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Abstract

This paper presents an analytical solution to a
general approximation problem for multidimensional
(m-D) discrete signals. The solution is optimal in the
Frobenius-norm sense and includes the well known sin-
gular value decomposition (SVD) based approximation
as a special case with m = 2. Computational issues
involved in the algorithm implementation as well as
potential applications of the algorithm to image and
video coding are discussed.

1. Introduction

This paper is concerned with the problem of approx-
imate representations of multidimensional (m-D) dis-
crete signals with m > 2 by a linear combination of a
selected set of basis functions, which is often referred to
as a dictionary, in a certain optimal sense. In partic-
ular, we are interested in the special cases of m = 2
and m = 3 for the purpose of transform coding of
still images and video signals. Signal representation
for m-D discrete signals have been investigated in [1]-
[4] in a matching pursuit or basis pursuit framework
and in [5][6] using an iterative least squares technique.
This paper describes an analytical solution to a gen-
eral approximation problem for m-D discrete signals.
The problem is formulated in an inner-production s-
pace of dimension vy with vy = [[/2; K; where K; de-
notes the number of entries in the ith dimension. This
inner-product space setting provides a straightforward
relation to the m-D signal space, facilitates the defi-
nitions of inner-product related concepts in the m-D
signal space, allows the use of basis signals which may
not be of rank-one, and more importantly, leads to a
least-squares solution to the approximation problem.
It is shown that the solution includes the well know
singular value decomposition (SVD) based approxima-
tion as a special case for m = 2 when the basis signals
are generated from the SVD of the signal, which are of
rank-one and orthonormal. Some computational issues
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involved in the algorithm’s implementation as well as
potential applications of the algorithm to image and
video coding are discussed.

2. Notation and Preliminaries

Let s(k1,...,km) with 1 < k; < K; be the given m-D
signal of finite support, and B = {b; (k1,...,kp,), 1 <
i < N} be the set of basis signals. For B to be a
set of basis functions, it must satisfy (a) the rank of
each b; € B is greater than or equal to one; and (b)
{bi, 1 < i < N} are linearly independent. Two terms
need to be defined here: aset of m-Dsignals by, ..., bg
are said to be linearly independent if

K
Zk,;bi =0
i=1

implies k; = 0 for 1 < i < K; and b(ky, ..., kp) is
said to be a rank-one signal if
b= upouye - oy, (1a)

where u; € RXi*1 and « denotes the outer product
operation meaning that the (ky,..., k,,)th entry of b
is simply the product of ui(k1), ua(ks), ..., um(km),
ie.,

bk, km) = [T ui(ky) (1b)
j=1

The rank of a m-D signal is greater than one if it is a
nonzero signal and it cannot be expressed as in (la).
A better way to define a m-D signal with rank greater
than one will be described shortly. Note that the basis
signal set B may contain signals whose rank is strictly
greater than one.

It is quite natural to define the inner product of two
m-D signals as

Ky K.,

Ca, b= Y alky, ., km)b(ky, -, k)
ki=1 km=1

(2)



The m-D signal space equipped with the inner product
(2) admits important geometrical concepts. For exam-
ple, a is said to be orthogonal to b if € a, b >>= 0; and
the norm of signal b is defined by

1/2

K, Kmn
elle = | S > b%(ka, -, km)

k=1 kp=1

(3)

where ||*||F indicates the norm definition here is a gen-
eralization of the Frobenius norm for matrices. As will
be seen in the next section, the inner-product space in-
duced from (2) can be connected to a normal vector
space of higher dimension.

3. Problem Formulation and an
Analytical Solution
3.1. Problem Formulation

For a given positive integer m, there is an one-to-one
correspondence between the m-D discrete signal space
8 ={s(k1, --., km), 1 < k; < K;} and the vector s-
pace V of dimension vy with v = [[i~, K;. The mapping
that facilitates the correspondence is

SES — 5y € RV

(4a)

where s(k1, ..., km) = sy(7) with
m—1
i= (km—1) [] Ki+ (km-1 —1)
i=1
m-=2
I K+ (- DE b (4b)
i=1

With m = 2, for example, (4b) becomes i = (k2 —
1)K +k; so the vector s, corresponding to a K; by K>
matrix s(k1, kg) is generated by stacking the column
vectors of the matrix in an orderly fashion. In general,
it is straightforward to verify that for a, b € S.

