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Abstract

This paper describes three wavelet-based methods
for noise reduction of still images: (i) Hyperbolic
shrinkage with a level-dependent thresholding policy;
(if) Hyperbolic shrinkage with a two-dimensional cross-
validation-based thresholding; and (iii) block SVD-wavelet
denoising. All three methods make use of the hyperbolic
shrinkage rather than the conventional soft shrinkage. As
the thresholding of wavelet coefficients is concerned, at
each level of wavelet decomposition, the first method em-
ploys a level-dependent universal threshold determined
by the coefficient variance and the number of the coef-
ficients at that level; while the second method extends Na-
son’s cross-validation approach to the 2-D case. In the
third method, an image is divided into several subimages
(blocks) and singular value decomposition (SVD) is ap-
plied to each block. The singular values obtained are then
truncated and each pair of singular vectors are treated as
1-D noisy signals and are denoised using a wavelet-based
method. The subimages are then reconstructed using the
truncated singular values and denoised singular vectors.

1. Introduction

Since the work of Donoho and Johnstone, wavelet-
based noise-reduction methods have been a subject of in-
tensive research [1]-[8]. Three issues critical in imple-
menting a wavelet denoising algorithm are the determi-
nation of the noise variance, the determination of a way
to “shrink” the wavelet coefficients, and the determination
of a threshold level to be used in the shrinkage step. In
addition to these, wavelets utilized to perform signal de-
composition must be chosen with care. The purpose of
this paper is to describe three wavelet-based denoising al-
gorithms for noise reduction of still images that, through
extensive tests, have been found effective. These meth-
ods are: (i) Hyperbolic shrinkage with a level-dependent
thresholding policy; (ii) Hyperbolic shrinkage with a two-
dimensional cross-validation-based thresholding; and (iii)
block SVD-wavelet denoising.

1058-6393/98 $10.00 © 1998 IEEE

2. Hyperbolic shrinkage with level-dependent
thresholding

The basic components of a wavelet-based denoising
method are illustrated in Fig. 1. Notice that the generic
structure in Fig. 1 applies in principle to denoising tasks re-
gardless of signal dimension, thus can be used as a unified
system framework in denoising 1-D discrete signal, dis-
cretized still images, as well as sequence of digital visual
signals.
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Figure 1: Wavelet-based signal denoising.

For a noise-corrupted still image of size N x N with
N = 2", separable 2-D wavelets can be used to perform
discrete wavelet transform (DWT) with up to n scales.
For denoising purposes, the “MIT 9/7" wavelet filters sug-
gested by T. Arias [9], which are biorthogonal linear-phase
FIR filters with impulse responses

ho=1[1 0 —8 16 46 16 —8 0 1]/64
fo=0-10916 9 0 —11/32

have been found satisfactory.
Our first image denoising method employs the hyper-
bolic shrinkage initiated by Vidakovic [3]:

y(t) = sgnlx(0)] -V (x(1)? — 67)4 @

where x(1) is the noise-contaminated input, sgn(.) is the
signum function, (-)+ denotes the maximum of the vari-
able and zero, and § is a threshold to be determined shortly.
When comparing the hyperbolic shrinkage with the hard
and soft shrinkage [5], the hyperbolic shrinkage is “almost
hard”, but it is this subtle difference from the hard shrink-
age that often leads to superior denoising results. When
the noise is assumed to be white Gaussian, a conventional
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wavelet-based denoising method uses a single threshold §
across all levels of the decomposition, which in the case
of universal thresholding is determined by

8 = /2log(N)o 2)

where N is the length of the input signal and o2 is an
estimate of the noise variance [5]. The value of ¢ in (2) is
usually estimated using the “detail” subimage obtained at
the highest resolution level (the subsampled output from
the first round of highpass-highpass filtering). '

As was reported in [2], the wavelet denoising method
of [1][5] works also for the case of color noise if ¢ in
(2) is estimated at each decomposition level. This mod-
ification was also found advantageous even to the white
noise case. In [8], this level-dependent thresholding was
further modified such that the N in (2) is taken to be the
length of the subsignal at each level, rather than the length
of the entire input signal. Here this level-dependent uni-
versal thresholding policy is extended to the 2-D case to
handle noisy images.

