Is the SVD-Based Low-Rank Approximation Optimal?
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ABSTRACT

It is well known that the singular value decomposi-
tion (SVD) offers an optional approximation in F-norm
for a given image. In this paper, we show that using a
2D-t0-4D mapping in conjunction with optimal 4-D low
rank approximation, improved compression rate can be
achieved compared to that obtained from the convention-
al (2-D) SVD approach.

I. INTRODUCTION

Data array representation and approximation are
of practical importance as they are closely related to
the problem of data compression as well as many
decomposition-based digital signal processing techniques
[1]-{8]. There are two distinct classes of transform tech-
niques that have proven useful for signal representation
and approximation. One is the class of “interdomain”
transform techniques that transform the signals at hand
from the spatial (or time) domain to the frequency do-
main or vice versa. The discrete Fourier transform (DFT)
and discrete cosine transform (DCT) are well known rep-
resentatives in this class. The other is the class of “in-
tradomain” transform techniques that transform the sig-
nals within the same domain. The singular value de-
composition (SVD) is a typical example belonging to the
second class. Consider an n x n gray level image charac-
terized by matrix A € R®*", each of whose entries rep-
resents the gray level of the corresponding pixel. Assume
the rank of A is r, then the SVD of A is the representation

r T
A= E okﬂkﬁg: E ukvz
k=1 k=1

where 0y > .-+ > o, > 0 are the singular values of A4,
{tx, 9} is the kth pair of singular vectors of A, and
up = 0/ "dg, vi = 0’ "0r. Here a two-dimensional
(2-D) array in the spatial domain is transformed with-
in the same domain but the signal is decomposed into
a low-dimensional (one-dimensional (1-D) in this case)
representation. The importance of this decomposition
arises from the fact that the best K (K < r) outer prod-
ucts whose sum optimally approximates A in the Frobe-
nious norm (F-norm) and Euclidean norm (2-norm) sense
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are given by {uzv!, k =1, ..., K} with error bounds
(k41082 and ok 1, respectively [9][10]. Note that
each u vf, which is often referred to as the kth singu-
lar image, has only 2n entries to store and its importance
compared with other singular images can be measured by
the associated singular value 0. These features of the
SVD have led to its applications in image representation
and compression [2]-[5].

In an image-processing context, the reason we are in-
terested in the solution provided by the SVD is because it
offers an optimal approximation in F-norm with a suit-
able structure: it is given in terms of a set of individ-
ual singular images with a distinguishable “importance
measure”. Therefore, lower bit rate compression can be
achieved by assigning less bits to less important singular
images [4]. It is interesting to note that the problem of
approximating a 2-D array can also be tackled in a 4-D
framework. Indeed, using the one-to-one mapping

D(i,j,1,k) = A[(i — 1)Ny + j, (I — 1)Ny + k]

where 1 < ¢, I < N, 1 < 4, & < Ny, with N; and
Ny being the positive integers satisfying n = Ny N,, the
2-D array A is converted into the 4-D array D of size
N1 x Ny x Ny x Ny. A question that arises at this point
is whether or not a bit rate lower than the conventional
SVD approach can be achieved via a 4-D LRA of array D.
In [8] an M-D outer product expansion (OPE) algorithm
was proposed and applied to several sample images. Al-
though the algorithm developed in [8] does not produce
optimal LRA in general, the results reported there have
demonstrated that lower bit rate can be achieved by this
4-D approach.

In this paper we present a theory with accompanied
algorithmic development for optimal and suboptimal 4-D
low rank approximations (LRA) of a 2-D signal.

II. OPTIMAL LRA of 4-D Arrays

A. Notation, Definitions and Problem Formulation

A real-valued 4-D array can be denoted by D =
{dijrr, 1 <4< M, 1 <j< My, 1<k< N, 1€
! < Ny}. The F-norm of D is defined by



1/2
M, M, N, N2

HDllF = ZZZZ d?jkl

izl j=1k=1p=1

A 4-D array is said to be elementary if it can be expressed
as D = {dijri} with dijrr = r(i)s(j)u(k)v(l) for some
vectors r, s, u, and v. The rank of D is defined as the
smallest integer ¢ such that

q
D= E Ty -8 - Up - Yy
i=1

for some vectors r;, s;, u; and v;, 1 <i<gq.