<a, b>»= (au; bv)

where (*,¢} denotes the usual inner product in Eu-
clidean space R"*!, and ||b||r = ||by||2 where ||*|]2
denotes the usual Euclidean norm. It is also easy to
verify that m-D signals are linearly independent in S if
and only if they are linearly independent in V; and an
m-D signal has rank r if one needs at least r linearly in-
dependent signals each of which corresponds to a rank
one m-D signal in S to linearly represent it. In what
follows we state the approximation problem in space S,
then reformulate it in space V.
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Given a set of basis functions B, our goal is to find
weights w;, 1 <17 < N, such that

J=ls(k1, ...y km) —alky, ..., kn)llF (5a)

is minimized where the approximation a is given by
N
a=) wh, beB (5b)
=1

In space V, we denote the corresponding signals of s, a
and b; by s,, a, and bg”), respectively, and rewrite (5)

as
N
s — 3 wib”) (6)
=1 2

The weights w} (1 < i < N) that minimize J in (6) are
used to construct

2
J=

N
a* = Z w; b; )
i=1

which is for a given B an optimal approximation of m-
D signal s in the Frobenius norm sense. In the rest
of paper ¢* in (7) is referred to as the Frobenius (F)-
optimal approximation of s.

3.2.

The approximation error J in (6) can be written as
N

N
Z Z w,-wj(b,(v), b;-"))

i=1 j=1

N
=23 wilse, 5) + llsoll2

=1

w’ Qu — 2w p + ||y |13

An Analytical Solution

J

(8)
6, 8, p = (p;) with
pi = (Sv, bg”)), and w = (w;). Since {bg")} are linear-
ly independent, ) is symmetric and positive definite.

Hence J is globally convex with respect to w, and its
minimum is achieved at

where Q = (¢i;) with ¢;;

w* — Q-—lp (9)
4. Special Cases and Computation
Complexity
4.1. Special Cases

(a) An important case is when m = 2. The signals
in question are then discretized images or alike. A
well known method to approximate a given matrix
& of rank » is to use the SVD of s:

r
s = ZO’,’U,‘U;T (10)
i=1



(6)

where oy > --- >0, >0, {u;, =1, ..., r} and
{v;, i=1, ..., r}are two orthonormal vector sets,
ie., (ui, u;) = (v, v;} = &;. It is known [7] that
for each K < r, the optimal rank-K approximation
of 5 in the Euclidean and Frobenius norm sense is

given by
K
ag = ZO’,’U,”U?
i=1

(11)

If we denote b; = w;ol and let B = {b;, i =
1, ..., K}, then we can write the optimal ap-
proximation as

K
ag = Z O';b,'
i=1

Note that the basis signals in B are all rank one
signals and are orthonormal. Thus @ = I and (9)
becomes

w =p

le.,

(sv) bSV)> =L 8, bi >

pi =
T
z Zslk”ilvik = u; 8Y;
!

k

On the other hand, it follows from (10) that
gy = u;rsv;

Hence w} = ¢; meaning that (9) covers the SVD-
based approximation as a special case when m = 2
and B = {u;v], i=1, , K}

Consider now the case when all the basis signals
in B = {b;, 1 < i< N} have rank one and are
linearly independent, but not necessarily from the
SVD of the signal to be approximated. The di-
mension m may exceed 2. In this case we write
each rank-one basis function in B as

bi(kh s )km) = H uy)(k])
j=1
and compute
J = IIS - aII%
= Zunw,wz QZp.w, +1lsl1%
i=1 =1

= v Qu—2wTp+ ”3“F
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Q = {Qil}! P=[P1 pN]T7

gi1 = ﬁ(uy), ug.l)) (12)
N
pi = Z . Z s(k1, .. HU(Z)(’C )

(12) indicates that matrix @ is the Schur (i.e., en-
trywise) product of Q1,Qs, ..., Qn where each Q;

is given by
Qi =
<u(1) (1)> (u (1) (2)) (u} () (N))
(2) (1) (2) (2) (2) u'v)
@) @)

W, D) ™, u®) ™, )
which is symmetric and positive definite if and on-
ly if the set of basis vectors U; = {u,(-l), uf-N)}
is linearly independent. Using the Schur produc-
t theorem [8, Ch. 5], it can be shown that @ is
also positive definite if and only if every U; is lin-
early independent. Under such circumstances J is
strictly convex with respect to w and the optimal
weight w* that achieves the global minimum of J
is given by

w'=Q 'p

and the F-optimal approximation is given by

N
a :zw:b;
i=1

An interesting case, again with m = 2, that in-
volves no SVD of the signal blocks is the two-
dimensional (2-D) discrete cosine transform (DC-
T), which can be expressed in the form [9]

(14)

(15)

0k, 1) = —Z-a(lc)a(l)

