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Efficient Iterative Design Method
for Cosine-Modulated QMF Banks
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Abstract—An iterative algorithm for the design of multichannel
cosine-modulated quadrature mirror-image filter (QMF) banks
with near-perfect reconstruction is proposed. The objective func-
tion is formulated as a quadratic function in each step whose
minimum point can be obtained using a closed-form solution.
This approach has high design efficiency and leads to filter
banks with high stopband attenuation and low aliasing and
amplitude distortions. The proposed approach is then extended
to the design of multichannel cosine-modulated QMF banks with
low reconstruction delays, which are often required, especially in
real-time applications. Several design examples are included to
demonstrate the proposed algorithms, and some comparisons are
made with existing designs.

I. INTRODUCTION

ULTIRATE signal processing and filter bank systems

have found many applications in areas such as speech

and image coding [1]-[5] during the past 20 years, and

extensive research has been carried out in the analysis and

design of filter banks. The research effort was first focused on

one-dimensional (1-D) two-channel filter banks [6]-[10], and

later, it was extended to multichannel filter banks [11]-[19].

Among the various multichannel filter banks, the cosine-
modulated QMF bank has two advantages:

1) The analysis and synthesis filters are all obtained from

a prototype filter, and consequently, only the prototype

filter needs to be designed. This results in high design

efficiency.

2) There are polyphase structures that make the implemen-

tation of the filter bank very efficient.

Multichannel cosine-modulated QMF banks can be catego-
rized into two groups: near-perfect and perfect-reconstruction
banks.

To date, many approaches have been proposed for the design
of multichannel cosine-modulated QMF banks. In [12]-[17],
filter banks with near-perfect reconstruction are considered. In
[18] and [19], methods for the design of perfect-reconstruction
filter banks are proposed. With the exception of the method
in [15], these approaches use standard constrained or uncon-
strained optimization techniques to obtain the design, which,
in general, are quite time consuming.
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In this paper, we propose a new optimization algorithm
in which, instead of being minimized directly, the objective
function is converted into a quadratic function of the filter co-
efficients whose minimum point can be obtained analytically.
Then, a linear formula is adopted to update the coefficient vec-
tor, and the procedure is repeated until a termination criterion
is met. The approach reduces the computational complexity
significantly and leads to filter banks with high stopband
attenuation and low aliasing and amplitude distortions.

Most cosine-modulated QMF banks investigated so far have
reconstruction delays of N — 1, where N is the filter length.
When the filter length is high, which is very common in
multichannel filter bank designs, the reconstruction delay will
be long, which is undesirable for real-time applications. In
[17], some preliminary results have been given through a
design example on low-delay cosine-modulated QMF banks.
In [20], a class of cosine-modulated filter banks was proposed
whose reconstruction delay can take several values. In this
paper, a general cosine-modulated QMF bank is considered in
which no constraint is imposed on the filter length N and the
reconstruction delay k4. By letting kg < N — 1, a low-delay
cosine-modulated QMF bank can be obtained. The iterative
algorithm proposed is then applied for the design of low-delay
filter banks with near-perfect reconstruction.

The organization of the paper is as follows: In Section II,
the structure of multichannel cosine-modulated QMF banks
is first reviewed, and the objective function is formed. Then,
the iterative approach for minimizing the objective function
is developed. In Section I, a general cosine-modulated QMF
bank is proposed, and an iterative approach similar to that in
Section II is applied to design low-delay cosine-modulated
QMF banks. Section IV includes several design examples
that demonstrate the proposed algorithms and provides per-
formance comparisons with several other existing designs.

II. CONVENTIONAL COSINE-MODULATED QMF BANK

A. Review

In the M-channel filter bank shown in Fig. 1, the recon-
structed signal is given by [14]

. 1 M-—1 M—-1
X(2) =7 z‘;o Fy(2) 2 Hy(Whyz) X (Wi, 2)
M-—1
= Ti(2) X (Wiy2) 1)
=0
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where

Wy = 6727rj/M
Z Fy(z

In order to cancel aliasing and achieve perfect reconstruction,
it is required that

AIZ)

Ti(z) =0
To(z) =z "

(2a)
(2b)

foril=1,2,---,M -1

kg is an integer.

