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Abstract-—Two efficient algorithms for the deter-
mination of the transfer-function matrix of a two-
dimensional (2-D) discrete system represented by the
Fornasini-Marchesini state-space model are proposed.
The development of the algorithms involves two dis-
tinct steps. First, the 2-D transfer-function matrix
is reformulated in terms of the characteristic poly-
nomials of the coefficient matrices involved. Second,
the coefficient matrices are determined by using an
efficient algorithm for the determination of 1-D poly-
nomial coefficients. The simplicity and efficiency of
the proposed algorithms are illustrate by examples.

I Introduction

The representation of the transfer-function matrix
of a two-dimensional (2-D) discrete systems by a
state-space model and vice versa are two basic prob-
lems of great importance in system analysis and de-
sign. One of the commonly used state-space mod-
els for 2-D discrete systems is the Roesser model
[1].  Several algorithms for the derivation of the
2-D transfer-function matrix from the Roesser state-
space model have been proposed [2]-[6]. Another popular
state-space representation for 2-D discrete systems is the
Fornasini-Marchesini model [7]. To date, no efficient algo-
rithms for the determination of the 2-D transfer-function
matrix from the Fornasini-Marchesini state-space repre-
sentation have been reported.

This paper proposes new algorithms for the deter-
mination of the 2-D transfer-function matrix from the
Fornasini-Marchesini state-space model. The algorithms
are extensions of efficient algorithms for the determina-
tion of the 2-D transfer-function matrix from the Roesser
state-space model [6]. First, the transfer-function ma-
trix is reformulated in terms of the characteristic poly-
nomials of several matrices that depend on one complex
variable. Second, algorithms are proposed that identify
the coeflicients of a 1-D polynomial of order n when its
values at (n + 1) points on the unit circle are known.
Our algorithms entail solving a system of linear equations
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whose coefficient matrix is an unitary Vandermonde ma-
trix. Examples are given to illustrate the efficiency of the
proposed algorithms.

II. Algorithms for SISO Systems

Consider a single-input, single-output (SISO), linear,
shift-invariant, discrete 2-D system represented by the
Fornasini-Marchesini state-space model given by

+biu(k, I+1)+bou(k+1, 1)
y(k, 1) = ca(k, D+du(k, 1)

(1a)
(1b)

where & € R" is the state vector, and « and y are the
input and output, respectively. The transfer function of
the system is given by

H(Zl, 22) = 0(21221—-22Al—ZlAz)-l(Zle-f-Zl b2)+d

A. Reformulation of the Transfer Function

We first reformulate the transfer function H(z1, z2)in
terms of the characteristic polynomials of the matrices
involved. By using a well-known formula, for the transfer
function of a 1-D SISO state-space model (see Appendix
A.13 of [8]), H(z1, z2) can be rewritten as

det(z5I~ A3 +b; c) det[211—F(z,)]
det (zoI— As) det [2:1— E(29)]

_ Plza, Ay—byc) Pz, F(22)]

T Pz, As) P[z1, E(2,)]

_ 2op=o qk(22) 2F

T ko Pi(z2) 2F @

where pi(z2) and qix(z2) are polynomials in z; of order
not greater than n, and

H(Z1, 22) = +d-1

+d—1 (2)

E(Zg) = 79 A1 (ZzI-—Az)_l
F(Zg) = 22(A1 —-b c) (ZZI-—AZ +b, C)_l

(4a)
(4b)
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In (2), P(z2, A2), P(z2, A2 — bac), Plz, E(z2)],
P[z1, F(z2)] are the characteristic polynomials of Aj,
A, — bye, E(23), and F(z2), respectively. From (2) and
(3), it follows that

3 gi(22) #F = Plea, As=b2¢) Plar, F(2))]
£ +(d—1)P(z2, A3)P[z1, E(22)]

Xn:pk(@)zf = P(z2, A2) P21, E(22)]

k=0

(5a)
(5b)

B. Determination of the Coefficients of a 1-D Polynomial

An efficient method for the determination of the coef-
ficients of a 1-D polynomial will now be examined. Let

p(z2) =ap25 +- -+a122+ o

be a polynomial of order n with coeflicients ay, ..., a1,
ag. Also let {z(I), 0 <! < n} be (n+ 1) points that are
uniformly distributed on the unit circle of the complex 23
plane, i.e.,

H(l) =MD, 0<i<n (6)

