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Abstract-A new weighted quasi-balanced model re-
duction method for two-dimensional discrete sys-
tems with input and output weights is develope-
d. The development of the new method can be
divided into three distinct stages. First is the in-
troduction of four auxiliary Lyapunov equation-
s by which weighted controllability and observ-
ability quasi-gramians are defined. The second is
the computation of the weighted quasi-gramians.
The third is the definition of the weighted quasi-
balanced realization. A 2-D filter of order (4, 5)
is obtained from an original lowpass 2-D filter
of order (4,8) using the proposed method a-
long with another lowpass filter as input weight.
Comparisons of the new weighted model reduc-
tion method with the existing unweighted quasi-
balanced model reduction method are included.

I. INTRODUCTION

The balanced approximation is an effective
method for the reduction of the system order in one-
dimensional (1-D) and two-dimensional (2-D) sys-
tems. Among the existing balanced realization meth-
ods for 2-D discrete systems, the quasi-balanced re-
alization method is computationally the most effi-
cient [1]. If the requirements imposed on the ap-
proximation error are different for different frequen-
cy ranges, improved reduced-order systems can be
obtained by applying a weighted balanced approxi-
mation method. The weighted structurally balanced
realization for discrete 2-D systems can be carried
out as described in [2]; however, the amount of com-
putation required is very intensive.

The goal of this paper is to extend the quasi-
balanced realization method [1] to a new weighted
quasi-balanced model reduction method. The devel-
opment of the new method can be divided into three
distinct stages. First is the introduction of the four
auziliary Lyapunov equations by which weighted con-
trollability and observability quasi-gramians are de-
fined. The second is the computation of the weight-
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Figure 1: A weighted 2-D discrete system

ed quasi-gramians. The third is the definition of
the weighted quasi-balanced realization and reduced-
order system. To illustrate the proposed method, a
2-D filter of order (4, 5) is obtained from an original
lowpass 2-D filter of order (4, 8) using the proposed
method along with another lowpass filter as input
weight. Comparisons of the new weighted model re-
duction method with the existing unweighted quasi-
balanced model reduction method are included.

II. PRELIMINARIES

The system configuration to be considered here
is shown in Figure 1, where H{z;, z3) € CP*? is
the transfer-function matrix of the system of order
(m, n), and W;(z1, z2) € CI** and W,(z1, 22) €
C**P are the transfer-function matrices of the input
and output weights of orders (m;, n;) and (m,, n,),
respectively.

If we use the Roesser state-space model [3] to de-
scribe the system, then

H(z1, 22) = C[I(21, 22)—A]"' B+D (1a)
W(z1, ) = C; [I(z1, 22)—A;]7' B;+D;  (1b)
Wo(z1, 22) = C, [I(2, 32)—Ao]—lBo+Do (1c)

where A ¢ Clm+mx(m+n) B ¢ clmin)xe C ¢
cpx(mn) AL ¢ Clmitnax(mitni) B, ¢ glmitr)xt
C; € C<1><(m,+ni), A, € C(ma+no)><(m,,+no)’ B, €
Cmetno)xp C g C8X(motno) and

I(Zl, Zg) = 211@ ZzI

In this equation, the symbol @& denotes the direct
sum, and I is the identity matrix. The matrices in-
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Figure 2: Auxiliary transfer-function matrices

volved in equations (1a), (1b), and (1lc) can be par-
titioned as

|
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A; Ay B, cT
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’ [Ai3 Ay ' Bi» cr
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As illustrated in Figure 2, the weighted-input-
to-state and the state-to-weighted-output auxil-
iary transfer-function matrices, H;(z1, z2) and

H,(z1, z2), are defined as

[ (2’1, Zz)—A]-l BW,;(Zl, 22)

Ci[ (21, z9)—A; ]_1 B,

H, (21, 22) = W,(21, 22) C[I(21, z9)—A]!

H;(z1, 22) =

(2a)

il

=&, [ Iz, 2)-A, ] B, (2b)
where
2 [ A A
A, = N N
Tl As A
A; B:Ci; | A; BiCi
0 Apn | 0 Ap
= _ - 4 == = - =
Az B3Cy;i | Ay B:Cyp
_0 Ais | 0 Al
R R o T
B: =B}, B}]
- [D7BY B | DFB] B
A N N I 0O 0 0
& =6 c,-z,]:[0 ol 0]
. A, A,
A = Aol Ao.,jl
° [Ao3 Ao4
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Al 0 I Ag 0
Bolcl Aol | B01C2 A02
= ———_ = 4+ == - ==
Aj 0 | Ay 0
B,2C:i Aoz | BoCa: Agg |
T
. . .o T I 0| 0 o]
B" = [ Bg‘l BZ‘Z] = 0 0 | I O
éo = [ é01 602 }
= [ D,C, C, | D,C, C, ]

As indicated in Figure 2, transfer-function matrix
H;(z1, z2) in (2a) relates a weighted input signal
to the state of H(zi, z2), which takes the input
weight W;(z1, 22) into account. Similarly, transfer-
function matrix H,(z1, z2) in (2b) relates a state to
the weighted output, which takes the output weight
W,(z1, z2) into account.