In a cosine-modulated QMF bank, the transfer functions
of the analysis and synthesis filters Hy(z) and Fy(z) for
k=0,1,---, M —1, respectively, are obtained by modulating
the transfer function P(z) of a prototype linear-phase lowpass
FIR filter P with bandwidth =/(2M), i.e.

Hi(2) = axcx PWD) 4 af et PWSSTYP) (32
Fi(2) = afex PGWSTYP) + arc P(eWay ) (3b)

for 0 < k < M — 1, where a, = % ¢ =
W(Hl/2 w-1/2 Woy = e 97/M_ and N is the length
of ﬁlter P. The superscript * denotes the complex conjugate
operation. It follows that the impulse responses of the analysis
and synthesis filters Hj and F} are given by

hi(n) =2p(n) co [(Zk + 1)2M < - %) + 94
2p(n) cos {(% F1)or <n _ N—2‘3> - 0,0}

for0 <n < N-1and 0 <k < M — 1, respectively, and
p(n) is the impulse response of the prototype filter P. From
(3) and (4), the analysis and synthesis filters are related by
fk(n) :hk(N —1- n)
Fi(z) =2~ V"D H(2)

where Hy(z) = Hi(27'), for k= 0,---
in [14], 6 can be chosen as

,M — 1. As shown

6k+1=9kig for0<k<M—1 (5)

M-channel filter bank.

in order to cancel significant aliasing terms. In order to assure
a relatively flat overall amplitude response, it is required that

fo = + <£+l§> (6a)
fuy = 4 (% v %) (6b)

where [ and m are integers. A good choice of §j, that satisfies
(5) and (6) is

0p=(2k+1)r/4  for0<k<M-—1. 0

Under these circumstances, the overall transfer function be-
comes

M-1

i ZHk VFi(2)
k=0

—(N )ZM 1

= M ZHk Hk(z)
k=0

T()(Z

and hence

e—dw(N-1) M1

o O | Hi(e ) ®

k=0

T(](ejw) =

Note that (8) is derived on the basis of the assumption in (2a),
and hence, it represents the overall frequency response of the
filter bank exactly only if the aliasing components are exactly
zero. From (8), it follows that the filter bank has a linear-phase
response, which leads to a reconstructed signal with no phase
distortion. If the amplitude distortion introduced by the filter
bank is eliminated as well, i.e.

M-—1 )
> IHK(E)P =1 ©)
k=0

for 0 < w < 7, then perfect reconstruction will be achieved,
and the reconstruction delay will be N — 1 sampling periods.

B. New Iterative Method

It can be shown that |To(e’*)| has a period of 7/M, and
if the prototype filter P has a large stopband attenuation, (8)
gives
e—J w(N-1)

M
+ lP(ej(wv(k+l)7r/M—7r/2M))|2]

To(eju;) ~ [|P(ej(w—kﬂ'/M~7r/2M))12

a0
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for w in the range of (k + %)W/M <w< (k+ %)W/M
[14]. Note that the quantity in the square brackets of (10) is a
frequency-shifted version of |P(e7)|? + |P(e(w=(7/M))y2,
and, therefore, if this term can be made constant over
[0, 7 /M], then |Ty(e’*)| will be constant for all frequencies,
that is, amplitude distortion is eliminated. Hence, the design
problem can be reduced to the problem of minimizing the
objective function '

E=FE +akFs (11a)

where
v /M ) )
B :/ [[P(e?)|? + |P(e? @MY 2 _1]2 dw (11b)
4]

deals with the amplitude distortion of the overall transfer
function Ty (%)

Ey = /7r |P(e7*)|? dw (11c)

Ws
deals with the stopband attenuation of the prototype filter P,
where ws; = 7/(2M) + ¢, and ¢ is a positive constant that
depends on the required transition width. Parameter « is a
positive weight. Since filter P is a linear-phase lowpass filter
with a symmetrical impulse response, when N is even, its
frequency response can be expressed as [21]

P(ejw) — Mp(w)e—jw(Nfl)/Z
My(w) =2p" ¢(w)

(12a)
(12b)

where e(w) = [cos(N — Dw/2---cosw/2]%, and p =
[p(0) p(1)---p((N/2) — 1)]T. Therefore, F; and E3 in (11)
can be rewritten as

Ey = /W/M [M;(w) —I—ME (w - %) . 1]2 dw
0

Ey= | M}(w)dw.

