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Abstract- This paper describes a Lyapunov
approach to stability and stability robustness
analysis for 2-D digital filters in the Fornasini-
Machesini local state-space setting. A class of new
constant 2-D Lyapunov equations, that generalize
the 2-D Lyapunov equation proposed recently by
T. Hinamoto, is described. It is shown that the
generalized 2-D Lyapunov equation can be used
to derive a new stability condition that narrows
the gap between the “necessity” and “sufficiency”
that occurs in Hinamoto’s stability theorem. The
generalized 2-D Lyapunov equations are then uti-
lized to derive two lower bounds of unstructured,
stable perturbations of a given stable filter. Nu-
merical techniques for solving the proposed 2-D
Lyapunov equations are also presented.

I. INTRODUCTION

Various Lyapunov equations have been used as effec-
tive tool for stability analysis of both one-dimensional
(1-D) and two-dimensional (2-D) systems, see e.g. [1]-[8]
and the references cited there. Unlike its 1-D counter-
part, however, the stability theorems based on the con-
stant 2-D Lyapunov equation investigated in [4)[7] for the
Roesser model and the constant 2-D Lyapunov equation
proposed and studied in [8] for the Fornasini-Marchesini
model provide only sufficient conditions for stability of
the state-space digital filters considered. In particularly,
as can be seen from [8] and the analysis presented in Sec.
I of this paper, there are many 2-D filters that are stable
but do not satisfy the Lyapunov equation proposed in [8].
One of the chief objectives of this paper is to propose a
generalized constant 2-D Lyapunov equation and to ap-
ply it in the stability analysis of the 2-D digital filters in
the Fornasini-Marchesini local state-space setting. Again
the stability theorem obtained here gives a sufficient con-
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dition, but it includes Hinamoto’s stability theorem [8] as
a special case and narrows the gap between “sufficiency”
and “necessity” for a state-space digital filter to be sta-
ble, which occurs in Hinamoto’s Lyapunov theorem. In
addition, we make use of the generalized 2-D Lyapunov
equation to analyze the robust stability of a F-M 2-D
model, leading to two lower bounds of the unstructured,
stable perturbations.

II. PRELIMINARIES

The 2-D digital filters considered here are those mod-
eled in Fornasini and Marchesini’s local state space by

X(E+1,j+1) = Ayz(i,j+ 1)+ Agz(i +1,5)
+byu(i,j + 1) + bau(i + 1,5)(1a)
y(1,7) = ex(i,j) + du(i, j) (1b)

where A}, Ay € R**"™. It is known [9] that (1) is asymp-
totically stable if and only if

plz1,20) = det(I—21A) — 22A5) #0

for (21 , 22) € U (2)
where U = {(z1,22) : |z1] < 1, |22] < 1}, In [8] Hinamoto
proved the following theorem:

Theorem 1 [8]: (1) is asymptotically stable if there exists
a positive definite symmetric P € R™*” such that

_|aeP O T
a=[T Swea
is positive definite where A = [A; A,], and
a,f>0, a+8=1 (4)

A graphic illustration of Theorem 1 was also given in
(8] as follows. If filter (1) satisfies (3) and (4), then all
zeros of characteristic polynomial p(z;, z3) correspond to
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locations outside the ellipse in the first quadrant shown
in Fig. 1, where the ellipse is described by
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Figure 1: A graphic illustration of the conditions in The-
orem 1 [8].

From this illustration it follows that stable filters with
poles (i.e. zeros of p(z;, 27)) corresponding to the loca-
tions in both shadowed areas S; and S; shown in Fig. 2,
for example, do not satisfy (3) and (4). This is to say,
no « and B can be found to meet (4) such that zeros
of p(z;,2;) in both areas S; and S, are left outside the
corresponding ellipse. Thus we see that there is a large
number of filters that are stable but their stability cannot
be confirmed using Theorem 1.
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Figure 2: A graphic illustration of the sufficiency of The-
orem 1.
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Note that (3) can be written as
PT/2(ﬂI)P1/2] —ATPTIPZA

o-|
(6)

In the rest of the paper we shall consider the Lyapunov e-

quation
Q= [ ]__ATPT/ZRPI/ZA
(M)

where matrices P, W;, W3 and R are all positive defi-
nite. Clearly (7) becomes (3) if W; = oI, W, = 8T and
R = I For this reason we shall call (7) the generalized 2-
D Lyapunov equation associated with state-space model

(1).

PT/2W1P1/2
0

0
PT/ZW2P1,2

III. A GENERALIZED 2-D LYAPUNOV THEORY

The main theorem, stated and proved below, describes
the use of the generalized Lyapunov equation (7) to con-
firm stability of a 2-D state-space digital filter.

