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Abstract

This paper describes a two-step filter bank design
method that (1) parameterizes, for a given lowpass
analysis filter of order N, all lowpass synthesis filters of
order M that will form 2-channel, linear-phase, perfec-
t reconstruction QMF filter banks in terms of a ‘free’
parameter vector in the null-space of a matrix charac-
terized by the impulse response of the given lowpass
analysis filter; and (2) utilizes this parameter vector to
shape up the frequency response of the lowpass synthe-
sis filter using a quadratic programming technique.

1. Introduction

Two channel perfect reconstruction QMF banks find
applications in a variety of DSP tasks, and several
methods for the design of this class of filter banks are
available in the literature [1)-[3]. This paper describes a
parameterization method for the design of two-channel,
linear-phase, FIR filter banks with the perfect recon-
struction (PR) property. The design method consists of
two steps: a null-space parameterization that charac-
terizes all QMF filter banks of a given order that satisfy
the PR condition; and a quadratic programming (QP)
based optimization to ensure that the filters involved
in the multirate system have desired frequency char-
acteristics. Relevant to this work, a null-space projec-
tion method for QMF bank design can be found in [4].
There are two drawbacks in the method proposed in
[4]: it cannot be applied to odd length cases; and the
least-squares design used in [4] may lead to unsatis-
factory frequency responses for the lowpass filter in the
synthesis bank. On the other hand, the present method
is applicable to both even length and odd length cas-
es, and the QP optimization technique enables the us-
er to design individual filters of the multirate system
with equal ripple passband and peak-constrained least-
squares stopband [5].
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2. The Design Method

2.1. Filter Bank Parameterization

Consider the 2-channel filter bank shown in Fig. 1. The
input and output relation of the system is given by
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Figure 1. 2-channel filter bank.

X(2) = 3[Ho(2)Go(z) + Hy(2)Ga ()X (2)
+Ho(=2)Go(2) + Hy(=2)G1 (X (~2)
By assigning G1(z) = —Ho(—z) and H;(z) = Go(~2),

the aliasing term is eliminated and the PR property
holds if

Ho(2)Go(2) = Ho(=2)Go(=2) =2z7% (1)
where kg is the system delay. Let

N-1 . M-1 '
Ho(z) = Z hiz™', Go(2) = E giz™
i=0 i=0

then the system delay is

if linear phase response of the individual filters are re-
quired. The basic idea of designing a perfect recon-
struction filter bank using the proposed parameteri-
zation technique is to first design a half-band, linear-
phase lowpass FIR filter Ho(z) and then use Hy(2) to
design Go(z) whose order is higher than that of Hy(z)
so that the null space of a matrix associated with (1)
becomes nontrivial and can be used to reshape Go(z).
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Case 1: M and N are even integers.

This is the case studied in [4], from which we know that
N + M has to be a multiple of 4, and the dimension
of the null-space characterized by the PR condition is
M—}N—. See [4] for the details.

Case 2: M and N are odd integers.

Again, we assume (M + N)/4 is an integer. Note that
this assumption in conjunction with assuming N is odd
implies that n = M;ft?- is an integer. Later we will
show that 7 is the degree of freedom of the system that
can be used to shape up filter Go(z). Another note
before we proceed: if welet M = N+ L and let L = 2P,
then (M + N)/4 = (N + P)/2. Hence if N and M are
odd integers, then (M + N)/4 is an integer if and only
if M — N = 2P with P odd. The PR condition in this
case can be expressed as

Hg=m 2)

where H [br + bam b2 + baroy - bar—1y2 +
bm3y/2 barsy/2] is a matrix of size (M + N)/4 x
(M + 1)/2, where b; is the ith column of the matrix

[ hg 0 0 0 0
h3 hy hy ho 0 0
p— |fv-2 hn-s 0
- 0 hy-i hn-2 hn-3 0 0
0 0 0 hn_1 0 O
Lo o 0 0 hy ho
_ g 0
0 0
.= 9‘1 Com= || e ROremax
’ 0
| 9(M -1)/2 1

where B € RIM+N)/4xM 1f H has full row rank, i.e.,
rank (H) = (M + N)/4, then the dimension of the null
space of operator H is 1. And the general solution of
(2) is given by

g=Htm+ (I - HYH)¢* 3)

where H* denotes the Moore-Penrose pseudo-inverse of

H, and ¢* is an arbitrary column vector of dimension
(M + 1)/2. Note that

H(I-HYH)¢* =0

i.e., the second term on the right-hand side of (3) rep-
resents a vector in the null space of H. In other words,
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(I— H* H) projects an arbitrary ¢* onto the null space
of H. Let