Jw,

Minimizing F in (11a) using a standard optimization method
tends to be time consuming since the objective function is
highly nonlinear. Instead of minimizing function E directly,
we adopt an iterative procedure in which the objective function
in (11a) is modified to

E' = E, + aF} (13a)
where
Bi= Y [Myw) M)+ My(w - 1)
0wSn/M
: Mq(w - %) - 1]2 (13b)
B = /W M2 (w) dw
=4q" [/W c(w)e" (w) dW]q
= qTUsqws (13¢)
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and
Q) = My ()e VD3
My(w) :2’ITC(W)
with ¢ = [g(0)g(1)---q(N/2 — 1)]T. Q(e’*) is the fre-

quency response of a lowpass linear-phase FIR filter ¢ with
a passband width =/(2M).

At the beginning of the iterative procedure, filter P is first
designed using one of the conventional methods such as the
window method, Remez exchange algorithm [21], etc. The
summation in (13b) is carried out over a set of sampling points
2, = {wpr = 0,wpa, -, wpr = 7/M}. Then, £’ in (13a) can
be formulated as a quadratic function of ¢ given by

E'=(Uq-d)T(Uq~-d)+a(q"Usq) (14)

where d is a column vector with each entry being a 1, and

T, s
U=H(2,)U($2,) + H('Qp - M)Ut(ﬂp - M)
(15a)
H($2,) = diag[M,(wp1), Mp(wp2), - -, Mp(wpk)] (15b)
cos(N — 1)wp1/2 coswp1 /2
cos(N — Ljwpa/2 COS wpa /2
Up(2,) =2 o g (15¢c)
cos(N — 1)wpr/2 cos wp /2
The (i, 7)th entry of U, is given by
() " : N-1
w0 =4 cos [|1—1~— 3 w
- cos {(g -1 - N2_ l)w} dw
T —ws  sin[(20 - N - Dwy]
2 T 22i-N-1)
fori=j (15d)

sin[(é — j)ws]  sin[(i +7 — N — Dws]
26+j-N-1)

20— 1)
fori#j
for i, = 1,2,---,N/2.
Since UTU + aUg is positive definite, £’ has a global
minimum point at

g=UTU +aUg)™ - (UTd). (16)

Having obtained ¢, a linear formula is used to update p as

pi=(l-7)p+79g 17
where 7, 0<7 <1, is a smoothing parameter. The above
process is repeated until ||p — g||» is less than a specified
tolerance.

The iterative algorithm can now be summarized in terms of
the following steps:
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Algorithm 1

Step 1: Use a conventional method to design a linear-
phase, lowpass, FIR filter of length N with a
bandwidth of x/(2M). Then, use the coefficient
vector of the filter obtained to initialize p.

Use (15d) to compute matrix Us.

Form matrix U and vector ¢ by using (15a) and
(16), respectively.

If ||p — ql|2 < e, where € is a prescribed tolerance,
output p as the design result and stop; otherwise,
update p using (17) with 7 in the range 0 <7< 1,
say, 7 = 0.5, and repeat from Step 3.

In the above analysis, N is assumed to be even. If N is

odd, the frequency response of P can still be expressed as in
(12a) with

Step 2:
Step 3:

Step 4:

My(w) = pTe(w)
where
c(w) = [cos(N — 1)w/2 cos(N — 3)w/2 - coswl]T
p=[2p(0)2p(1) - 2p((N = 3)/2) p((N - 1)/2)]"
and Algorithm 1 is valid if (15¢) and (15d) are modified as
cos(N — Dwy /2 coswpr 1
cos(N — Dwya/2 cosw 1
Uy(2,) = : e/ v (18a)
cos(N — 1)wpr /2 coswyr 1
( N+1
T — Wy fori = j = 5
Tows sm[(?z — Dws]
oD = 2 2(2 )
B N
e fori=7< ) (180)
sin[(f — jlws|  sinf(i + 75— N = Dwy]
2(5 —1) 20+7j—-N-1)
fori #£ j
fori,7 =1,2,---, (N + 1)/2, respectively.

Although a rigorous proof of the algorithm’s convergence is
not available at this time, the algorithm was found to always
converge in a large set of designs when the initial point is
obtained as in Step 1. Moreover, the algorithm converges faster
if 7 is chosen to be in the vicinity of 0.5.

