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ABSTRACT-—Shapiro’s concept of embedded zerotree
wavelet coding for images is used to develop an embed-
ded coding method for 1-D signals. In this method, the
zerotrees of the wavelet coeflicients are used to predict
insignificant coefficients across scales. The bit stream is
generated in the order of importance. The decoder can
generate the same zerotrees as the encoder. The embed-
ded property of this method allows precise bit rate and
signal quality control. The algorithm is illustrated by
an example. Embedded coding is then applied to bathy-
metric waveforms. Simulation results indicate that the
method is quite efficient and produces a fully embedded
coding for 1-D signals.

I. INTRODUCTION

Signal compression is of critical importance for efficient
data storage and transmission, and has been a subject of
study during the last two decades [1]-[6]. An important
recent development in signal coding is embedded image
coding [3][4] in which the bit stream is generated in the
order of importance. In [3], Shapiro proposed an embed-
ded method based on the concept of the zerotrees of the
wavelet coefficients for image coding. To date, Shapiro’s
embedded zerotree wavelet (EZW) method remains one
of the most efficient image compression methods [6].

In Shapiro’s method, a two-dimensional (2-D) discrete
wavelet transform (DWT) is applied to an input image of
size N x N with N = 2P, where pis an integer. This results
in a maximum of p sets of subband images. By exploiting
the similarity between the subimages at different scales,
efficient coding of the decomposed images can be achieved.
The encoded subband images are then transmitted and
the inverse discrete wavelet transform (IDW'T) is used to
reconstruct the image.

Since similarity between subsignals at different scales
is inherent for most real-world signals, one would expect
that efficient signal compression may be possible using a
wavelet-based coding method.

In this paper, Shapiro’s concept of embedded zerotree
wavelet coding for images 1s applied to develop an embed-
ded coding method for 1-D signals. The main components
of the algorithm are as follows [3]:

o A DWT is used to obtain a multiscale representation of
the input signal.
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o The zerotrees of the decomposed signal are defined and
used to identify insignificant coefficients across scales.

o The wavelet coefficients are transmitted in the order of
importance.

¢ During the dominant passes, the decoder generates the
same zerotrees as the encoder.

e During the subordinate passes, the decoder uses the
mid-point of the uncertainty intervals as the reconstruc-
tion coefficients.

e The algorithm runs sequentially and stops when a tar-
get distortion metric 1s met.

The proposed algorithm was used to compress a large
number of bathymetric waveforms. Simulation results in-
dicate that this method is quite efficient for the compres-
sion of 1-D signals and produces a fully embedded coding.

II. ALGORITHM DESCRIPTION

A. Progressive Transmission

A typical low bit rate transmission system based on
wavelets has four components: a DWT, an encoder, a de-
coder, and an IDWT. The DWT and IDWT used in this
paper form a two-channel hierarchical subband system.
In a progressive transmission, the decoder initially sets
the reconstruction vector to zero and updates its compo-
nents progressively according to the decoded coefficients.
The DWT can be defined by y = Wx, where x is the
input column vector, y is vector whose elements are the
wavelet coefficients and W represents an orthogonal hier-
archical subband transformation matrix. After receiving
the decoded coefficients, the reconstructed signal can be
obtained as

x' = W—ly/ — WTy/

The objective in a progressive transmission is to select the
most important information to be transmitted first. The

mean-squared-error (MSE) distortion measure is defined
as :
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where N is the length of x. The coefficients with larger



magnitudes should be transmitted first since they have a
higher information content.

B. Zerotrees of Wavelet Coefficients

After the DWT, the input signal is characterized by
the wavelet coefficients obtained. The number of wavelet
coefficients is exactly equal to the length of the original
signal. In the run-length coding method, given a threshold
¢, a wavelet coefficient w; is defined as insignificant if
lwi| < ¢, otherwise the wavelet coeflicient is deemed to be
significant.

Every coefficient at a given scale can be related to a
set of coefficients at the finer scales. The coefficient at
the coarse scale is called the parent, and all coefficients
corresponding to the same spatial location at the next
finer scale are called children. For a given parent, the
set of all coefficients at all finer scales corresponding to
the same location are called descendants. Similarly, for a
given child, the set of all coeflicients at all coarser scales
corresponding to the same location are called ancestors

A key observation is that if a wavelet coefficient at a
coarse scale Is insignificant with respect to threshold e,
then the wavelet coeflicients in the same spatial location at
finer scales are most likely insignificant with respect to the
threshold. In other words, those insignificant coefficients
in the same spatial location at finer scales can be predicted
by a insignificant coefficient at a coarse scale.