Although a 4-D array itself can hardly be visualized, it
can be characterized by several low-dimensional “facets”
which are visualizable. For instance, by fixing two of the
indexes, say ¢ and j, D becomes an N; X N, matrix.
If we associate each index with an axis, say 1 — w,
j — z, k — y, and | — z, then with ¢ and j fixed
D is the matrix obtained by projecting it onto the plane
{w = i}N{z = j} where {w = ¢} and {z = j} are 3-
D space, and ()] denotes the set intersection. From this
interpretation we can write

D =Dy (1)

where D;; is the projection of D onto the plane {w =
e =4} withi=1,..., M, j=1,..., Ms. Note
that (1) gives

M, M,

IDIE =D > lIDs117 (2

=1 j=1

The problem to be studied in this section can now be
formulated as follows. Given a finite 4-D array D, and
integer K with K < rank(D), find a rank K approxi-
mation of D, Dg, such that ||D — Dk||r is minimized
among all rank K arrays. Equivalently, our problem is
to find vectors 7, Sm, Um, Um for m =1, ..., K such
that

K
“D— S Fn Sl O
m=1
is minimized.

B. An Optimal Solution to the 4-D LRA Problem
Define for the given My x My x Ny x Ny array D the

error function

F

2

(3)

K
1
Jr(r,s,u,v) = —HD— Z Tm * Sm * Um * Um

2 m=1 F

where r, € RM1, s, € RM2 4., € RM, v, € RV,
and

™ 81 Uy (4]
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In what follows we shall use rp, (%), sm(j), um(k), and
vm(l) to denote the ith, jth, kth and lth entry of
T, Sm, Um, and v,,, respectively. For fixed r and s,
we use (2) and elementary properties of matrix trace to
compute

1 M, M, K 2
Jk = izz D;; - Z Tm(i)sm(j)umvz
i=1 j=1 m=1 F
1 K K K
= 5 AmndmnCmndmn — Z uTnSI(JZ)vm +c
m=1ln=1 m=1
(4)
where

— T R & R & _ .7
Amn = TmTn, bmn = SmSny Cmn = Uy Up, dmpn = Yy Un,

M, M,

Z Z P (8)$m (3) Dij

i=1j=1
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and c is a constant independent of « and v.
Using (4) to set 8Jk/0um = 0 and 8Jk/Ovm = 0 for

m=1, ..., K, we obtain

(D®IN,)u = Sypgzv (5)
(C®In,)v = ST, u (6)
where

[ aibiidn arxbikdik

D— a21b‘?1d21 aQKbZ.KdZK ™
-amb.zladm aKKbK.KdKK
[ anbiien aixbikeix

C - 0215’21621 aZKb2.KC2K ®)
-aKlbI.ﬂCKl aKKbK‘KCKK

Swr = diag{S), ..., SO} (9)

Note that matrices 12 and C are symmetric and nonsin-
gular, hence (5), (6) can be written as

u = [D"l(’v) ® IN,]Swzv (10)
v = [C7H(u) ® IN,]Sypu (11)

which suggests an iterative scheme for solving nonlinear
system of equations (10), (11) as follows:

a(’) = [D"l(v(i)) ® INl]waU(i) (12)
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6(') = [C‘l(u(‘)) & IN:]Sgru(i) (13)

u D = i 4 (1 - a)u® (14)
0O+t = o450 4 (1 - a)y® (15)
fori=0,1,..,and 0 < @ < 1. With the vectors v and v

fixed, we end up with a problem requesting to find vectors
r and s that minimize Jx. Obviously, iterations of the
same type are needed, and equations similar to (7)-(15)
can be derived. These equations are given below without
derivation details.