III. WEIGHTED QUASI-GRAMIANS

A. Auziliary Lyapunov Equations

We first construct the following auziliary Lya-
punov equations

AqP AL - P, + B,BY + AHPZA?; =0 (3a)
AP AT - Py + B,,BY, + A;3P;AL =0 (3b)
01Q1 o= Qi+ cflén + A33Q2A03 =0(3¢)
AT,QsA,4 - Q; + CLCoo + AT, A, = 0(3d)
and matrices
. 1::'11 1?12 0 0
i AR A L
0 0 Py Poy
B (:111 @12 0 0
-~ 0 0 0
a=[% 8= % an an|®
0 0 Qi Qo

where (Pl, P)) are the solutions of (3a) and (3b),
and (Qy, Q2) are the solutions of (3¢) and (3d).

B. Definition of Weighted Quasi-Gramians

Definition 1

The weighted controllability and observability quasi-

gramians, denoted by P, and Qg, respectively, are

defined as
p,=ipi’, Q,=1Qf (5)



where P and Q are given in (4a) and (4b), respec-

tively, and
j_[1 000
{0 0 IO
that is,
p, = |fu 0 =P, &P,
q 0 P q9 q
21 I (mtn)x(m+n)
G 0
[ Qll Q :l = qu = Qq2
21 (m4n)x(m+n)

are positive definite, block-diagonal matrices.
C. Computation of Weighted Quasi-Grammians

An algorithm for the computation of 2-D weighted
quasi-gramians is described below. This is an exten-
sion of the algorithm developed in [4].

Algorithm 1
Step 1: Set 13(20) = ng) =0and k= 1.
Step 2: Solve the following 1-D Lyapunov equations
A PPAT _ P 4R =0 (62)
ALQPA, - +ai=0  (6b)
for 13(1k) and Q(k) where
F, = By BT + A,P DAL
G, = €7 ¢, + ALQF VA 5
Step 3: Solve the 1-D Lyapunov equations
PP 4F, =0 (6¢)

ATQPA,, -G +G,=0 (6d)

IR
A PPAT -

for 13(2k) and Q(Zk), where
Py = BiBL + AwPPAT,
Gy = €1,&., + ALQP A,
Step 4: Set k = k + 1 and repeat from Step 2 until
IBX —PE-D) < ¢, (i=1,2)
A - QY < e, (=12

where ¢ is a prescribed tolerance. Obviously, if
lsgk)—af’i and ng)—rQiforizl,Qask—aoo,
then P; and Q; satisfy (3a), (3b), (3¢) and (3d).

Step 5: Compute the weighted quasi-gramians of

the 2-D systems from the Pl, Pz, Q,, and Qz using
(4a), (4b), and (5).

IV. WEIGHTED QUASI-BALANCED REALIZATION
AND MODEL REDUCTION METHOD

We now propose a weighted quasi-balanced realiza-
tion and model reduction method for 2-D systems.
The new method is essentially an extension of the
(unweighted) quasi-balanced realization and model
reduction method proposed in [1].

Definition 2

The 2-D system represented by Figure 1 is said to
be weighted quasi-balanced if the weighted quasi-
gramians satisfy

qu = qu :Elzdiag(al,...,am) (7&)
Pq2 = qu =3y = diag(“ly s ’l*‘n) (7b)

where

01> 20m 20 and g2 > >0

are called the weighted quasi-Hankel singular values
of the system.

If the 2-D system is not weighted quasi-balanced
and if the Lyapunov equations (3a), (3b), (3c) and
(3d) have positive definite solutions P, and Q,, then
the algorithm in {5] can be applied to {P1, Q;} and
{P3, Q2} to find nonsingular matrices T; and T,
respectively, such that

T PuTi? = T QT = =,
T;'PpT; T = T7 QT2 = 2
Having found balancing transformation matrix

T=T,6T,

a weighted quasi-balanced realization of the system

can be characterized by the set {A;, By, C,, D} with
A, =T !AT, B,=T'B, C,=CT

where A, B, C, and D are given in (1a). One can
then partition the matrices Ay, By, and Cp as

A Ay | A Agp
Az Ay | A Ay
A= | —— —— 4 ——
Az Az | A Ay
A3z Azqy | Ay Au
T
B, = [ B% BF{2 | sz Br’zrz ]
Cy=[Ci1 Ci2 | Crz Caa]

where Aqy € CTV%™ ) ALy € CTV%72 A,g € CT2X™
Arg € C72772, By € C1XY, By € O, Cyy €



C**r1 C,q € C**"2, and the reduced-order weighted
2-D system of order (r;, r2) can be obtained as {A,,
Br, Cr, D} WIth

