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Abstract— Two auxiliary transfer-function matrices called
weighted-input-to-state and  state-to-weighted-output transfer-
function matrices are first introduced. Based on these matrices,
the controllability and observability Gramians of the weighted
system are defined and the existence of the Gramians is justified.
Then a method is developed for the computation of the Gramians
in terms of unconstrdined minimizations in which good initial
points are provided for the minimizations. The objective function
in the required minimizations is modified by including a term
which depends on the Hankel singular values to be discarded.
The method is then implemented as a step-by-step algorithm.
As will be shown, the method generates a weighted structurally
balanced approximation which yields a quadratically stable
reduced-order system regardless of the system order. The method
is illustrated by designing a lowpass 2-D filter of order (4, 8).

I. INTRODUCTION

HE BALANCED approximation is an effective and nu-

merically economical method for the reduction of the
system order in one-dimensional (1-D) and two-dimensional
(2-D) systems. It has, in addition, several desirable properties
such as a bounded error and preservation of stability [1]-[10]
of the original system. If the requirements imposed on the ap-
proximation error are different for different frequency ranges,
improved reduced-order systems can be obtained by applying
a weighted balanced approximation method. The continuous-
time 1-D case is considered in [2] and the discrete-time 1-D
case is considered in [3] and [4]. In this paper, a weighted
structurally balanced approximation for discrete 2-D systems
is proposed.

The goal of the paper is to develop a model reduction
algorithm that yields a weighted structurally balanced approxi-
mation which leads to a reduced-order stable transfer-function
matrix that approximates the original transfer-function matrix
to within a prescribed error. To this end, two auxiliary transfer-
function matrices called the weighted-input-to-state and state-
to-weighted-output transfer-function matrices are first intro-
duced. It is shown that these matrices are quadratically stable
(Q-stable) provided that the input and output weights and
the system are Q-stable. Here quadratic stability (Q-stability)
is the stability associated with the constant 2-D Lyapunov
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inequalities [7], which is known to be stronger than the
bounded-input-bounded-output (BIBO) stability [11]. These
auxiliary transfer-function matrices play a crucial role in the
development of our method. On the basis of these matrices,
the structured controllability and observability Gramians of
the weighted system are defined and the existence of the’
Gramians is justified. The Gramians are the solutions of two 2-
D Lyapunov inequalities, and solving them amounts to solving
two constrained optimization problems.

In the proposed method these problems are reformulated as
unconstrained minimizations and good initial points are de-
duced which improve the efficiency of the minimizations. It is
important to emphasize that the controllability and observabil-
ity Gramians obtained by solving 2-D Lyapunov inequalities
are not unique and, consequently, the Hankel singular values
are not state-transformation independent. Although no closed-
form solution exists for choosing these Gramians in such a way
as to achieve a good approximation, a solution is possible by
modifying the objective function by including a term which is
dependent on the Hankel singular values to be discarded.

As will be shown, our minimization procedure generates
a weighted structurally balanced approximation which yields
a reduced-order system that is always Q-stable regardless of
the value of the reduced order. The balanced model reduction
method proposed is illustrated by designing a lowpass 2-D
filter of order (4, 8) used in [6].

II. AUXILIARY TRANSFER-FUNCTION
MATRICES OF A WEIGHTED 2-D SYSTEM
The system configuration to be considered here is shown
in Fig. 1, where H(z1, z2) € RP*? is the transfer-function
matrix of the system, and W (21, 22) € R7** and W, (21, 22)
€ R**P are the input and output weights, respectively.

If we use the Roesser state-space model [11] to describe
H(z1, z2), Wi(21, 22), and W, (21, 22), then

H(z1, 22) = C[I(21, ) —A]"' B+ D (1a)
Wi(zl, 22) = Ci [I(Zl, 22) - A,’ ]_1 Bi + D,‘ (lb)
W, (21, 22) = Co [ (21, 22) — A, 7! B, + D,. (l0)

1057-7122/95%04.00 © 1995 IEEE
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Fig. 2. Transfer functions H;(z1, 22) and Ho(z1, z2).