III. Low-DELAY COSINE-MODULATED QMF BANK

A. A General Cosine-Modulated QMF Bank

The reconstruction delay of the cosine-modulated QMF
bank described in Section II (referred to as the conventional
cosine-modulated QMF bank henceforth) is N — 1 sampling
periods, where N is the filter length. When the number of
channels M increases in a filter bank, the bandwidth of each
filter decreases, and as a result, high-order filters are required
to achieve the narrow passband. Consequently, the filter banks
designed have long reconstruction delays, which are highly
undesirable in some applications. In this section, we extend
the method of Section II to the design of low-delay cosine-
modulated QMF banks.
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Consider a prototype FIR lowpass filter Pz, of length N with
an asymmetrical impulse response, a bandwidth of 7/(2M),
and a phase response that is approximately linear. Its frequency
response can be expressed as

Pr(e7%) a0 |Pp(e7)|e9wkal? 19)

and hence, the group delay of the filter is k;/2, where kg <
N — 1. The transfer functions of the analysis and synthesis
filters Hy(z) and Fj(z) are related to the transfer function
Pr(z) of the prototype lowpass filter Pr, as

Hi,(z) = 3% PLWSTYD ) 4 e7i P (W, H2)2)
(20a)

Fr(z) = eV PL(WiTY P 2) 4 e3P (W, H/2)2)
(20b)

for 0 < k < M — 1, where
b = (M — kq)(2k + 1)7/(4M)
Y =(—M — kq)(2k + )z /(4M).

From (1) and (20), the aliasing terms in the reconstructed
signal can be written as

M—1
17 .
Ti(z)= i E eJ(¢k+¢k)PL(”72(]2\/3+k+1/2)z)PL(WZ(ZIEI—I/Z)z)
k=0

+ ej(®k~wk)pL(W(2l+k+1/2) )PL(W_<k+1/2) )
+6*j(¢k*¢k)PL(W(2’ k—1/2) )P ( (kf+1/2) 2)
+ e—j(¢>k+¢k)PL(W2(12\/l[ k— 1/2)z)PL(W2Mk+1/2)z)
21
for 1 <1 < M — 1. If we assume that the stopband
attenuation of filter Pr is high enough so that the overlap
among nonadjacent channel filters can be neglected, the only
nonzero terms in (21) occur when k=M -,k =M - -1

in the second term, and £ = [,k = [ — 1 in the third term,
and hence

1 _
Ti(e) = 37 {PL (- Wy /2 ) Po (- Wy 92)
. [ej(d)M—t"‘/)M—l) + 6j(¢’M—l—l_1/}A4—l—1)]
141/2 1-1/2
+ P (Wi P ) P (Wi 2)
, [e“j(tﬁz—lﬁt) + e—j(¢171*¢171)]}. (22)
Substituting ¢; and ; into (22), one can show that
Ti(z) =0 for1<I<M-1

which implies that the aliasing terms are cancelled.

Under the assumption that the aliasing components are
completely cancelled, the overall frequency response can now
be expressed as

M~
) =7 3

k=0

- Z eJ(qsk"‘ﬂfk)P?(W(k‘*‘l/Q) ]w)

]w Fk<€gw)

+e—ﬂ(¢k+¢k>P§(WQJVS,’““/Z)eJW). (23)



XU et al.: EFFICIENT ITERATIVE DESIGN METHOD FOR COSINE-MODULATED QMF BANKS

Substituting (19) into (23) and considering w in the range
[-7/(2M), 7 /(2M)], we have

e*jkdw

To(e™) ~ [| Py (e7mm/20) 2

+ | P (et /2M) 2] (24)

As in the design of conventional cosine-modulated QMF
banks, if |Pr(e/(@™7/2M))|2 4 |Pp(ed(@HT/2M))12 i made
sufficiently flat over [—7/(2M), 7 /(2M)], then |Tp(e?*)| will
be flat for all frequencies. The perfect-reconstruction condition
can be approximated by minimizing the error component

7 /(2M) ) ) )
ELl = / ,MTo(ﬁjw) - ef]kdwlz dw
J—m/(2M)

7 /(2M) ) )
— / ’c~]kdw[|PL(6](w—w/2_M))|2
—7/(2M)

+ jPL(ej(w+7r/2M))|2] _ e_jkdw|2 dw

7 /M ) )
- / ek Py (54)
JO

+ }PL(ej(w—ﬂ/M))|2] . e—jkdw|f2 dw

/M ) )
= [ Ipne e
J0O
+6—kd7r/M|PL(ej(w—7r/M))|26—jkd(w—7r/M)

