp,n/Qp +1/2]
13. Choose an even or odd number for P;
If assignment of P; in step 12 does not satisfy choice:
If ngpl < Qpl(n - Pl)I
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Assign: P =P +1
Else:
Assign: P, =P, -1

14. Set: Pg =n- P1
15. Call Algorithm 2 with the following parameters:
(a) n= P, Q= —Qp,, w1 =wp,. m=1/2
(b) n= P, Q=Qp,, w; =wp, M= 1/2
(€) n=2p,,0=-Q , w1 =wp,, m=2
d) n=2p,, Q=Qp,, w1 =wp,. m=2
() n=2,,Q=Q, w1 =up,, m=1
16. Assign H, to give an average gain of unity.

Another parameter which must be optimized is the
minimum distance § of the poles from the unit circle.
Normally, the amplitude response is not specified in
transition bands. However, for constant delay filters,
the optimization can introduce amplitude-response ar-
tifacts in the transition region, such as that in Fig. 3.
which are caused by high sensitivity due to one or more
poles being located close to the unit circle.

It is reasonable to presume that when 4§ is increased,
the amplitude of artifacts decreases, and the value of
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Fig. 3. Amplitude response of a potentially unstable filter.

the objective function increases. This is, in fact, what
happens almost all the time. However, it is quite possi-
ble that the minimum point does not place the poles at
the boundary set by 4. In such a case, the solution can
have less pronounced artifacts compared to a restriction
from a high §. However, the difference is small and §
can be adjusted to effectively find the optimal solution
for a particular set of specifications.

The above approach has also been used to develop
algorithms for differentiators and Hilbert transformers.
Algorithms that can generate these initialization points
are as follows:

Algorithm 5: Differentiators
1. Set: n = filter order
2. If n 18 even:
Set: o = 0 and place one zero at 3
3. If nis odd:
Set: o = 1 and place one pole at —0.4
4. Place poles at 0.4 and —0.5, and a zero at 1.
5. Set: wy = Aw = 27/(n — «a)
6. Fori=1ltoi=(n-~2—a)/2:
(a) Place two poles at 0.4e®i®:
(b) Assign Wigl = Wi+ Aw
T. Set: wy = (2—a)r/(rn—1)and Aw =27/(n—1)
8 Fori=ltoi=(n—2+a)/2:
(a) Place two zeros at 3etiwi
(b) Assign wit1 = wi + Aw
9. Assign Hy to give an average gain of half the fre-
quency range of interest within the frequency range of
interest.

Algorithm 6: Hilbert transformers

1. Set: n = filter order
2. If nis even:
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Fig. 4. Lowpass constant-delay recursive filter.

Set: o = 0, place a pole at —5/9 and a zero at —9/5.
3. If nis odd:
Set: =1 :
4. Place a pole at 5/6 and a zero at 6/5.
5. Assign wy = Aw = 2%/n
6. Fori=1toi=(n—2+4a)/2:
(a) Place two poles at 5eFi«: /9
(b) Place two zeros at 9ei¥i /5
(c) Assign wip1 = w; + Aw
7. Assign Hj to give an average gain of unity.

IV. REsuLTs

The optimization algorithm was implemented in
C++ and was then linked to MATLAB where mm-files
were written to create initialization points, to track
convergence, and manage the overall algorithm. Sev-
eral lowpass, highpass, bandstop, differentiators, and
Hilbert transformers were designed in order to test the
program. Following are examples of a lowpass filter and
a differentiator. In general, each recursive filter could
meet the same amplitude specifications as a correspond-
ing nonrecursive filter with a third of the order, and two
thirds of the delay.

A lowpass filter with passband ripple 4, = 0.1 dB,
minimum stopband attenuation 4, = 50 dB, w, =
1.0 rad/s, w, = 1.5 rad/s, and ws = 27 rad/s can be
obtained with a 9th-order recursive filter with a group
delay of approximately 9.45 s and the characteristics
obtained are shown in Fig. 4. The same specifications
would require a 32nd-order linear-phase nonrecursive
filter which would have a delay of 16.0 s.

A bandstop filter with passband ripple 4, = 0.1 dB.
minimum stopband attenuation A, = 50 dB, w,, =
0.5 rad/s, wa, = 1 rad/s, wp, = 2 rad/s. w,, =
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Fig. 6. Recursive differentiator filter.

2.5 rad/s, and w, = 27 rad/s can be obtained with
a 13th-order recursive filter with a group delay of ap-
proximately 13.00 s and the characteristics obtained are
shown in Fig. 5. The same specifications would require a
34th-order linear-phase nonrecursive filter which would
have a delay of 17.0 s.

A differentiator with w, = 2.5 rad/s, w, = 27 rad/s,
and maximum weighted error of 10~ with weighting
function

W{w) = sinc(w/x)

can be satisfied with a 12th-order recursive filter with
a group delay of approximately 11.49 s and the charac-
teristics obtained are shown in Fig. 6. The same spec-
ifications would require a 34th-order nonrecursive filter
which would have a delay of 17 s.
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Fig. 7. Recursive Hilbert transformer.
A Hilbert transformer w, = 0.3 rad/s and w, =

27 rad/s can be satisfied with an 11th-order recursive
filter with a group delay of approximately 10.50 s and
the characteristics obtained are shown in Fig. 7. The
same specifications would require a 35th-order nonre-
cursive filter which whould have a delay of 17.5 s.

V. CONCLUSIONS

An optimization method for the design of constant-
delay recursive filters was presented. The method de-
termines the optimum average filter delay for the speci-
fications supplied and it incorporates a mechanism that
prevents unstable designs. The method can by used to
achieve both amplitude and phase response specifica-
tions simultaneously and arbitrary amplitude and phase
responses are possible.

The problem of initialization has been studied. By us-
ing certain general allpass filters as initialization points
for any type of filter, customized initialization points
can be formulated for filter types which have not been
covered in this paper.

Filters designed with this method tend to have delays
that are approximately two-thirds the delays of nonre-
cursive filters satisfying the same amplitude specifica-
tions with approximately one-third of the filter order.
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