3. Hyperbolic shrinkage with cross-validation
based thresholding

The second method also employs the hyperbolic shrink-
age, while the threshold & is determined using a 2-D exten-
sion of Nason’s cross-validation [4]. For 1-D signals, the
cross-validation based method works as follows: Given a

1-D noise-corrupted sequence {y;, i = 1, ..., 27}, we
define two sequences from it:

odd _ Y2i=1 F Yoit1 —1 N

i 2 s ’ H 2
with yy,1 = yy_1, and

yoren < 2t yuee g0

; ) ) , v 3

with yy42 = yy. For each fixed A, define function /(1)
as

M) = ) 1T D—dii P4 T @55 0—dge?
J.k Ik

where T(y;A) is a sequence obtained by either soft-
shrinkage or hyperbolic shringkage of y using A as the
threshold. It was shown [4] that function M (X) is convex
with respect to A. Let A* be the minimizer of M (&), then
the cross-validation based threshold is given by

log2\ "2
s=a{1- 28
log N
The idea of the cross-validation can be extended to the two-
dimensional case in a natural fashion as described below.

Given an image {y;, i,j =1, ---, N = 2P}, we
define two images from it as
odd _ Y2i—12j—1F Y2it12j+1 o N
Yij o = ) L= Y
with Yint1 = Yin—15 YN+1.j = YN-1j IN+LN+1 =
YN-1.N-1, and
even _ Y212+ Miv22j+2 . N
ij 2 lv]=19""_5

with yi v42 = Yins YN42, = YN.j5 YN+2.N+2 = Yn.v. For
each fixed A, define function

M) =Y [T, W—dod P+ (T @), »—dny?
il il

where {d¢'}} and {d7%/,} denote the detail subimages ob-

tained by applying 2-D wavelet transform to yf4 and yg4¢

%l
at the jth resolution, respectively, and T(y, A) is the re-

sult of hyperbolic shrinkage of image y using A as the
threshold. The threshold is then determined by

-1/2
s {1— log2
log N

where A* is the minimizer of M ().

4. Block-SVD-wavelet denoising

The third method starts with subdividing a noisy image
of size N x N into subimages of size M x M. The singular
value decomposition (SVD) is applied to each subimage .
Recall that the SVD of a matrix A € F™*" factorizes A as

A=USVT
where U € R™*™ and V € R™™" are orthogonal and

a1

0

—_ ) nxm
S = o, € R

0 0

with singular values oy > ---0, > 0 and r = rank (A).
Write U = {uy---u,---Jand V = {v;---v, - -1, columns
u;’s and v;’s are called the left and right singular vectors of
A, respectively. As was observed in [10], noise in still im-
ages can be reduced when the singular values are truncated
(i.e., use only the first K singular values oy, ---, og) ad-
equately. Our method does one more thing, that is to treat
each pair of singular vectors that are associated with the
significant singular values as 1-D noisy signals and are
denoised using a 1-D wavelet-based algorithm. The trun-
cated singular values and the denoised singular vectors are
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then used to reconstruct the subimages. The computational
complexity of this method depends critically on the ratio
r = N/M : in general a greater r means a less expensive
denoising algorithm. Our simulation study indicates that
for images of size 256 x 256 or 512 x 512, best denoising
results usually occur when r = 2 or 4.

5. Simulations

The above methods were applied to a number of test
images of sizes 256 x 256 and 512 x 512 which are cor-
rupted with white Gaussian noise, with comparable signal-
to-noise-ratio improvement. Fig. 2 shows the denoising
result of the block SVD-wavelet method as applied to the
512 x 512 image “Boats” with SNR = 14,3717 dB. The
denoised image has SNR = 21.0651 dB. Fig. 3 exhibits
the denoising result of the first method as applied to the
512 x 512 Lena with SNR = 12.7778 dB. The denoised
image has SNR = 20.2801 dB. Fig. 4 shows the denoising
result of the second method as applied to the 512 x 512
image “Tiffany” with SNR = 18.4363 dB. The denoised
image has SNR = 26.5064 dB. From the figure the con-
vexity of function M (L) can also be observed.

6. Conclusion

We have described three wavelet-based methods for the
noise removal of still digital images. Three key factors
that influence the denoising result most are the choice of
wavelets, the shrinkage method, and the way the threshold
is determined. Since the MIT9/7 wavelets have consis-
tently shown excellent denoising results, they often be-
come the user’s choice. From our simulations, it was
found that the denoising performances of the threc methods
in terms of SNR improvement are often comparable each
other without a decisive superiority; however, the method
that uses a hyperbolic shrinkage policy with Donoho’s uni-
versal thresholding requires substantially less computations
compared to the other two methods.
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Figure 2: M = 128, K = 21, SNR1 = 14.3717 dB,
SNR2 = 21.0651 dB. Figure 3: SNR1 = 12.7778 dB, SNR2 = 20.2801 dB.
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Figure 4: SNR1 = 18.4363 dB, SNR2 = 26.5064 dB.
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