- e“ﬂ”“|2 dw
/M
= [ IR e hen M pyereei)
Jo

— e ka2 gy, (252)
Since the phase response of Py, is only approximately linear,
both the phase and amplitude responses must be optimized, and
hence, the above objective function includes both phase and
magnitude error components. By also considering the stopband
attenuation of filter Py, the error component

Epro :/ |PL(e5)|? dw (25b)
can be formed. A suitable objective function can now be
constructed as

E;, =Fp+aFEp (26)

where « is a positive constant. To achieve the required design,
the objective function in (26) is minimized with respect to the
coefficients of Pp,.

Having the coefficients of Pr,, the impulse responses of the
analysis filters H;. and the synthesis filters F}, can be obtained
from (20) as

hi(n) =2pr(n)cos [(Zk + 1)% (n - E?) + Qk] (27a)

T k
fe(n) =2pr(n)cos [(2k -+ l)m (n — —}) - Hk] (27b)
for 0 < n < N—-—1and 0 < k < M — 1, where
0r = (2k + 1)x/4 and pr(n) is the impulse response of the
prototype filter Py,.
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On comparing (27) with (4), we observe that the filter bank
proposed in Section IIl is a general version of the filter bank of
Section II, which includes the latter filter bank as the particular
case when filter Pr, has a symmetrical impulse response, and
kq = N — 1. It should also be emphasized that no constraint
has been imposed on the filter length N and the reconstruction
delay k4 of the cosine-modulated QMF bank in (27).

B. Design Method

Instead of minimizing the highly nonlinear objective func-
tion in (26) directly, an iterative procedure similar to that of
Section II-B can be used in which the objective function is
modified as

E; = Ey, + aE}, (28a)
where
Epy= Y |Pu(¢™)Qu(e™)
0<w<w/M
+ e‘jkdﬂ'/]WPL(ej(w—w/M))QL(ej(wfﬂ'/M))
— e dkaw|? (28b)
Epy = / 1Qr(e7)|? dw (28¢)

where (7, is a lowpass FIR filter with a bandwidth =/(2M),
and the frequency responses of Py, and ()1, can be expressed as

Pr(e’”) =prer(w)
Qr(e™) =qrer(w)

where ep(w) = [le ... WV-DT and p, =
[p(0)p(1) - p(N = 1)]", and g1, = [q(0) g(1) -~ q(N = D)]"
are the coefficient vectors of filters Pz, and (J,, respectively.

We begin the iterative procedure by designing a filter Pz
with group delay kq/2< (N — 1)/2 using a least-squares
design approach similar to that in [22] and write E}, in (28a) as

Ep=Uqy —dy)"(Uq, —dp) + aqfUsq, (29

where dp = [e~Iwrike gmiwpzha ... c=dwpeka]T and super-
script H denotes complex conjugate transposition. In this case,
we have

U =H(@2)Uy(2,) + e (2, - T

s
.Ut(rz,, - M) | e
H(2,) = diag[Pr (e’ ), Pr(e’*%?), -, Pr(e’*7*)]
(30b)
1 e—jwpl efjwpl(N—.l)
1 e—jwpg e—jwpg(N—.l)
UyQ,) = . . (30c)
i 6*]‘.“-’7)’« e_j“’pk.(N'l)

and Ug is given by (30d), which appears at the bottom of the
next page. As E in (29) is a quadratic function in g¢; with
[Re(UHU) + alUg] >0, it has the unique global minimum
point given by

4, = Re(UPU) + aUs]™ -Re(U"dr) (1)
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Fig. 2. Example 1: (2) Amplitude response of the prototype filter; (b) amplitude responses of the analysis filters.

where Re[] is the real part of [-]. Having obtained q;,, a linear
formula can be used to update p; as

pr = (1-7)p, +7qL. (32)
The procedure is repeated until ||p;, — ¢/ is less than a
prescribed tolerance. The iterative algorithm for the design of
cosine-modulated QMF banks with low reconstruction delays
can now be summarized in terms of the following simple
steps.

Algorithm 2

Step 1: Use a least-squares approach to design a lowpass
FIR filter of length N with stopband edge w, and
group delay k,/2, and use the coefficient vector of
the filter obtained to initialize py .

