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Abstract— A method for the design of two-
channel low-delay QMF banks with equiripple
complex reconstruction error is proposed. A
weighted objective function in which the recon-
struction error is defined in terms of the differ-
ence between the frequency response of the fil-
ter bank and that of an ideal allpass channel is
constructed. Based on this objective function an
iterative algorithm is developed which forces the
magnitude of the complex reconstruction error to
become equiripple. The paper concludes with de-
sign examples which illustrate the efficiency of the
algorithm and the performance of the filter banks
designed.

I. INTRODUCTION

Since late 1970’s, quadrature mirror filter (QMF)
banks have been widely used in one-dimensional (1-D)
and two-dimensional (2-D) signal processing [1]{2]. In the
design of QMF filter banks, it is required that the perfect
reconstruction condition be satisfied while the intra-band
aliasing be eliminated or minimized. Most design meth-
ods developed [3][4] involve minimizing a highly nonlin-
ear objective function directly, which leads to a difficult
optimization problem.

In [5], Chen and Lee introduced an iterative algo-
rithm for the design of two-channel linear-phase QMF
banks. The method modifies the objective function into
a quadratic function whose minimum can be obtained
analytically. As demonstrated in [5], the method is also
suitable for the design of linear-phase QMF banks with
equiripple amplitude response. Compared with other
QMF design methods, this method reduces the compu-
tational complexity significantly. In [6] the iterative al-
gorithmin in [5] was extended to design QMF banks with
low reconstruction delays, which are highly desirable in
real-time applications.
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In this paper, we propose an iterative algorithm based
the methods in [5][6] for the design of low-delay QMF
banks with equiripple complex reconstruction error. The
algorithm leads to designs that include linear-phase QMF
banks with equiripple amplitude response as a particu-
lar case. The paper is organized as follows: In Sec. II,
the algorithm is proposed and the design procedure is
described. In Sec. III, two design examples are given to
illustrate the proposed algorithm.

II. PROPOSED METHOD AND DESIGN

PROCEDURE

A two-channel QMF bank is illustrated in Fig. 1,
where Hi(z) = Ho(—2), Go(z2) = Ho(z), Gi(2) =
—Ho(~z) in order to cancel aliasing. It is known [7] that
the design of QMF banks with low reconstruction delays
can be achieved by minimizing an objective function

E=Fi+aF, (la)

where a > 0 is a weighting and
By = [ [HHe) = () = e (1)
0

us
By = / |Ho(¢™)? dw (1c)

W,
In (1c) ws is the stopband edge and the reconstruction
delay kg4 is less than N — 1 where N is the filter length.
In this case, filter Hy usually possesses an asymmetrical
impulse response. The complex reconstruction error is
defined as

er(w) = Hy () — Hi(eI+™) —e™dvka  (2)
In what follows it will be shown that if a weighted objec-
tive function of the form

Ey = Eyw +aFEyy (33)



B = Y W) H(e) = HE (eI  gmiwkal?
0<w<sn
(3b)

Baw= 3. |Ho(e®)? (30)

wy<wsn

is adopted and the weighting W(w) is chosen appro-
priately, equiripple complex reconstruction error can be
achieved.

First, the objective function in (3) is modified as

B, = Ei, + aEy, (4a)
B, = S W(w)|Ho(e™)Fo(e™) = Ho(¢!“ ™)
0<w<n
- Fo(ef@tm) — emiwhal? (4b)
By, = Y |F(d*) (4c)

weLw<sm

where Fy(e/*) is the frequency response of a lowpass filter
F, whose coefficient vector is f, i.e.,

Fo(ef*) = fTc
£ = [fo(0) fo(1) -+ fo(N =17

c = [1 e 6—j(N—1)w]T

—jw ..

The iteration starts with designing a lowpass FIR filter
H, with a group delay of k4/2. Then Ej, in (4a) can be
rewritten in the form

E, = (Uf — D W(UF - T) + o(U.H)? (Usf)  (5)

where superscript H denotes complex conjugate transpo-
sition and

F ] e—dwn e—dwr(N-1) 7
U, = 1 emies e=dwn(N-1) (62)
1 e e—er(N=1) |
[1 emdws e—dws(N=1) 7
Us = | : (6b)
L 1 edwe e—JwL(N-1) |
H = diag[Ho(c™), ..., Ho(e?**), ..., Ho(e’*")]
(6c)
W = diag[W(w1), ..., Wws), ..., Wwr)]  (6d)
U = HU,; — HU¢|y;:=w; +7,1<i<L (6e)
I= [e_j““k" e dwaka .. e_ijk“]T (6f)
0=w; <wg ... <wy <...<wp=m (6g)

Note that E/, in (5) is a quadratic function of f with
matrix Re(UFWU + a U7 U] positive definite. Hence

f = (Re [UMWU + oU,FU,))~! - Re ([U¥WI)) (7)
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gives the minimum of Ej,, where Re [] is the real part of
[]. Having obtained f, a linear formula is used to update
the coefficient vector of Hg, h = [ho(0) ho(1) - -+ ho(N —
D7, as

hi=(1-7r)h+7f (8)

where 7, 0 < 7 < 1, is a smoothing parameter. The
above procedure is repeated until || h —f ||, is less than
a prescribed tolerance.