The matrices involved can be partitioned as shown at the
bottom of this page and I(z1, z2) = 211 @ 231 , where I
is the identity matrix. In the rest of the paper, we assume
that H(z1, 22), Wi(21, 22), and W,(21, 22) are 2-D Q-stable,
namely, there exist positive definite matrices S, S;, and S,,
and positive definite, block-diagonal matrices

G=G1®G:2, G;=G;®Gi2, G, =G, &Gy
such that

AGAT -G =-8 (2a)

A;GAT - G; = -S; (2b)

A,G,AT -G, =-8,. (2¢)

Definition 1: Based on the configuration in Fig. 1, the
weighted-input-to-state transfer-function matrix H;(z1, 22)
and  state-to-weighted-output  transfer-function  matrix
H,(z1, z2) are defined as

H;(z, z2) = [L(21, 22) — A]7" B Wi(21, 22)  (3a)
and
H,(z1, 22) = W,(21, 22) C [I(21, 22) — A]™! (3b)

respectively. These definitions are illustrated in Fig. 2.

By performing permutations for certain blocks of the ma-
trices in (3a) and (3b), H;(z1, 22) and H,(z1, z2) can be
written as

8,=[B; BI"=[DIB] B |

T
\ DIBf B

2 - A I 010 O
C,=[Ci Cil= [0 0! I 0]
A, 0 - 0
A |
A [1}01 éoz] B,iC: An ! B.Cy A
T A Al |~ L7 o T T T
03 ot A; 0 1 A 0
B,2C1 Ao | BaCy Au
T
- - - I 0,00
B, = [BZl BZ2]T = [O 0 : I 0}
Co = [Col CoZ] = [Docl Col : DOCZ Co2]~

As indicated in Fig. 1, transfer-function matrix H;(z1, 22)
in (4a) relates a weighted input signal to a state of the
system, which takes the input weight W;(z1, 22) into account.
Similarly, transfer-function matrix Ho(z1, 22) in (4b) relates
a state to the weighted output, which takes the output weight
W, (21, 22) into account. As will be seen in Section III, these
two transfer-function matrices serve as the starting point for
balancing the weighted 2-D system.

III. WEIGHTED STRUCTURALLY BALANCED
APPROXIMATION OF 2-D DISCRETE SYSTEMS

We now propose a weighted structurally balanced approxi-
mation (WBA) of 2-D systems which is essentially an exten-
sion of the unweighted structurally balanced approximation
proposed in [7].

A. Definition of WBA Using 2-D Lyapunov Inequalities

It can be shown that if transfer-function matrix H(z;, z2)
and weights W;(21, 22) and W,(21, 2z2) are all 2-D Q-
stable as was assumed in Section II, then H;(z1, 22) and
H,(z1, 22) are also 2-D Q-stable. The proof of this fact
is given in Appendix A. Consequently, there exist block-
diagonal, positive definite matrices

A s _im ]?11 I:’21 0 0
H,'(Zl, Zg) = C,-[I(zl, 22) — Az] B; (4a) . . . Pgl P31 : 0 0
H, (21, 22) = Co[l(z1, 22) — A,] 7' B, (4b) P=PioPp=|___-—- it (52)
0 0 | P Py
respectively, where 0 0 ! f)g’2 Ps,
. N
A; BiCy | Ay BiCp Qu Qz |, O 0
A A 0 Ay L0 A QhF Qau ! O 0
. Az‘ Ai | 1. . R n n 21
Ai:[A; Ai]= ——————— . Q=Q®Q2=| - - - - - L—A———;— (5b)
* ¢ As BCi; | Ay ByCpp 0 0 | Qi Qi
0 A 10 Ay 0 o ! QL Qs
R H
A= [ B= C= [Cl C2] n+m
A3 A4 (n+m)x(n+m) Bz (n+m)xgq px(ntm)
A Ai2] I:B'l ]
A; = [ B,= |’ C;=[Cii Cizlyx(n,4m,
A‘i3 Ai4 (ni+m;)x(ni+m;) Bi2 (ni+m;)xt ax(matms)
Aol Ao2 :| [B 1 :|
A, = [ B, = ° C, = [Col CoZ]S n.+m
Aoy Aoy (not+mo)x(no+mo) Boy (no+mo)xp X(notmo)
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that satisfy the 2-D Lyapunov inequalities
APAT_PLBBT <0
ATQA,-Q+CT¢C, <.