Theorem 2: (1) is asymptotically stable if there are pos-
itive definite matrices P, W;, W3, and R, such that
matrix Q given by (7) is positive difinite and that

R-W;-W;>0 (8
Proof: We prove the theorem by contradiction. Suppose
the conditions of the theorem are satisfied but (1) is un-
stable. Then there is (z),22) € U such that

det(l—21A1—22A2)=0 (9)
Hence there exists v # 0 such that
_ ZII
v—AL2I]v (10)

where A =[A, A,]. We now use (7) and (10) to
compute
v'PT/?RPY2y
o ~ PT/2W1P1/2 0
= vl 221][ 0 PT/2W,p1/?

Z1I .
. [221] v—-v;Qv,

where v* denotes the complex conjugate transposition
of v, % is the complex conjugate of z;, and v
v*[#1 z,I]. It follows that

VtPT/Z(R__ |21|2W1 - }2'2|ZWQ)P1/2V = —V:sz (11)



By (9) we note that (23, 22) # (0, 0), hence v, # 0. So
Q > 0 means that the right-hand side of (11) is neg-
ative. On the other hand, |z;] < 1, |z2] < 1 and the
positive semi-definiteness of R — W;—W; imply that
R —]21|?W; — |23|°W3 > 0, therefore the left-hand side
of (11) is nonnegative, leading to a contradiction. This
completes the proof. O

Several consequences can be drawn from Theorem 2
immediately.
Corollary 2.1: (1) is asymptotically stable if there is a
matrix P > 0 such that

Q _ [PT/2W1P1/2

0
is positive definite, where W,

0

PT,ZWZPI,Q] -ATPA (12)

U’z u, W,

UTE,U with U orthogonal, ¥; = diag {11, ..., 01},

3y =diag {oa1, ..., o2},

01, >0, 00, >0 and o +09 =1 1<k<n
(13)

Corollary 2.2: (1) is asymptotically stable if there is a
matrix P > 0 such that

Q _ [PT/2WIP1/2

0
is positive definite, where W; = diag {0, ..
1,2) satisfy (13).
Corollary 2.3 (Hinamoto): (1) is asymptotically stable if
there is a matrix P > 0 such that

o

PT/ZW;,PV?] - ATPA (14)

Lo} (i=

_ aP 0 T .
Q_[O ﬂP]_A PA (15)
is positive definite, where
>0, >0 and a+8=1 (16)

Note that in all three corollaries matrix R is assigned
to be the identity matrix. As will be seen from the next
theorem, this assignment does not lose the generality of
Theorem 2.

Theorem 3: The sufficient conditions stated in Theorem
2 for (1) to be asymptotically stable and the conditions
stated below are equivalent: There exist matrices P > 0,
W, > 0, and W5 > 0 such that

PT/2w,p!/? 0 T
Q= 0 pr/iaw,pi2 | ~ATPA (17)
is positive definite and
I-W,-W,>0 (18)

The proof of this theorem can be found in [10].
IV. TWO LOWER BOUNDS OF v,

Consider a stable system (1a) with b; = 0, b, = 0 that
satisfies (17) and (18). Let A = [A; A,] and denote by
Su the set of all perturbations AA = [AA; AAy] €
C"*?" with A + AA unstable, ie.,

Su={AA: [AA; AA;]€C™™™, 4+ AA unstable}
A measure for robust stability of system (1) is defined as

inf

v = [lAA]|

Let the perturbed system be given by

z(i+1,j4+1) = (A1 +AA)z(7, j+1)+(A2+AAL)z(i+1, §)

(19)
The matrices P, W; and W are employed to construct
the Lyapunov function

where

61(3,7) = 2T(4,j + YPT2W,PY22(4,5 + 1) (21)
#2(i, ) = 2T (i + 1, H)PTPW,PY22(i + 1,5) (22)
Define
$1(1,5) = i+ 1,5) + ¢2(4, 5 + 1) (23)
By (18),

¢11(1’sj)

2(i+1,j+1)
PT2(W, + Wo)PY22(i + 1,5 + 1)
T+ 1L, +D)Pe(i+1,5+1) (24

IN

Now using (17) and (19)-(24) we compute
A¢('!J) ¢11(2.,].)—¢(l.,j)
< —[e(Q) - 26'7%(P — Q)" /*(P)||aA||
= (P)|IAAIP] 112G, 5)II?

where
N (R
#hd) = [r(z‘+1.j)]
- PT/?w p7/2 0
and P = [ 01 PT/2W,p1/2 (25)
Hence if
(P — 12 _ z1/2¢p _
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then A¢(i,j) < 0 for all ¢, j, and a typical argument (see
e.g., [4]) applies to show the stability of the perturbed
system (19).

