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Abstract— A new algebraic method for the
design of conventional QMF banks is proposed.
The method uses a self-convolution technique to
reformulate a 4th-order objective function whose
minimization leads to the design of QMF banks.
It is shown that the reformulated optimization
problem can be solved iteratively with improved
computation efficiency compared to several exist-
ing design methods. It is also shown that the
method can be extended to design QMF banks
with low-reconstruction delay. Two examples
are included to illustrate the design method pro-
posed.

I. INTRODUCTION

Several methods for the design of quadrature-mirror-
filter (QMF) banks have been proposed in [1]-[7]. Some
of the design methods lead to near-perfect reconstruc-
tion QMF banks [1]-[4] while others lead to perfect-
reconstruction QMF banks [5]-[7].

In this paper a new algebraic method for the design
of conventional QMF banks with near-perfect reconstruc-
tion is proposed. The method uses a self-convolution
technique to reformulate a 4th-order objective function
whose minimization leads to the design of QMF banks.
It is shown that the reformulated optimization problem
can be solved iteratively with improved computation ef-
ficiency compared to several existing design methods. It
is also shown that the method can be extended to design
QMF banks with low-reconstruction delay. Two exam-
ples are included to illustrate the design method pro-
posed.
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II. DESIGN METHOD
A. Generalized QMF Banks

Consider the two-channel filter bank shown in Fig. 1.
The output and input of the system are related as

X(2) = 3[Ho(2)Go(2) + H1(2)G1(2)] X (2)
+3[Ho(=2)Go(2) + Hi(—2)G1(2)]X(=2) (1)

where the second term in the right-hand side repre-
sents aliasing. By assuming H1(z) = Ho(—z2), Gi(z) =
—Ho(—2z), and Go(z) = Ho(z), the aliasing term is can-
celled and (1) becomes

X(z): 1

L[H3(2) - HE(-2)] X(2)

(2)

To reconstruct the input signal at the output, it is re-
quired that

Hi(z) = Hi(=z) = 27 (3)

where k4 is the system delay.
Let

Ho(z)=ho+ hyz7 44 hy_y 27NV

with N even, and

h=1[hohy - hn_1 |7
Zoy =[1 2= L 2N ]T
Zow = [1(=2)7 o (=) 2N
Then we can write
H3(z) = g” Zon
H3(~z) = g7 Zon
where
g=hsx+h (4)

with * denoting the convolution operation. Therefore

Hi(z) — Hi(—2) = g"(Zon — Zon) = g Zon



where
Zon=2[02"102730 ... 27N+ )T
So with z = e/, we have

HY() ~ Hi(=e) = 287 colw) ™74

where
Co(h)) - [ 0 ej(kd"l)“’ ... 010 --- ej(kd—2N+3)w 0 ]T
and (3) becomes
2gT co(w) =1 (5)

Equation (5) suggests that a near-perfect QMF bank can
be designed by minimizing the objective function

" |Ho(e)]? dw (6)

ws

E=/ Icho(w)—1|2 dw + o
0

where a > 0 is a weight and w, is the stopband edge of
the lowpass transfer function Ho(z). It can be readily
verified that

E=4g"Q,g—4g"b+ah"Q,h+ 7

where
o -
1 0
0
Qr =7 1
0 1
= 0 o
T—w, —sinw, -3 sin2w,
q —sinw, T—w, —sinws
.=

— x5 sin (N = 1)w,
— 5 sin (N — Dw,
— 5 sin (N = 2)w,
T — W,

andb=[0---0x0 ---
entry is nonzero.
The gradient of £ with respect to h is given by

0]7 where only the (kq+ 1)th

VhE =8JQ,g—4Jb+2aQsh

where J is the N x (2N — 1) Jacobian of g with respect
toh,ie.,
og

h

9(h+h) _0(Hh)

J= 3h oh
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[ ho My hnja-1 hny2 hy-1
ho hnjz—2 hNja-1 hyn-2
=2
10 ho
0 0
hn-1 0
hy hy-1 Nx(2N-1)
with
[ ho 0 0
hy hg 0
H= hN—l hO
0 Ay :
[ 0 0 hy-1 | (2N=1)xN
Hence

UnE =2[(4JQ,H + aQ.)h — 2Jb) (7)

B. Design of QMF Banks with Linear Phase

If k4 = N — 1 and h is symmetrical with respect to
its midpoint, then the filter represented by Ho(z) has
linear phase response. In this case the number of design
variables is reduced to N/2, and equation (7) is replaced
by

UnE=2[(43,QH, + Q) h, —23,b] (8)

where hy = [ ho hy -+ hnja-1 )7,

ho hy hnja-1 hnja-s ho
ho hnja—2 hnjaa hy
J, =2
O ho hy hnya-1
0 0
ho 0 O
hny2-2 ho N/2x(2N-1)



[ ho 07 )
o 1 0
0 0 1
hnja-1 hnja-2 ho o
H,= hnja—1 hnja-a R 1
: |
ho hy :
ho 0 1
L1 0]
0 ho
and
) 0
01
1
Qas=[Ine 0]Qa
1
01
L1 0] NxN/2

By letting /n, E = 0, we obtain
h, :2(4JsQrH5 +aQas)—lJab 9)

To design a QMF bank, we design a half-band, linear-
phase, FIR filter of length N, and use the first N/2 of
its coefficients to form a vector denoted by hy. Then
we calculate J, and H,, and evaluate h, in (9). Having
obtained h,, vector hg is updated as

ho=8h,+ (1 - 8) ho {10)
where the weight 8 € (0,1) usually assumes a value of
about 0.5. The updated hy is then used to evaluated h,
in (9) again. The iteration continues until the difference
|| ho — hy ||2 < € where € is a prescribed tolerance.