(6a)
(6b)

From (4a) and (4b), it is observed that the four blocks of the
system matrix of H(z;, z2) , namely, A, Ay, Ag, and Ay
of matrix A defined in (1a), occur in both A; and A, as
the (1, 1), (1, 3), 3, 1), and (3, 3) blocks. Therefore, the
structured controllability and observability Gramians of the
weighted system, denoted as P and Q, respectively, can be
obtained from P and Q as

P=IPI",Q=1Q1i” %)
where
- I 0 00O
10010
that is,
P 0
PI[(:]U p ] EPI@P2=
. 12 (n+m)X(n+m)
0
Q=[Q0“ a ] =Q0Q
12 (n+m)x(n+m)

which are positive definite, block-diagonal matrices. Hence
a nonsingular, block-diagonal matrix T = T; @& T» can be
found [12], [5] such that

TPy T " = TTQi Ty = 3, = diag (01, 03, -+, o)
(8a)

Ty 'PT;7 = TYQoTy = 2, = diag (11, p2y -+, i)
(8b)

012022 >0, 20a0d py > g > -+ > piy > 0.

Having found balancing transformation matrix T, a WBA of
the system H(zy, 22) in the Roesser state-space model can be
characterized by the set {A;, By, Cp, D} with

A, =T7!AT, B,=T'B, C,=CT ©)
where A, B, C, and D are given in (la).

B. Computation of P and Q

In principle, matrices P and Q that satisfy (6a) and (6b) can
be obtained by solving the constrained convex minimization
problems

min pmax(A;PAT - P + B,BT) <0 (10a)
P>0
min pmax(A7 QA, - Q+CTC,) <0 (10b)
Q>0

where prax denotes the largest eigenvalue of a matrix. Using
the Cholesky factorization, we obtain

P=1L,L] and Q= L, LT (11)

where L, and f,q are block-diagonal lower-triangular matri-
ces. Thus, (6a) and (6b) can be reformulated as
1L, (AL, Bi]ll<1and||L7'ATE, CT][<1.

Therefore, instead of solving the constrained minimization
problems in (10a) and (10b), we can work on the following
unconstrained optimization problems

min || L '[AL, B:]|| (12a)
LP

and
min || L' [ATL, CT]||. (12b)
Lq

Obviously, local minimum points of (12a) and (12b), ﬁ; and
f.;, are acceptable if and only if the norms defined in (12a) and
(12b) at f,; and I:; are strictly less than one. This is because
only then matrices P and Q, formed by (11), will satisfy the
Lyapunov inequalities (6a) and (6b).

Note that even for a 2-D system of modest order, the number
of parameters involved in each of the above minimization
problems is quite large. For example, if n = m = 15,
n;, = m; = 10, and n, = m, = 10, we have

(n+n)(n+mn;+ 1)+ (m+m)(m+m; +1)

2
It would, therefore, be useful if a good initial point could be

deduced before one starts minimizing the norms in (12a) and
(12b). Let us consider the two Lyapunov-like equations

= 650.

AilplAfl - pl -+ AlzlA)gAz; = _Bilﬁg (133)
Ai4P2A5 - pz + Al3f)1A;g = —ﬁigﬁg;. (13b)

These equations were first utilized in [6] in order to introduce
the concept of quasibalanced 2-D systems. Note that (13a)
and (13b) are linear in f’l and 152. It can be shown that if
system (4a) is Q-stable and both (Aﬂ, B;1) and (A4, ]A3,-2)
are controllable, then there exist unique positive definite P;
and P that satisfy (13a) and (13b), respectively. The proof
of this fact is given in Appendix B. Having obtained P; and
P,, the Cholesky decomposition can be used to write

Py = LL], Py = L,,LY

and (13a) and 13(b) imply that

1L, AnL, ApL, Ball=1 (14a)
L5 (AL, AuL, Bl =1 (14b)

Hence
| L, AL, Bi]ll<2 (15)

where

L, =L, 6L,

In the light of (15), the I:,, so obtained can now be used as
a good initial point for the minimization problem (12a). A
good initial point for problem 12(b) can be found in a similar
manner.
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IV. WEIGHTED STRUCTURALLY BALANCED
MODEL REDUCTION OF 2-D DISCRETE SYSTEMS,

The weighted structurally balanced model reduction
(WBMR) problem entails finding a reduced-order (71, r2),
Q-stable transfer-function matrix H, (21, z2) such that for
given Q-stable H(zl, 22), W,’(Z], Zz), and Wo(zl, 2'2), the
weighted approximation error

[| Wo(z1, 22) [ H(z1, 22) — Hr (21, 22) | Wi(21, 22) |loo
(16)

is minimized with respect to all Q-stable transfer-function
matrices of order (r1, 72).

Having obtained a WBA {A;, By, C;, D} as given in
(9), we can partition it as

Air A 1 Az Axp Bi.

Az A | Az Ay Bis
Ap= |- , Be=| - _ |,

Az, Az 1 Ay Ap Ba.