Use (30d) to compute matrix Us.

Form matrix U and vector ¢; using (30a) and (31),
respectively.

If |[pr,—qp|l2 < €, where € is a prescribed tolerance,
output p; as the desired result and stop; otherwise,
update p; using (32) with 7 in the range 0 < 7 < 1.
say, 7 = 0.5, and repeat from Step 3.

In our experiments, we noticed that undesirable artifacts can
sometimes occur in the amplitude responses of the analysis
and synthesis filters when the reconstruction delay is low. Such
artifacts have been observed as well by other researchers when
designing low-delay two-channel filter banks [23], [24] and
multichannel cosine-modulated filter banks [17], [20]. In the
multichannel case, artifacts can occur in the transition band of
the prototype filter Pr, when the group delay is low if there
is no constraint on its transition band. These artifacts then
lead to artifacts in the amplitude responses of the analysis and
synthesis filters. An effective treatment of this problem is to

Step 2:
Step 3:

Step 4:

modify the objective function in (28a) to include an additional
term a1 B, ie.,

Ef = FEf, +aFry+a1El, (33)

where

w2 . .
waBig=ar [ 1Qu(E) —e P ds G
Wil
and |wi1,ws2] is an interval in the transition region where
the artifacts occur. It can be readily shown that the objective
function in (33) can be written as

Ep =(Uqy, —d)? (Uqp, — dp) + aqi Usqy,

+ al(q:fanL - ZquL + wig — we1) (35

where U and U, are given by (30a) and (30d), respectively,
and U, is given by the expression at the bottom of the next
page. The global minimum point of E’ in each step of the
iterative algorithm can now be obtained as

a;, = Re(UTU)+aUs+a1 U] " [Re(U™dr)+azb]. (36)

The proposed low-delay cosine-modulated QMF bank can
be implemented by the efficient polyphase implementation
using the discrete Fourier transform (DFT) as described in
[17]. The numbers of multiplications and additions per output
sample are comparable with those required by the cosine-
modulated filter bank in [19], which is based on the extended
lapped transformation.

IV. DESIGN EXAMPLES

In this section, we apply the iterative design algorithms
described in Sections II and III to several examples. All the
designs were carried out by running MATLAB programs on a

T — Ws

— sin wy

L :
T sin(N — Lws

— 8in wy

1 .
o1 sin(N — 1w,

1
5 sin(N — 2)w,

—3 Sin 2w,

T — Ws — sin wg

(30d)

T — W
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Sun SPARC workstation. The performance of the filter banks
designed are evaluated in terms of computational efficiency,
reconstruction error, and implementation considerations. The
performance criteria are as follows:

* iterations used in the design (IN)

* flops used in millions of floating point operations
(MFLOPS)

¢ the maximum reconstruction error

E, = max|[|MTy()]| - 1]
* the aliasing error
E, = max F(w)

where

| [= A 1/2
Bw) =571 22 rTz(eM)P]
=1

M-1
ﬂ(cjw) — Z Hk(cj(w—%rl/M))Fk(eju;)
k=0

 the signal-to-noise ratio (SNR)

. ional
SNR = 10log;, ( energy of input signal >

energy of the reconstruction error

> *(n)
> lw(n) = (n+ ka)?

=10log;,

where k4 is the reconstruction delay
¢ ‘the number of multiplications per output sample in the
implementation (MPU) [17]

MPU = 12 + 2N/M + 4logy(2M)

 the number of additions per output sample in the imple-
mentation (APU) [17]

APU = 4 4 2N/M + 4log,(2M).
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To calculate the SNR, the input signal xz(n) was chosen to
be a random signal whose amplitude is uniformly distributed
between 0 and 1. The signal length was 1000.

A. Conventional Filter Banks

Algorithm 1 was used to design three cosine-modulated
QMF banks as follows:

Example I: In this example, a four-band cosine-modulated
QMF bank satisfying the specifications

M =4,N = 112,a = 200, w, = 0.21097, 7 = 0.5,¢ = 107*

was designed. The initial point p in Step 1 of Algorithm 1
was the coefficient vector of a lowpass FIR filter designed
by using the window method. The sampling grid contained
200 sampling points. The results obtained are summarized in
Table I. Fig. 2(a) and (b) show the amplitude responses of
the prototype filter and the analysis filters, respectively. To
demonstrate the design efficiency of the iterative algorithm, the
quasi-Newton method using the Broyden-Fletcher-Goldfard-
Shanno (BFGS) formula for updating the approximation of
the inverse Hessian matrix of the objective function [25] was
used to design the same filter bank with the same initial point
and sampling points. The quasi-Newton method completed the
design with about 502 MFLOPS, which is almost 60 times that
used by the iterative algorithm.