0

0|v”

0 M4N

'
[
'
!
2 [

be the singular value decomposition of H [6]. It can be
shown that g in (3) can be written as

9= s+ V' (a)
where
s. = Htm
0'1‘1
=V -1 Ul'm
O MyN

V* = [vﬂi‘ﬁ-{-l
d’ = [¢l d’n]T

vifori=(M+ N)/4+1, ---, (M +1)/2 is the ith
column of matrix V, and ¢ contains 7 free parameters
which can be used to shape up Go(e/*). Details on this
matter are given in Sec. 2.2.

vl

2.2. Shaping Up Go(e/*): A Quadratic Pro-
gramming Approach

The parameter vector ¢ in (4) can be used to shape

up the frequency response of Go(z). Specifically, let
M,(w) = 297 c(w) with

e(w) = {

One seeks to find ¢ in (4) such that

[cos((M — D)w/2) --- cos(w/2)]F, M even

[cos((M — Nw/2) -+ cosw 1/2]F, M odd

M2 (w)dw

Wy

b= /ow’[MAw) ~ 1w +a (5)

is minimized subject to

|Mg(w) — 1] < 6p
|My(w)| < 6,

for w € [0, wp)

for w € [w,, 7]

(6)
(7)
With M,(w) = 29T c(w) where g is given in (4), the

objective function E in (5) can be expressed as

E=¢"Q¢é +2¢Tp+ const (8)



where
Q=v"yv*
p= v (Ysc—y)
Y = 4/ ’ c(w)cT(w)dw+4a/ c(w)eT (w)dw
0

y= 2/ ’c(w)dw
0

Note that the integrals involved in Y and y can be
evaluated in closed form. The constraints in (6), (7) are
usually implemented at grid points on the associated
frequency ranges as

1-68 < 2T (wi)g <146
-6, < 2CT(wj)g <6

By (4), the above constraints can be expressed as

wi € [0, wp]

wj € [w,, 7

2cT (wi)V*¢ < 14 6p — 27 (wi)se (9a)
— 2T (wi)V*¢ < =146, +2cT(wi)s.  (9b)
27 (wj)V* ¢ < 8 — 2¢T (wj)se (9¢)
— 2T (w)V* 6 < 6y + 28 ()50 (9d)

where w; € [0, w,], wj € [ws, 7). If n, grid points in
the passband and n, grid points in the stopband are
used, then (9) can be written as

Ap<b (10)

where A € R¥retndxn b ¢ R2(%s+1.)X1 . Minimizing
(8) with respect to ¢ subject to constraints (10) is a
typical quadratic programming (QP) problem. It can
readily be shown that the Hessian matrix of E, which
is the matrix Q = V*TYV*, is always positive definite.
Consequently, the QP problem has a unique global min-
imum, and efficient algorithms for computing the min-
imum exist [7]. By taking a sufficiently large weight a
in (8) (see the expression of Y), the solution of this QP
problem is a linear-phase lowpass filter with virtually
equiripple passband and peak-constrained least squares
stopband.

3.

We now present two design examples to illustrate the
proposed algorithm. The first example is to design
a linear-phase, perfect-reconstruction QMF bank with
N 23, M = 53, wp = 047, w, = 0.67 (the
Nyquist frequency has been normalized to 7). The
half-band lowpass analysis filter Hy was designed us-
ing the method proposed in [5]. The result is a linear-
phase FIR filter with equiripple passband and peak-
constrained least squares stopband. The first 12 coef-
ficients of Hy(z) are listed in Table 1, and the ampli-
tude response of Hy(z) is depicted in Fig. 2a. The

Design Examples
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degree of freedom created by the order difference is
n=(M-N+2)/4 = 8. With the 8-dimensional param-
eter vector ¢ in (4), the lowpass synthesis filter Gy was
designed using the proposed method. Its passband rip-
ple and stopband attenuation were well controlled by
parameters.§,, §,, np, n,, and o. With §, = 3 x 1072,
8 = 5x 1073, n, = 20, n, = 30, and o = 103, Go(2)
was designed to obtain a linear-phase FIR filter with
frequency response comparable to that of Hy(z), see
Fig. 2a where the highpass amplitude response is just
a mirror image of |Go(e/*)|. The first 27 coefficients of
Go(z) are listed in Table 1. As is expected, the recon-
struction error of the filter bank, which is defined as
e(w) = |Ho(e?¥)Go(ei%) + H1(e7%)G1(e/¥) — e~Tka¥ | is
virtually zero as can be observed from Fig. 2b.