1N-
2
z Z z(m,n)cos mk( 277\,+ D cos
m=0 n=0

where k,l = 0, 1,..., N — 1, and o(0) = 1/V72,
a(j) = 1 for j # 0. For a fixed pair k£ and
1, the transformation kernel can be expressed as
an N by N matrix with the (¢,j)th entry be-
ing cos ”k(m D "'(2] Y With k and I varying
from 0 to N -1, these matnces form a set of basis
functions B = {b;, I = 1, ..., N?}. Assuming
each basis function b; has been normalized such
that ||b§v)||2 = 1 where b?u)

7r1(2n +1)
2N

denotes the vector in



space V that corresponds to b;, then we can show
that the matrix B = [b?") b(Nvg] is orthogonal,
hence this 2-D DCT based basis function set leads
(14) to w* = p.

If B is overcomplete, then @ will no longer be pos-
itive definite and the approximation problem at
hand fits into a matching pursuit framework if one
decides to search a locally optimal solution or into
a basis pursuit scenario when a globally optimal
solution is sought. By working in inner-product
space V in which weights w} (1 < i < N) that
minimize J in (6) are sought, a matching pursuit
algorithm for best approximating a m-D signal can
be established [3].

4.2,

There are several good features of the solution ex-
pressed in either (9) or (14), and we would like to de-
scribe two of them here. First, the matrix Q is in-
dependent of the input signal s, therefore Q! can be
evaluated off line as long as the basis functions have
been chosen. Second, if for some reasons one decides
to add new basis functions to B, the inverse matrix
Q™! can be fully used to quickly evaluate the inverse
of the augmented @ matrix, denoted by (:?, by using
the well-known formula for inverting block matrices.
Specifically let @ be the Q matrix after new basis func-
tions are included in B. From (8) or (13) it follows that
(Q can be expressed as

Computation Complexity

where A12 and Ass are the only blocks involving new
basis functions. _
The inverse of @ is given by
G-1 = [Q—l +Q71’1412A§21A¥‘2Q—1 —Q—IAA112A521]
—Az ALQ™! A

where
Agg = Aga — A{QQ_IAM

Note that if Q! is already available, then evaluating
Q! using the above formula is computationally inex-
pensive as long as the number of new basis functions is
not large.

5.

As an example we consider approximating still images
using the 2-D DCT based basis signals with N = 8.
The set B in this case contains 64 8 x 8 signals and, as

An Illustrative Example
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was mentioned in the previous section, the associated
B is a 64 x 64 orthogonal matrix.

The image in question is partitioned into 8 x 8 blocks,
and each block is approximated by a linear combination
of several basis signals. In general, two simple steps
are needed to carry out the approximation: first we
compute w* using all 64 basis signals, and keep only
K basis functions that correspond to the largest w}’s
in magnitude where K is the number of basis functions
allowed to use in the approximation; second, these basis
functions are used to form a new B to compute the new
w*. With the 2-D DCT based B, however, the fact that
B is orthogonal immediately implies that only the first
step is needed and the weights w} do not have to be re-
calculated. Figures 1 and 2 show the approximation of
two sample 256 x 256 images, namely the building and
the fruits, with 256 gray scales using 2, 3, and 4 basis
signals. The approximations can be evaluated using
the signal-to-noise ratio (SNR) defined by

|Is]lF ]
SNR = 20 log [—
Y llis=allr
and the evaluation results are listed in Table 1.

Table 1: Evaluation Results

Number of SNR SNR
Basis Functions || for “building” | for “fruits”
2 10.6944 dB 15.1105 dB
3 12.6670 dB 17.4176 dB
4 14.0938 dB 19.1333 dB

It is observed that the 2-D DCT basis functions yield
better approximations for image “fruits” than for image
“building” in which edges are the dominant component
of the image. One way to improve the approximation
accuracy without increasing the number of basis func-
tions used is to augment B by including a set of edge
signals [10]. Of course B in this case becomes over-
complete and the algorithm proposed here needs mod-
ifications. An easy approach to handling the situation
is that one can use the algorithm here as applied to
the set of DCT basis functions to select, say n;, best
basis functions, next the same algorithm is applied to
the set of edge type basis functions to select, say nj,
best basis functions. Together these (ny + ny) basis
functions are used to form an improved B to which the
algorithm is once again applied. Technical details and
simulation results using such modified method will be
reported elsewhere.
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Figure 1: (a) original “buliding” image; approximations [5]
using (b) 2 basis signals; (c) 3 basis signals; and (d) 4
basis signals. ‘
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Figure 2: (a) original “fruits” image; approximations us-
ing (b) 2 basis signals; (c) 3 basis signals; and (d) 4
basis signals.
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