If the values {p; = p[22()], 0 <1 < n} are known, then

the coefficients {o;, 0 <! < n} can be determined as
a=Vl(z)a (M

where

a=[popr - pal”,

a=la, -0 o),

and V(zs) is the (n + 1) x (n + 1) Vandermonde matrix
whose second to last column is

22 = [ 2(0) 2(1) zn) )"
that is,
z(0)" z2(0) 1
V(z2) = : :
z2(n)" z2(n) 1

Since 25(1), 0 < I < n, are distinct, V(z2) is always non-
singular. More important, it follows from (6) that

VH(25) V(zz) = (n+ 1)1
where VH(z3) denotes the complex-conjugate transpose
of V(z3). Therefore, (7) can be written as

1

a=n+1

V#(22)q (8)

Equation (8) provides an efficient formula for the deter-
mination of 1-D polynomial p (22).

C. New Algorithms

The algorithms are based on (5a), (5b), and the effi-
cient method for the determination of the coefficients of
a 1-D polynomial. It is assumed that matrices A3 and
Ay—Dby ¢ have no eigenvalues on the unit circle. The case
where the matrices A and/or As—bs ¢ have eigenvalues
on the unit circle will be considered in subsection D.

Algorithm 1

Step 1: Use (4a) and (4b) to evaluate E(2;) and F(z3)
over the set of points defined in (6).

Step 2: Compute the determinants of 29I—A5 and 2,I-
Az+4bsc, and the characteristic equations of E(z3) and
F(z) for z3 = z5(1), 0 <1 < n.

Step 3: Use (5a) and (5b) to obtain the values of
pilzs()] and gel ()] for 0 <1 <n, 0 < k < .

Step 4: For each k,0 < &k < n, form vectors q =
[po - pa)T and q = [go - - ¢4]7, and determine poly-
nomials px(22) and gg(z2) by using (8).

D. Unstable and Special Cases

If A, has eigenvalues on the unit circle (the system is
unstable) or the special case where A; —b; ¢ has eigen-
values on the unit circle, the n + 1 points defined by (6)
need to be modified to

() = red?7/HD - 0<i<n ©)]

where 7 > 0 denotes the radius of a circle in the z; plane
where A and As—bs ¢ have no eigenvalues on the circle.
Consequently, (8) is modified to
1
n+1

Note that (8) is a special case of (10) with » = 1, as may
be expected.

a= diag{r~", ..., 7"1, 1} VH(25)q (10)

III. Dual Algorithms

A dual algorithm to Algorithm 1 can be obtained if
the roles of variables z; and z, are interchanged. By
representing H(z1, z3) in (3) as

n - !
H(zi, 20) = __Z;:o ‘{I(Zl)zf
Y=o Bi(21) 73
where pi(z1) and ¢i(z;) are polynomials in z;, it can be
readily shown that

kg

Z Gi(z1) 25 = P(z1, A1—by ¢) P[22, F(21)]

=0
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) +(d=1)P(z1, A1)Plzs, E(z1)] (11a)
Y. bi(z1) 7 = P(z, A1) Pz, B()]

(11b)
1=0
where
E(21) = 2145 (211-A;) ™" (12a)
F(z1) = 21(A2—bsc) (11— A1+b1 ¢)™*  (12b)
Further, (8) needs to be modified as
a=—< Vg (13)
where 21 = [ 21(0) 21(1) z1(n) ]T with
21 (k) = 2™ /(D) 0 <k <n (14)

The dual algorithm is as follows:
Algorithm 2

Step 1: Use (12a) and (12b) to evaluate E(z;) and F'(z;)
over the set of points defined by (14).
Step 2: Compute the characteristic equations of Aj,
.A.]_—- b1 C, E(Zl), and F(Zl) for Z1 :Zl(k), 0 S k S n.
Step 3: Use (11a) and (11b) to obtain the values of
@l z1(k)] and il z1 (k)] for 0< 1< m, 0 <k < n.
Step 4: For each [,0 < | < n, form vectors q =
[po---Pn]T and q = [go--+dn]T, and determine poly-
nomials p;(#1) and §i(z1) by using (13).

Obviously, Algorithm 2 can be used to evaluate
H(z1, z2) only if matrices A; and A;—b;c have no eigen-
values on the unit circle. If matrix Ay or 4; — bic has

eigenvalues on the unit circle, then modifications similar
to (9) and (10) should be made.