Example 2: A 16-channel cosine-modulated QMF bank
was designed satisfying the specifications

M =16, N = 386, a = 100,
ws =0.05677,7 = 0.5, = 107%.

The results obtained are listed in Table 1. Graphical displays
for the filter bank in Example 2 are shown in Fig. 3(a)-(d).
Fig. 3(a) illustrates the amplitude responses of the analysis
filters. Fig. 3(b) shows the overall amplitude response of the
filter bank, i.e., ]M'To(ef‘“)|, and Fig. 3(c) shows the aliasing
error F(w). Fig. 3(d) depicts the amplitude spectrums of the
input signal and the reconstruction error. From Table I and
the figures, it can be observed that the iterative algorithm
leads to analysis and synthesis filters with a high stopband
attenuation (> 120 dB) and low overall distortion and aliasing

W2 — Wil

(/5((4),527 Wil, 1)

1
d)(WtZywtl, k) =T

b= Re/ ep(w)el*aw/? gy =

t1
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Fig. 4. Example 3: (a) Amplitude responses of the analysis filters in the current MPEG standard; (b) amplitude responses of the analysis filters designed.

levels (~ —~100 dB). Such filter specifications were previously
achieved with a constrained optimization method [16]. Using
the algorithm in [16], the reconstruction error E,. is of the
order of 10713, whereas in our approach, it is of the order
of 10~%. However, since the aliasing errors E, achieved by
both algorithms are of the order of 10~% (—120 dB), in both
cases the output signals #(n) approximate the input signals
x(n) with about —100 dB reconstruction error. This is evident
from the large difference between the amplitude spectrums of
the input and the reconstructed error signals as depicted in
Fig. 3(d).

Example 3: A 32-band cosine-modulated QMF bank satis-
fying the specifications

M =32,N = 513, o = 100,
ws =0.03157, 7 = 0.5, = 1074

was designed. The results obtained are given in Table 1. Fig.
4(a) shows the amplitude responses of the first three analysis
filters obtained in the design. For comparison, the amplitude
responses of the first three analysis filters adopted in the
current Moving Picture Expert Group (MPEG) standard on
audio compression [26] are depicted in Fig. 4(b). As can be
seen from Table I, our design has an SNR of 97.1 dB as
opposed to 84.3 dB for the MPEG filter bank with the same
test signal. From Fig. 4, our design shows improved stopband
attenuation with comparable transition bands with those in the
MPEG filter bank.

B. Filter Banks with Low Reconstruction Delays

Algorithm 2 was used to design three low-delay cosine-
modulated QMF banks.
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Fig. 5. Example 4: (a) Prototype filter with artifacts; (b) analysis filters with artifacts; (c) prototype filter with reduced artifacts; (d) analysis filters

with reduced artifacts.

Example 4: This example demonstrates that artifacts can
occur when designing a low-delay cosine-modulated QMF
bank and that it is possible to reduce them. First, a four-
channel filter bank was designed with N = 112,kq = 55,
and no constraint was applied to the transition band of the
prototype filter. Fig. 5(a) and (b) show the amplitude responses
of the prototype filter P; obtained and the analysis filters,
respectively. It can be observed that there is a ‘bump’ in the
transition band of I’z, which, in turn, leads to the artifacts in
the amplitude response of each analysis and synthesis filter.
To reduce the artifacts, the modified objective function in (33)
was used to design a filter bank satisfying the specifications

M =4,N =112, ks = 55,a = 10,
ap =1073, w, = 0.20787
7 =0.5wy = 0.12347, wee = 0.12667, € = 1073,

The results obtained are summarized in Table II. Fig. 5(c) and
(d) show the amplitude responses of the prototype filter Py,
and the analysis filters, respectively. Comparing them with Fig.
5(a) and (b), we note that the artifacts are reduced significantly.
On comparing the filter bank designed in this example with
that in Example 1, we observe that the reconstruction delay
in the present design is only about 50% of that in Example
1. However, this low delay is achieved at the cost of reduced
stopband attenuation and SNR ratio. This was found to be
the case in a number of designs, and as a consequence, we
believe that the designer can trade off stopband attenuation
and reconstruction error for a lower reconstruction delay.