Table 1: Example 1

Lnl Ho(x) | G |
0 | —3.8996090e—03 | —2.4709327e—05
1 3.5660407e—03 | —2.2595718e—05
2 1.4005533e—02 1.5276840e—04
3 | —2.1636543e—03 7.2257428e—05
4 | —2.5110868e—02 | —5.1678119e—04
5 3.8838177e—03 | —1.7693195¢—04
6 4.7913403e—02 1.3601796e—03
7 | —4.3907051e—03 3.3216074e—04
8 | —9.5943813e—02 | —3.1157688e—03
9 4.8369791e—03 | —5.4524916e—04
10 3.1479952e—01 7.6104303e—03
11 4.9500672e—01 | —2.1952476e—03
12 —1.2424316e—02
13 6.5716989¢—03
14 1.9823505e—02
15 —1.2612712e—02
16 —3.0349349e—02
17 1.7562517e—02
18 3.7010645e—02
19 —3.1983807e—02
20 —4.5797634e—02
21 5.2920174e—02
22 5.2313684e—02
23 —9.9182181e—02
24 —5.7202397¢—02
25 3.1651175¢—01
26 5.5791165¢—01

The purpose of the second example is to

demon-

strate the proposed method can handle higher order
design problems with satisfactory results. We use the
algorithm to design an FIR QMF bank with N = 31,
M = 81, w, = 04r, w, = 0.6xr. Other parame-
ters involved in the design are §, = 3 x 10~2, §,



5x 1074, n, = 20, n, = 36 and o = 1000. The first 16
coefficients of Hg(z) and first 41 coefficients of Go(2)
are listed in Table 2, and their amplitude responses as
well as the reconstruction error are depicted in Fig. 3.

4.

We have proposed a parameterization approach to de-
signing QMF’s with the perfect reconstruction proper-
ty. Since the QP problem involved can be carried out
effectively even for designs of fairly large sizes, the algo-
rithm is fast compared to many existing design meth-
ods that are iterative in nature. With sufficient degrees
of freedom in the null space, it is also possible to use the
proposed technique to design QMF systems that have
other desirable properties such as regularity and mini-
mized finite wordlength effects. Results on this matter
will be reported elsewhere.

Concluding Remarks
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Figure 2. Example 1: (a) amplitude responses of
Hy(z) and H,(z); (b) reconstruction error.
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Figure 3. Example 2: (a) amplitude responses of
Hy(z) and Hy(z); (b) reconstruction error.



Table 2: Example 2

[n]l Hoa [ Gi» |
0 | —1.6336229e—05 1.3451681e—08
1 2.7471598e—03 2.2620803e—06
2 3.6886293e—03 | —3.0730080e—06
3 | —3.3505722e—03 | —8.7620745e—06
4 | —7.8492446e—03 1.4602258e—05
5 5.1707332e—03 2.4789105e—05
6 1.5465005e—02 | —4.7774439e—05
7 | —7.1011861e—03 | —5.8679257e—05
8 | —2.8146537e—02 1.2911532e—04
9 8.8688098e—03 1.2369855¢—04
10 5.0106635e—02 | —3.1064070e—04
11 | —1.0409727e—02 | —2.3929509¢—04
12 | —9.7487438e—02 6.9783357¢—04
13 1.1427981e—02 4.9167090e—04
14 3.1536429¢—01 | —1.6770064e—03
15 4.8824260e—01 | —3.8888611e—04
16 2.9642692e—03
17 1.6857353e—04
18 —4.9678165e—03
19 5.3225548e—04
20 7.7523937e—03
21 —1.9875071e—03
22 —1.1442007e—02
23 4.6148290e—03
24 1.6194410e--02
25 ~9.3241976e—03
26 —~2.4125195e—02
27 1.2659500e—02
28 3.0593599¢—02
29 —1.9174958e—02
30 —3.8420945¢—02
31 2.7507637e—02
32 4.6134346e—02
33 —3.9468619e—02
34 —5.3008140e—02
35 5.9537617e—02
36 5.8568417e—02
37 —1.0368954e—01
38 —6.2145032e—02
39 3.1750967¢—01
40 5.6336138e—01
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