T
_ A1 As2 _|Bn _[ch
a=[an 2] ome= o] o= (G2

The transfer-function matrix of the reduced-order
system is given by

H,(z, z2) = C, [I(21, 22) — A;]B, + D

V. EXAMPLE

A lowpass FIR filter of order (31, 31) is used to
demonstrate the proposed method. The amplitude
response of the original filter is depicted in Fig-
ure 3. We first applied the (unweighted) quasi-
balanced model reduction algorithm in 1] to obtain a
reduced-order filter of order (12, 12), represented by
Hyy (21, 22), whose amplitude response is shown in
Figure 4. Next, a (4, 4) lowpass filter was used as the
input weight W;(21, z2) to emphasize the reduced-
order system over the low frequency region. This
input weight is modeled by (1a) with

0.8653 —0.3202 —0.0389 —0.0293]

A = | 03202 0.6696 —0.3457 —0.0472
L= 10,0389 0.3457  0.4885 —0.4057
0.0293 —0.0472  0.4057  0.3592 |

0.3761  0.3275  0.1685  0.0574]

Aiy = —0.3291 —0.2866 —0.1475 —0.0502
27| 0.1688  0.1470  0.0756  0.0258
| —0.0570 —0.0496 —0.0255 —0.0087 ]
0.0020 0.0028  0.0031  0.00217

A.. = | 00020 —0.0034 —0.0041 —0.0025
3= | 0.0010 0.0023 0.0033  0.0018
| —0.0012 —0.0025 —0.0028 —0.0008 ]
0.8657 —0.3205 —0.0396 —0.0294

A = 0.3202  0.6694 —0.3465 —0.0465
4= 10,0385 0.3456  0.4883 —0.4037
0.0294 —0.0473  0.4072  0.3591 |

B;, = [~0.0149 00130 —0.0067 0.0023]"
Bi; = [—0.2631 0.2289 —0.1183 0.0398]T
Cip = [-0.2636 —0.2284 —0.1181 —0.0396]
Ciz = [—0.0149 —0.0130 —0.0067 —0.0023]

D; = 10~* x 5.8826

The amplitude response of the input weight is de-
picted in Figure 5.
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The proposed weighted quasi-balanced model re-
duction method with input weight Wi(zy, z3) and
unit output weight, Wo(z1, z2) = I, leads to a
weighted reduced-order filter of order (12, 12), rep-
resented by Hy, (2, z2), whose amplitude response is
shown in Figure 6. The reduction error matrices of
the unweighted and weighted quasi-balanced model-
reduction can be defined as

Eyw = (Euwkl )
where

Euw,, =[H(eI 2K MLy _H, (27K, ei2mI/Ly)|
EWH:|H(ej21rk/K’ e”"'”‘)—Hu, (ejka/K’ ejZnI/L)I

and B, =(Euu)

withk=0,1,..., Kand [ =0,1,..., L, where K
and L are the numbers of frequency response samples
in the normalized frequency ranges wi, wp € [0, 1.0]
(w1 = -}%, Wy = %) The Frobenius and [, norms of
E,, and E,, are given by

k=1k=1
¢oo = [[Buwlloo 1<kgn}¥,11xgzsLE"""“
€y = ”Ew“oo = Eun

max
1<k<K,1<I<L

The errors of the reduced-order models obtained
using the unweighted and weighted quasi-balanced
model reduction methods have been computed in
three frequency ranges and are summarized in Ta-
ble 1, where w = w; = wa denotes the normalized
frequency.

Table 1: Errors of the Unweighted and
Weighted Model Reduction

(r1,r2)= Frequency ranges, (w € [ ])
(12, 12) [710,0.30] ]0.30,0.60] | [0.60,1.0]
eg 0.3236 0.7262 0.5505
s 0.3223 0.7264 0.5506
€0 0.0367 0.0503 0.0485
€woo 0.0365 0.0504 0.0486

As is expected, Table 1 shows that the error e,y
(woo) from the proposed weighted quasi-balanced
model reduction is smaller than the error €; (€co)
for the (unweighted) quasi-balanced model reduction
in the low frequency range but it is larger in the
intermediate and high frequency ranges due to the
use of the lowpass input weight.



V. CONCLUSION

A new weighted quasi-balanced realization and
model-reduction method for 2-D discrete systems
with input and output weights has been develope-
d. Four auxiliary Lyapunov equations are introduced
and solved iteratively. The weighted controllability
and observability quasi-gramians are part of the solu-
tions of auxiliary Lyapunov equations. The proposed
method leads to a better weighted reduced-order sys-
tem in low frequency range than that obtained from
the existing quasi-balanced model reduction method.
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Figure 3: Amplitude response of the original FIR
filter of order (31, 31).

Figure 4: Amplitude response of the reduced-order
filter of order (12, 12).

Figure 6: Amplitude response of the weighted
reduced-order filter of order (12, 12).