Given a threshold level ¢, a coefficient w; is defined to
be an element of a zerotree for threshold e if itself and
all of its descendents are insignificant with respect to e.
An element of a zerotree for threshold ¢ is a zerctree root
if it is not the descendant of a previously found zerotree
root for threshold € [3]. A zerotree root indicates that the
insignificance of the coeflicient at finer scales is completely
predictable, i.e., if we know one coeflicient is a zerotree
root, then we can predict that all its descendants at the
finer scales are zeros.

A typical zerotree of wavelet coefficients is shown in
Fig. 1. If the zerotree root is known at the decoder, the
zerotree can be generated automatically.
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Fig. 1. A typical zerotree of wavelet coeflicients.

C. The Significance Map

The scanning of the coefficients is performed in an or-
der such that no children are scanned before their parents.
All the positions in a given subband are scanned before
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the scan moves to the next subband. Such a scan pattern
is shown in Fig. 2. For an N-scale transform, the scan
begins at the lowest frequency subband, then moves to
the scale with the second lowest frequency subband. The

Fig. 2. Scan order for significance map (scale=3).

first threshold ¢ is chosen such that € < maz(|wi]) < 2¢
and is usually a power of 2 so that ¢ is halved at the
next scan. Although zerotrees usually dominate the coef-
ficients, some coeflicients may exist which are insignificant
but have some significant descendants. These coefficients
are called isolated zeros. Those insignificant coefficients
in the finest scale that have no children are called simply
zeros [3]. :

For a given ¢, the scanning generates a significance map
in which all the insignificant coefficients are replaced by
zeros and the significant coefficients are replaced by their
signs. The flow chart for a significance map is exactly
the same as in Fig. 6 in [3]. The significance map can
be efficiently represented in terms of a string of symbols
where each symbol can assume one of four values: zerotree
root (ZR), isolated zero (IZ), positive significant (POS),
and negative significant (NEG).

D. Dominant List and Subordinate List

During encoding and decoding, two separate lists are
obtained from the wavelet coefficients. The dominant list
contains the coordinates of those insignificant coefficients
that have been found in each scan. The scan is in such a
way that subbands are ordered and within each subband,
the coefficients are ordered [3]. Then, using the order of
the subbands shown in Fig. 2, the subordinate list, which
contains the refinement of magnitudes of the significant
coefficients that have been found, is obtained. For each
threshold, each list is scanned once and then the next scan
is undertaken.

During the scanning of the coeflicients in a dominant
pass, each coefficient is encoded with a symbol from the
list: ZR, IZ, POS, or NEG. The string of symbols is then
encoded. Each time a coefficient is encoded as significant,
its magnitude is appended to the subordinate list.

All the coefficients in the subordinate list are then
scanned. For the refinement of the decoded magnitudes,
an additional bit of precision is given. For each magni-
tude, this refinement can be encoded using a binary bit
with a ‘1’ indicating that the true value falls in the upper
half of the old uncertainty interval and a ‘0’ indicating
that the large value falls in the lower half. After the sub-
ordinate pass, the magnitudes in the subordinate list are
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sorted in decreasing magnitude and the decoder can sort
its magnitudes in the same decreasing order.

It is crucial that the ordering be known both at the
encoder and decoder. At the decoder, the zerotrees gen-
erated are exactly the same as at the decoder. The dom-
inant list gives the coordinates of the significant coeffi-
cients, and the subordinate list gives the best approxima-
tion to each coefficient. Once a coefficient is determined
to be significant, its value is set to zero so that it does not
prevent a zerotree occurrence in future dominant passes.
The process is continued alternately between dominant
passes and subordinate passes and the threshold is halved
before each dominant passes. Each decoded symbol re-
fines and reduces the width of the uncertainty interval in
which the true value of the coefficient may occur. For
minimum mean-square-error distortion, the centre in of
the uncertainty interval is used to approximate the recon-
structed coefficient.

The encoding can be stopped when some target bit rate
is met, e.g., the bit budget is exhausted. The encoding
can cease at any time when the distortion metric is met.

i1, A SIMPLE EXAMPLE

In this section, a simple example is used to demon-
strate how the embedded zerotree coding works. Con-
sider a signal of 32 samples as shown in Fig. 3. After a
4-scale wavelet decomposition using a Daubechies filter,
the tree-structured wavelet coefficients listed in Fig. 4 are
obtained. Notice that one component in detail 1 is 47.