An alternative Lyapunov function may be defined as

¥(i,5) = [#1(,5) + b2(3, )2 (27)
Similarly we define
Y11, 5) = [61(i + 1,7) + ¢2(i, 5 + D]M? (28)
and use (18) to write
vn(,7) <TG+ 1,7+ DP2(i+ 1,5+ DIY2 (29)
Now (17), (19), (27) and (29) imply that
AY(,§) = buli,§) — (i, 5)
< ——[ _2Q ____uzp)aa
= la2(P - Q) +5/2(P)
125, 5)]]
Thus if
IAA] < AC) (30)

74 (P)[73(P - Q) + 53 (P)]

then Ay(i, j) < 0for all 4, j, and therefore, the perturbed
system (19) will remain stable.

Although our numerical experience indicates that the
lower bounds of v; given in (26) and (30) usually stay
quite close each other, the bound given in (26) is always
better than that in (30) [11].

V. NUMERICAL SOLUTION TO THE
GENERALIZED LYAPUNOV EQUATION

In this section we consider the problem of numerical-
ly solving Lyapunov equation (17), (18) in the following
sense: Given A = [A; A;], ind P > 0, W; > 0, and
W3 > 0 such that Q defined by (17) is positive definite
and (18) holds. In what follows, we first present a re-
sult that relates the existence of such positive definite P,
W,;, W, to a norm minimization problem. Discussions
then follow to consider numerical solution of this norm
minimization problem for two special cases where both
matrices W, W, are diagonal.

Theorem 4: There exist P > 0, W; > 0 and W, > 0
such that (18) holds and Q defined in (17) is positive
definite if and only if

d

L v,
minimize 0

TV,V

1, ¥ 32 nonsingular

0
| vz] ” <1 (31
IV TV VTV 5
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where A = [A1 AQ], Al = T_lAlT, Az = T-IAQT,
and || - || denotes the induced 2-norm of the matrix in-
volved.

Proof: see [10].

There is a variety of efficient methods that can be used
to solve the optimization problem (31) [12][13]. In what
follows we discuss two special cases where V; and V,
assume diagonal forms, leading to much simplified un-
constained minimization problems.

Case A: In this case V| and V; assume the form of

1/!)11 0 1/1}21 0

= . .

Y 1/vln

Vi V,

0 1/1)2"

with vi; > 0 and vg; > 0 (1 < ¢ < n). To meet constraint
(28), it is required that

RS l<i<n
which implies that

O<v1,-<1

vai = (1 — vy;)!/?

(32)

The hyperbolic tangent transformation

1 + tanh y;
5 )

vy = 1<i<n
can be used to meet contraint (32) with »; € (—oo, o0).

The minimization problem is now simplified as

. |V 0
pimie 3] O]l w9
where
- 2
1 + tanh, 0
V1=
2
0 ——————
L 1+ tanhy,
- 2 0
[4 = (1 + tanh1y)2]1/2
Vo=
0 2
L {4 — (1 + tanh u,)2]1/2

Although the state-variable transformation matrix T in
problem (33) needs to be nonsingular, (33) can be con-
sidered as an unconsirained optimization problem due to
the following two reasons: First, the measure of the set



of points in the parameter space that make T singular is
zero from a classic measure-theoretic point of view [14]
meaning that the chance to meet a point in the param-
eter space that corresponds to a singular matrix T in
a search process during minimization is extremely rare;
second, during the minimization, updating a parameter
vector to a new one that would be closer to a singular
T is always discouraged as a nearly singular T tends to
increase the value of the norm in (33) due to the presence
of T-! in A. In other words, in this norm minimization
problem the use of a good optimization algorithm would
very unlikely lead to a solution that corresponds to a n-
early singular T.
Case B:In this case V; and V; assume the form of

1 1

Vi=—I and V,=—I (34)

U1 V2
with v; > 0 (i = 1,2). To satisfy the constraint in (31),
it is required that

v12+v§ =1
Hence
0<wv1 <1l and v» =(1—vf)1/2

Similar to Case A, hyperbolic tangent transformations

_ 1+ tanhy

v = 2 , —o<VrY<X

and

1
vy =§[4—(l+tanhu)2]1/2, —00 < V<00
can be used in (34) with —oo < v < oo so that the
minimization problem

1,2) specified above is essentially
unconstrained.  Finally, it is easy to see that as
W; = ViTVi! = o1 and W, = V;TV7! = o2,
(35) provides a feasible approach to numerically solving
Hinamoto’s Lyapunov equation (3), (4).

vV, 0
0 V,

minimize |[JA

nonsingular
- <v<eoo

(35)

with V; (i
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