I11. Algorithms for MIMO Systems

Consider a multi-input, multi-output (MIMO), linear,
shift-invariant, 2-D discrete system represented by the
Fornasini-Marchesini state-space model given by

x(k+1, I+1) = Ay z(k, [+1)+ Az e(k+1, 1)
+Biu(k, l+1)+Bou(k+1,1)
y(k, 1) = Cx(k, )+Du(k, )

(15a)
(15b)

where u € R, y € ®°, and D € R°*%*. The s x t transfer-
function matrix of the system can be expressed as

H(Zl, 22) = C(lezI—ZzAl—zlAz)_l(ZQBl

+21B2)+D (16)

whose entry (k, [) is a scalar rational function given by

Hii(21, 22) = Cy (21200— 20 A1~ 21 A3) ™ (22Byg

+21B2)+ Dy a7

where Cg, By, and By are the kth row of C and the
{th column of By and Bj, respectively. Therefore, the
transfer-function matrix H(z;, 22) given by (16) can be
evaluated entry by entry and each entry can be treated as
an SISO transfer function. Hence, (5a) associated with
Hyi(z1, 22) in (17) becomes

Z gk(22) 2§ = P(22, A2— B2 Ci) P2y, F(22)]
k=0 +(Dp1=1)P(z2, A3)Plz, E(z2)] (18)
where

F(23) = 22(A1—B11 C) (221—- A2+ B3 Cr)™ (19)

Therefore, Algorithm 1 can be extended to deal with the
MIMO case by substituting (18) and (19) into (5a) and
(4b), respectively.

Similarly, Algorithm 2 can be extended to deal with
the MIMO case by modifying (11a) and (12b).

IV. Examples

Example 1 is a two-input two-output system of order
(2, 2), which was used to illustrate the algorithm in [3].
The system is represented by the Roesser model with

2 1 | 1 0

A= Ay AZ]_ _1 _04|_ E _1
=la A=

1 0 | -2 0

001 | o0 -2

r w1 _[1 =11 2 177

B=[BI Bl =1 o] 1 o

(11 0 -1

c=[c &= [} _| } 0 1]

It can be represented by the Fornasini-Marchesini model
[7] with

A1 A, By
0 0 0
Az—[Aa A4]’ BQ‘[BZ

The transfer-function matrix obtained by using Algo-
rithms 1 and 2 is

}, c=C

Hi(z1, z2)

H(ZD Zz) = [Hs(zl, 22) H2(21’ 22)]

Ha(z1, 22)
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Table 1: Performance of the Algorithms

Algorithm| Computational Complexity, Flops
Example 1 | Example 2 | Example 3
1 6.105%x10% [ 4.140x 107 | 1.189x 108
2 6.044x10* | 2.674x107 | 1.877x10%

where the denominator is given by the matrix

1 -2 -1
4 —-12 1

and the numerators are specified by N;;, Nz, N¢s, and
N4 as follows:

Ny Nio
Ni = [NtS Nt4]
0 0 2 | 0 1 1]
1 6 7] 0 5 3
2 13 0] 0 6 0
= — —_ - 4+ - —_ —
0 1 -3 | 0 o0 -1
3 -3 —14 | 1 -1 -5
| 6 -13 -8 | 2 -3 —4|

Example 2 is an SISO 2-D discrete system of order
(16, 8), represented by the Fornasini-Marchesini state-
space model given in (1a) and (1b), where each entry of
{A1, As, by, by, ¢, d} is a random number chosen from
a normal distribution with zero mean and unit variance.

Example 3 is a four-input two-output 2-D discrete
system of order (8, 16) represented by the Fornasini-
Marchesini state-space model given in (15a) and (15b),
where each entry of {4, A2, By, By, C, D} is a ran-
dom number chosen from a normal distribution with zero
mean and unit variance.

The amounts of computation required by the algo-
rithms for the three examples are listed in Table 1. It is
evident that Algorithms 1 and 2 require different amounts
of computation if the order of the system n; # na
(n1, nz < n). Extensive results with 1 < n; < 30 and
1 < ny < 30 have shown that Algorithm 1 requires less
computation than Algorithm 2 when n; < ns (see Exam-
ple 3), and Algorithm 2 requires less computation when
ny > ny (see Example 2).

V. Conclusion

Two algorithms for the determination of the transfer-
function matrices of 2-D discrete systems using the

Fornasini-Marchesini state-space model have been pro-
posed. These are based on a 1-D polynomial determi-
nation technique. The algorithms are efficient and reli-
able, and can be used for multi-input, multi-output two-
dimensional discrete systems.
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