Fig. 3. A test signal (dashed) and its approximation (solid).

Approximation 63 34

Detail 4 =31 23

Detail 3 49 10 14 -13
Detail 2 15 14 -9 -7 3 12 -4 8

Detaill 7 13 «12 47 3 4 6 -1 5 7 3 94 2 3 2

Fig. 4. Tree-structured wavelet coefficients of test signal.

During the first dominant pass, which uses a threshold
€ = 32, four significant coeflicients are identified and the

following results are obtained:

Significant components (1) [63 34 49 47]
Significant signs (1) P 1 -1 1 1]
Significant coordinates (1) [ 1 2 5 20]
Subordinate list (1) [ 1 0 1 0]

The subordinate list is based on the intervals illustrated
in Fig. 5. Only the threshold, dominant list, i.e., the list
of insignificant coordinates, subordinate list, and the signs
of the significant components need to be sent to the de-
coder. The encoder and decoder have the same order of
scan. From the subordinate list and- the signs of signifi-
cant components, the decoder can decode the wavelet co-
efficients as [ 56 -40 56 40] using Fig. 5. From the
dominant list, the decoder generates the same zerotrees as
the encoder and puts these coefficients in the appropriate
positions. Before the second scan, the decoded coefficients

0 I8
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32 40 48 56 64

Fig. 5. Intervals used in the first scan.

are reordered according to decreasing magnitude. The en-
coder does the same to reorder significant signs, significant
coordinates, and subordinate list as follows:

Reordered decoded coefficients [66 56 40 40]
Reordered significant signs [1 1 -1 1]
Reordered significant coordinates [ 1 5 2 20]
Reordered subordinate list [ 1 1 0 0]

Those significant components found in the first scan are
treated as zeros for the second scan. During the second
dominant pass, which uses a threshold ¢ = 16, the follow-
ing results are obtained:

Significant components (2) [31 23 ]
Significant signs (2) [-1 1]
Significant coordinates (2) [3 4 ]

Notice that the second subordinate list is gener-
ated from the signal components whose coordinates are
[1 52 20 3 4] as follows:

Subordinate list (2) [100110]
using the intervals in Fig.6. Again, only the threshold,
dominant list, subordinate list, and the signs of significant
components are sent to the decoder. Upon receiving the

second subordinate list, the decoder generates a decode
matriz

1 1 0 0 = «x

10 0 1 1 0
where the first row comes from the reordered first sub-
ordinate list and the second row is from the second sub-
ordinate list. By scanning the columns of this matrix,
the decoder can determine in which intervals the decoded
coefficients should fall and generates the decoded coeffi-
cients using Fig. 6. For example, the third column of the
decode matrix has two zeros and hence the decoded value
is 36. Thus the decoded coefficients can be determined as
[60 52 -36 44 -28 20 ]. These steps continue until the
target bit rate is exceed or the distortion metric is met.
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Fig. 6. Intervals used in the second scan.

The reconstructed signal after 3 scans is represented by
the solid line in Fig. 4.

IV. SIMULATION RESULTS

The proposed 1-D algorithm was implemented with
Matlab and was used to compress a large number of bathy-
metric waveforms. Fig. 7 (a) shows a typical 256-sample
bathymetric waveform. The wavelet filters used were the
MIT 9/7 filters proposed by Arias [7]. Eight scales were
used in the DWT. The compressed signals using compres-
sion ratios 66, 35 and 21 are depicted in Figs. 7 (b), (c),
and (d), respectively. The mean-square errors between the
original and the compressed signals are given in Table I.
For the purpose of depth estimation, the most important
features of a waveform are the locations of the peaks. As
can be observed from Fig. 8, the peaks in the compressed
signal with ratio 35 are well preserved.

original bathymetric signal compression ratio 66:1

[ 100 200 ] 100 200
(@) ®)

compression ratio 35:1 compression ratic 21:1

0 100 200 0 100 200
() @

Fig. 7. The original signal and three approximations.

TABLE 1
MEAN-SQUARE ERROR OF COMPRESSED SIGNALS

Compression Ratio Mean-Square Error

66:1 0.4655
35:1 0.1059
21:1 0.0683

V. CONCLUSION

An embedded zerotree wavelet coding for 1-D signals
has been described. The algorithm was illustrated by an
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Figure 8: Comparison of the original and compressed
waveform original (dashed line); compressed with ratio

35:1 (solid line).

example. Embedded coding was then applied to bathy-
metric waveforms. Simulation results indicate that the
method is quite efficient and produces a fully embedded
coding for 1-D signals.
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