C. Design of QMF Banks with Low Delay

In a linear-phase QMF bank the reconstruction delay
is N—1, i.e., the order of the analysis and synthesis filters.
In some applications, QMF banks with reconstruction
delay k4 < N — 1 are desired. In such an application, we
start the algorithm by designing an FIR filter of length
N with group delay k4/2. The coefficients of the filter
designed are then used as an initial hg. By computing J
and H and equating L F in (7) to 0, we obtain

h=2(43Q,H+aQ,)"'Jb (11)
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The hy is thereafter updated as hg = Fh+(1~8) hy and
the above process is repeated until || hg — h ||2 becomes
less than a prescribed tolerance.

It has been observed from experiments that undesir-
able artifacts may occur in the transition region of filter
H, when a low reconstruction delay k4 is required. A
possible approach to reduce the artifacts is to modify the
objective function in (6) by including an additional term

Wiz
a1/ |Ho(e?®) — em3kal2)2 gy
Wiy
where [we1, wo] is an interval in the transition region

where the artifacts occur. It can be shown that

E=4g7Q,g-4g"b+hT(a Q.+ 21 Q;)h
—201dTh + 7 + ) (Wi — wi1)

where Q; = {q;;} is a symmetric matrix with

Wiy — Wiy
gij = { ey [sin(li = jlwe2) = sin(Ji — jlwer) ]

fi=Jjl
fore,j=1,..., N, and

i=7

i#]

do
d=|
dn-1
with
1. . .
d; = —;[sm(p;wgg) - sm(p,—wtl)]
kg .
i = ot
r=

By setting Yn £ = 0, we obtain

h=M4IQH+aQ.+a; Q) (2Ib+a;d) (12)

IITI. DESIGN EXAMPLES

Two design examples are given in this section to illus-
trate the proposed approaches. The performance of the
designs are evaluated in terms of:

s the floating-point
(MFLOPS) used,

operations in  millions

e the minimum stopband attenuation

As = min [~20log;q |Ho(e™)]]
<w<lm

weSw

¢ the peak to peak passhand ripple
Ap = max [20logyq [Ho(e’)]]
— 1 Jw
OS”BIS“%[QUIO&O'HO(e 1]

where w,, is the passband edge.



o the peak reconstruction error

PRE = max | H(e/*) — H?(e3(0+7)) — ¢~ikew

e the signal-to-noise ratio

energy of the signal

SNR = 10log,, (

B ¥ z%(n)
= 10log;, {2 [z(n) — &(n + k)2

}

with a random input where amplitude is uniformly
distributed between 0 and 1.

As Example 1, a linear-phase QMF bank was de-
signed with specifications N = 64, a = 9.5x10~7, w, =
0.47, ws = 0.6m, B = 0.5, ¢ = 10~ The results are
summarized in Table I. The amplitude responses of the
analysis filters and the magnitude of the reconstruction
error are depicted in Figs. 2 and 3, respectively. It is
observed that the minimum stopband attenuation of the
filter obtained is larger than 54 dB and the peak recon-
struction error is of the order of 10~7, which should be
considered small enough for many applications.

As Example 2, an FIR QMF bank with low recon-
struction delay was designed. The design parameters
were N = 80, kg =39, a =1, a; = 1 x 107%, wp, =
047, w, = 0.6m, wyy = 0.45m, wip = 0.57,8=10.5, e =
10~3. The results are summarized in Table I. The am-
plitude responses of the analysis filters and magnitude of
the complex reconstruction error are depicted in Figs. 4
and 5, respectively. It is observed that the filter bank ob-
tained has satisfactory performance and the reconstruc-
tion delay is about half of that in a linear-phase QMF
bank. Note that a low delay QMF bank in general does
not have symmetrical impulse responses, hence linear-
phase response is not guaranteed. However, from Fig. 6,
it is observed that nearly constant group delay can be
achieved in the passband. The phase distortion in its
stopband can be negligible due to the high stopband at-
tenuation.

TABLE |
REsuLTs FOR EXAMPLES 1 AND 2.

Example 1 Example 2
N 64 80
kq 63 39
MFLOPS 1.52 21.5
A,s(dB) 54.09 72.01
Ap(dB)  9.00x10"° 6.37x10~*
PRE 4.46x10"7 1.01x10~*
SNR (dB) 133.0 91.4

energy of the reconstruction noise

)

IV. CONCLUSION

A new algebraic method for the design of two-channel
QMTF banks has been proposed. The new method is effi-
cient and can be used to design both linear-phase QMF
banks and low delay QMF banks. From the design ex-
amples, it is observed that the filter banks obtained have
satisfactory performance.
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FiGuUrE 1
A TWO-BAND FILTER BANK.
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MAGNITUDE OF THE RECONSTRUCTION ERROR.
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EXAMPLE 2:

EXAMPLE 2:

AMPLITUDE RESPONSES OF THE ANALYSIS FILTERS.
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MAGNITUDE OF THE RECONSTRUCTION ERROR.
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FIGURE 6
(GROUP DELAY OF FILTER Ho IN THE PASSBAND.