Az Az | A Ay Bo.
Cy=[Cir Ci1z | Ca Cio] an

where A, € RT1><T1’B1T S R”X‘I,Clr € RpX”,AM €
R™2X"2 By, € R™%%, Cy, € RP*™ | The reduced-order 2-D
system of order (71, r2) can now be formed as {A,, B,, C,,
D} with

Ar — [Alr

A2r Blr
; Br= , Cr=[C1r Corl.
Az, A4r:| [B2r:| [Cs 2r]

18)

Unlike the 1-D case, the reduced-order system of order
(r1, 72) in (18) obtained by truncating a WBA may not
be satisfactory in terms of weighted approximation error. This
is mainly because there are infinitely many solutions to the
Lyapunov inequalities (6a) and (6b), and the analytic relation
of these solutions to the approximation error introduced by
a simple truncation remains unclear. In what follows, the
Q-stability of the reduced-order system obtained from a
WBA is first demonstrated. Then, we propose a modified
weighted structurally balanced approximation that takes both
the stability issue and the approximation error into account.

A. Q-Stability of the Reduced-Order System

In this section, we show that for the single-input-single-
output (SISO) case, the reduced-order systems are Q-stable
for any Q-stable input and output weights W;(z1, z3) and
W ,(z1, 22); and that for the multi-input-multi-output (MIMO)
case, the Q-stability of the reduced-order system holds under
some additional conditions.

Theorem 1: If H(z1, 27) is Q-stable with either unit input
weight, W;(z1, z2) = I, or unit output weight, W (21, z2) =
I, then the reduced-order system obtained from the weighted
structurally balanced realization in (18) is also Q-stable.

Proof: If W;(z1, 22) =1, then (3a) becomes

Hi(z1, 22) = [I(z1, 22) - A|7' B. (19)

Comparing (19) with (4a), we have
A;=Aand B; =B
and (6a) becomes
APAT - P +BB” <o. (20)

Pre-multiplying (20) by T~! and post-multiplying by T,
it follows that

AZAT — 2+ ByBY < 0. (#2))
By performing permutations, (21) can be rewritten as
AZAT -4+ BBl <0 (22)
where
a-i ) - [E]
and
S =%,.03; =dag (01, -, Ory, B, "
Irys Ory41s =* s Oy Hrgls o5 m)- (23)
By (22) we obtain
A, X, AT -3 +B,BT <0 (24)

which implies the Q-stability of the reduced-order system of
order (71, T2). O

An immediate consequence of Theorem 1 is the Q-stability
of the reduced-order systems for the SISO case.

Lemma 1: For the SISO case, if H(z1, 22), W;(z1, 22),
and W, (21, z3) are Q-stable, then the reduced-order system
obtained in (18) is also Q-stable.

Theorem 2: If H(zy, 22), Wi(z1, 22), and W, (21, 22) are
Q-stable, and if P; and P in (5a) are block-diagonal (or Q:
and Q2 in (5b) are block-diagonal), then the reduced-order
system obtained in (18) is also Q-stable.

Proof: Write P and f’g in (5a) as follows:
5 P; O 5 _ |P2 O
Pl:[O 1531] andPg—[O 1532].
The proof for the existence of block-diagonal 151 and 152 has
been justified in Appendix A. By performing permutations,
(6a) can be written as

@1 @2
[@% @J <0

(25)
where
&, = APAT — P + BC,;P;CTB” + BD,D/B”
&, = BC;P3AT + BD,BT
&; = A;P3AT — P; + B,BT

and P3 = P3; @ P3y. Pre-multiplying (25) with X

D G X e
x=[5
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and post-multiplying with X7, gives

B -:2;'¢] 0] _, 7

0 ® ) (26)

Since 153 > 0 and 3 < 0, we have
APAT —P <&, < ¥, - 8,8;'87 < 0.
It follows that
AZAT - X <o
Hence
AZ AT -3 <o

which implies the Q-stability of the reduced-order system of
order (71, r2). O

B. WBMR Method Based on WBA

For the 1-D case, the Hankel singular values, defined as
the square roots of the eigenvalues of the product of the
controllability and observability Gramians, are a set of system
invariants. Namely, they are invariant under state-variable
transformations. More importantly, it is well known that the
approximation error introduced by a balanced approximation
is controlled by twice the sum of the discard Hankel singular
values.