To obtain equiripple complex reconstruction error,
the weighting W(w) should be updated based on the
weighted least-squares (WLS) algorithm proposed in (8].
Suppose that Wi (w) is the weighting function used in the
kth iteration, then the weighting used in the (k + 1)th
iteration is expressed as

Wis1(w) = Wi (w)vk (w) (9)
where vg (w) > 0 is selected such that v (wi) > vi(wj) if
leqs(wi)] > lesx(w;)| where ey (w) denotes the values of
er(w) defined in (2) at the kth iteration. This ensures
that in the next iteration |e,(w;)| will decrease at the
expense of increasing |er(w;)|. The criterion of choosing
vk (w) is as follows: Compute the magnitude of the com-
plex reconstruction error eq;(w) at the kth iteration. Let
the Jth extremal value of |eqx(w)| be Vi(J) = lers(wr)]
if Jeqk (wa1)] < lesk(ws)l and lers(wa-1)| < lers(ws)l
are satisfied where wy is defined as the Jth extremal
frequency of the reconstruction error. For any non-
band-edge extremal point, let Vi(J) = 0. IMIN[Vi(J —
1), Ve(J + D] if Vi(J) < 0.IMIN[Vi(J — 1), Vi(J + 1)]
where MIN(u, v) denotes the smaller of  and v. An en-
velop function B (w) is then formed by joining together
all the extremal points of the same frequency band of
interest with straight lines, i.e., for wy <w < wy1

B(w) = [(w —ws)/(@spr —ws)Vi(J +1)

+Hwrr = w)/ (a1 —wi)Ve(J)  (10)
Finally, vk (w) is constructed as
v (W) = L{Bk())" (11)

Y Walwi){ B (wi)})

where parameter @ affects the convergence rate and is
chosen to be 1.5 in our designs.

Since the purpose of the design procedure is to achieve
equiripple magnitude of the complex reconstruction er-
ror, the process could be terminated if

[max(V) -~ min(V)]

<
max(V) i

(12)

where k is a prescribed positive constant and max(V)
and min(V) are the maximum and minimum values of
the magnitude of the complex reconstruction error at all
extremal frequencies.



The steps that need to be taken to accomplish the
design of low-delay QMF banks with equiripple recon-
struction error are as follows:

Algorithm
Step 1  Use a least-squares approach to design a low-
pass, FIR filter of length N with stopband
edge w, and group delay k;/2, and use the
coeflicient vector of the filter obtained to ini-
tialize h. The initial weighting is set to
Ww) =1.

Step 2 Use (6b) to compute matrix U,.

Step 3 Form matrix U using (6e), and compute f
using (7).

Step4 If || h—f || < ¢ where ¢ is a prescribed
tolerance, go to Step 5. Otherwise, update
h using (8) with a 7 close to 0.5 and repeat
from Step 3.

Step 5 If termination condition (12) is satisfied, out-

put h as the design result and stop. Other-
wise, update W{(w) using equations (9)-(11)
and repeat from Step 3.

It should be pointed out that the algorithm leads to
designs of low-delay QMF banks with equiripple complex
reconstruction error as well as linear-phase QMF banks
with equiripple amplitude response if k4 = N — 1 and
initial h is symmetrical.

III. DESIGN EXAMPLES

Two low-delay QMF banks with equiripple complex
reconstruction error were designed by using the proposed
algorithm. The performance of the designs are evaluated
in terms of

o the number of iterations (NI)
o the peak-to-peak passband ripple
Ap = og}%’ip [201og, o |Ho(e’™)] ]

__osrBiSnw,, [20 log;o IHO(ejw)”

where w,, is the passband edge.

o the peak reconstruction error
PRE = max |e,(w)]
w
o the signal-to-noise ratio

SNR energy of the signal

)

= 10lo - -
B10 (energy of the reconstruction noise

£ z%(n)
101og;o {2 [z(n) — &(n + kq))2 }
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where the input is a random signal where amplitude is
uniformly distributed between 0 and 1.

In Example 1, a filter bank with the specifications
N =32 kg=15 a =001, w, =0.7r, 7= 0.5, k =
0.02, ¢ = 10~* was designed. The results are surnma-
rized in Table I. The amplitude responses of the analysis
filters obtained are depicted in Fig. 2. Fig. 3 shows the
magnitude of the complex reconstruction error.

Example 2, a filter bank with the specifications N =
44, k4 =21, a=0.1, wy, =0.657, 7= 0.5, Kk =0.02¢ =
10~* was designed. The results are listed in Table I.
The amplitude responses of the analysis filters and the
magnitude of the complex reconstruction error are shown
in Figs. 4 and 5, respectively.

TABLE [
EVALUATION RESULTS FOR EXAMPLES 1 AND 2.

Example 1 = Example 2
NI 23 11
Ap (dB)  7.95x1072  7.12x1072
PRE 2.4223x107*  1.4627x~*
SNR (dB) 73.20 77.32

From Table I and the figures, it is observed the filters
obtained have satisfactory frequency responses, and that
the magnitude of the complex, reconstruction error is
equiripple.

IV. CONCLUSION

An iterative algorithm for the design of low-delay
QMF banks with equiripple complex reconstruction error
has been proposed. The algorithm includes linear-phase
QMF banks with equiripple amplitude response as a patr-
ticular case if the reconstruction delay k4 = N — 1 and
filter Ho has a symmetrical impulse response. Two de-
sign examples were given to illustrate the performance of
the filter banks designed.
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