(B® Ipm,)r = Sy, (16)
(A® Ipm,)s = S;rzr (17)
where
[ buciidn bikcikdik
barcardyy bok cordok
B = . . (18)
Lbr1ck1dKt brrcrkkdrk
[ ajiendy ajgeigdig
azicndy azgcaxdak
A= , : (19)
Laxicki1di eKKCKKAKK
Sy, = diag{SV, ..., S (20)
Ny N
S =3 um(k)vm (D) Dy (21)
k=11=1
r = [B7(s) ® Ing, ]Sy s (22)
s = [A7Y(r) ® Ing, ST, 7 (23)
7D = [B~1(sW)) @ I1,]S,. s (24)
59 = [A71(r)) @ Ing,) ST, r® (25)
P+ = o7 4 (1 a)r®d (26)
sU+) = 50 4 (1 — a)s® (27)

A second level iteration is needed between the above two
sets of iterations. The iteration continues until the new
quadruple {r, s, u, v} shows no difference from the pre-
ceding one up to a prescribed tolerance. This solution
procedure will be referred to as Algorithm 1.

C. The K =1 Case and a Suboptimal Solution

The K = 1 case corresponds to the problem of finding
vectors 71, s1, u1, and vy such that J; = ||D—r;-s; ;-
v1||% is minimized. Using (4), it can readily be shown
that with fixed r; and s;, the vectors u; and v that
minimize J; can be obtained by the SVD of matrix Sy
which is defined by

~ 1 M, M,
Swr = TomETE r1(2)s1(4) Ds; 28
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Specifically we have

1/2
Uy =01/ u*

(29)
(30)

1/2
:‘71/ "

51

where {u*, v*} is the first Schmidt pair of Swe and oy is
the largest singular value of Sy;. Having computed u;
and vy, the vectors r; and s; that minimize J; for fixed
u; and v; are given by

ro= pil% (31)
s = p}/zs* (32)

where {r*, s*} is the first Schmidt pair of matrix S’yz
which is defined by

N; N2

D> uik)o (1) Dy

k=11=1

1

“ = Tl ol 49
and 4 is the largest singular value of S'yz. Thus we see
that an optimal solution for K = 1 can be obtained by
switching back and forth between the SVD of S, and
the SVD of S’y ». This iterative procedure is referred to
as Algorithm 2.

By applying Algorithm 2 K times, a suboptimal so-
lution to the 4-D LRA problem can be obtained. At the
kth step of the procedure, the (k — 1)th residual array

k-1
Rk_lzD—Zri~s,~-ui-vi

i=1

is constructed, to which Algorithm 2 is applied to obtain
the kth quadruple {r, sg, ug, v}, and the suboptimal
rank-K approximation of D is finally given by

K
DK:E TSt U U

i=1

(34)

III. APPROXIMATION OF A STILL IMAGE

As was addressed in the introduction, the approxima-
tion of a still image can be carried out via a 2D-to-4D
mapping followed by an optimal LRA of the mapped 4-
D array. In this section we present a simulation study of
this approach. The test image, denoted by A, is a 64 x 64
image shown in Fig. la. An 8 x 8 x 8 x 8 4-D array is
obtained using the mapping

D(i, j, k1) = Ali + 8(5 — 1),1 + 8(k — 1)]

to which the optimal 4-D LRA algorithm (Algorithm 1)
is applied with K = 4, and 8, respectively. On the other
hand, the SVD of A is computed and A is approximated
by the first 1 and 2 singular images. Note that in terms of
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SVD, 1 sec.

SVD, 2 sec.
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entries used, using 1 and 2 singular images in the approx-
imation is equivalent to using K = 4 and 8 sections in the
optimal 4-D LRA. The ratio of the total number of image
pixels to the total number of entries used in the rank-K
4D LRA is n = 128/K, where K = 4 and 8. The F-
norm errors of the three sets of approximations are listed
in Table I. It is observed that with same 5 the 4-D LRA
is consistently smaller approximation errors compared to
their SVD counterparts. Images obtained from the 4-D
LRA with K = 4 and 8 and their SVD counterparts are
shown in Figure 1.

Table I. Errors in the 4-D LRA and SVD

approximations
SVD Approximation Optimal 4-D LRA
number of F-norm F-norm
singular images | error | K error n
1 8.7164 | 4 7.8645 32
2 56134 | 8 5.5149 16
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