TABLE T
RESULTS FOR EXAMPLES 1, 2, AND 3

r ” Example 1 Example 2 Example 3
IN 12 14 11
MFLOPS 8.66 219 523

E, 3.2594%x107¢ | 2.7563x107° | 2.9941x107¢

E, 3.2178x1077 | 2.5814 %1077 | 5.7532x 1077
SNR (dB) 111.5 115.7 97.1
MPU 80 82 68
APU 72 74 60

Example 5: In this example, an eight-band low-delay
cosine-modulated QMF bank satisfying the specifications

M =8 N =132, ks = 65,a = 20,
a1 =107, w, = 0.13577
7 =0.5, w1 = 0.05617, wsy = 0.06097, e = 1073

was designed. The results are listed in Table II. Fig. 6(a)
shows the amplitude response of the prototype filter, and Fig.
6(b) shows its group delay in the passband and transition
band. Fig. 6(c) and (d) shows the amplitude response of
the analysis filters obtained and the group delay of the filter
bank. For comparison, Algorithm 1 was used to design a
conventional cosine-modulated QMF bank with a filter length
of 66 and a reconstruction delay of 65 sampling periods.
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Fig. 6. Example 5: (a) Amplitude responses of prototype filters; (b) group delay of the prototype filter (low-delay); (c) amplitude responses of analysis

filters (low-delay); (d) group delay of the filter bank (low-delay).

The SNR achieved by this filter bank is 62 dB, and the
amplitude response of its prototype filter is also shown in Fig.
6(a). It is observed that with the same reconstruction delay,
the low-delay cosine-modulated QMF bank shows improved
performance over the conventional cosine-modulated QMF
bank. From Fig. 6(b), it can be noticed that in the passband of
the prototype filter, linear phase is well approximated, and the
phase distortion in its stopband can be neglected due to very
small amplitude response. As mentioned in Section III, in the
low-delay QMF bank proposed, both the phase distortion and
the amplitude distortion are minimized. Fig. 6(d) shows that
the phase distortion of the filter bank obtained is small.

Example 6: A 32-band QMF bank satisfying the specifica-
tions

M =32,N =513, k; = 255, @ = 5000,
ws =0.03477,7 = 0.5, = 1073

was designed. The results are illustrated in Table II, and Fig.
7(a) shows the amplitude responses of the analysis filters.
Compared with the current MPEG filter bank, the reconstruc-
tion delay of the filter bank designed is reduced by half. In
addition, this low-delay filter bank can be implemented by
a polyphase structure similar to that described in [26]. As a
performance test, a ramp signal was used as the input. The
input, the outputs from the low-delay QMF bank designed, and
the current MPEG QMF bank are depicted in Fig. 7(b). The
figure shows that, in agreement with the design specifications,
our design only takes about 50% of the time required by the
current MPEG filter bank to reconstruct the input signal.

TABLE II
RESULTS FOR EXAMPLES 4, 5, AND 6
’ " Example 4 Example 5 Example 6
kq 55 65 255
IN 11 13 7
E, 3.9808x107°% | 1.8041x10™* | 7.1657x107°
E, 5.1584x107% | 5.0333%107° | 4.6497x107°
SNR (dB) 88.3 82.8 90.4
MPU 80 62 68
APU 72 54 60

V. CONCLUSION

An iterative algorithm for the design of conventional cosine-
modulated QMF banks has been proposed. The algorithm is
very efficient and can design filter banks with high stopband at-
tenuation and low aliasing and amplitude distortions. Although
a rigorous proof on the convergence of the algorithm is not
available at this time, the algorithm converged in all the design
examples attempted. A general version of the algorithm has
then been developed, which can be used to design low-delay
cosine-modulated QMF banks. This algorithm is based on a
weighted objective function that depends on the error between
the actual frequency response and that of a linear-phase ideal
filter. Artifacts that can occur in the amplitude responses of the
analysis and synthesis filters when designing low-delay filter
banks can be reduced significantly by simply adding one more
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error component to the objective function. The two algorithms
have been illustrated by designing several filter banks, and
the designs obtained have been compared with corresponding
designs obtained by using some other known methods.
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