Let P and Q be positive definite solutions of (6a), (6b),
and (7). If we define the square roots of the eigenvalues of
PQ, ie,

O1, 02, """y On,y M1, P2, *-*y Um

as the Hankel singular values (h.s.v.’s) of the weighted system,
then these parameters are in general not invariant under state-
variable transformations since the solutions of inequalities (6a)
and (6b) are not unique. In other words, the h.s.v.’s so defined
are P and Q dependent. However, this dependence provides
an approach to specify a suitable solution of (6a) and (6b)
so as to achieve a small approximation error. We consider an
objective function defined by

f(i‘p’i‘q):lli‘;l[Aif‘p Bi]l|+k1||ﬁ;1[A3£q CZ]”

+k2( Yoot Y m) @7)
k=r;+1

I=ry+1

where k1 > 0 and k2 > 0 are weighted scalars. By minimizing
the objective function f(L,, L,) with an appropriate selection
of k1 and ko , block-diagonal matrices P and Q can be found
such that

1L, '[AiL, B;]|| <1 and || L;YATL, €T <1
(28)

so that the Q-stability of the reduced-order system is guaran-
teed and the least h.s.v.’s 0y 41, -+, O\ fhrgt1, - v i are
suppressed so that the approximation error is expected to be
small as well. The following is a step-by-step summary of the
proposed WBMR algorithm.

Algorithm:

Step 1: Find a local minimum of f(f.,,, f,q) in (27) such
that (28) holds. The optimization is unconstrained
and can be carried out using established numerical
optimization techniques [13]. Weights k; and k-
can be adjusted to satisfy (28).

Step 2: Compute P = I:,,IZ;{ and Q = ﬁqﬁqT.

Step 3: Obtain the structured Gramians of the weighted
system, P and Q, from the relations

-5 8- 2
0 P, 0 P

Q= [Ql 0] _ [Qll 0 ]
0 Q 0 Qun
Step 4: Find nonsingular matrices T; and Ts such that
(8a) and (8b) are satisfied and construct balancing
transformation matrix T = T; @ Ts.

Step 5: Obtain the weighted structurally balanced approxi-
mation {A;, By, Cy, D} with

A, =T 'AT, B,=T"'B, C,=CT

and partition it as in (17).
Step 6: The reduced-order 2-D system of order (ry, 73) can
now be formed as {A,, B,, C,, D}.

The balancing transformations T; and T in step 4 can be
found by using known algorithms [12].

Some remarks are in order at this point. It is noted that
the objective function in (27) is not convex. However, the
optimization problem formulated is unconstrained and there
are several efficient optimization methods such as the class of
quasi-Newton methods [13] that are applicable to noncovex
but unconstrained objective functions. In addition, as was
shown in Section III-B, we can always find a good initial
point for the problem at hand, which makes the optimization
more efficient.

An alternative approach to solving optimization problems
(6a) and (6b) is to use the linear matrix inequality (LMI)
techniques that have recently been developed in [14]-[16].
For example, (6a) can be reformulated as

min v (29)
vI-F(x)>0,G(x)>0
where x is the k-dimensional vector that collects all unknown
entries of P, matrix F(x) is an equivalent representation of
A, ISAZT -P+ Bzﬁf which depends affinely on x, i.e.,

k
F(x)=Fo+ Y xF;
i=1

and matrix G(x) is an equivalent representation of P, which
also depends affinely on x, i.e.,

k
G(x) =Go+ Y xG:.
=1

Note that (29) is a standard formulation for the minimization
problem that can be solved using the interior-point algorithms
developed in [15] and [16].
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V. EXAMPLE

In this section, a lowpass filter discussed in [6] is~used to
demonstrate the proposed weighted model reduction algorithm.
The state-space model of the filter is given by (1a) with

A=
r0.537000 —0.068810 0.985510  0.503880
1.000000 0 0 0
0 0 0.538819  —0.066576
L o 0 1.000000 0
A, =
—1 0 0 0 -1 0 10
0 000 0000
0 000 -1 00 O
Lo o000 0000
A; =
—0.390721  0.244967 —0.483603 —0.247260
0.251223 —0.145125  0.026974  0.013792
1.270478  1.106765  0.198140  0.101307
1.796448  0.421991  0.592117  0.302742
0 0 —0.393352  0.242461
0 0 0.252014 —0.145254
0 0 1.270845  1.107215
L o 0 1.797547  0.423333 ]
Ay =
r 0490714 1 0 0 0490714 0 —0.490714 01
—0.027371 0 0 0 —0.027371 0  0.027371 0
~0.201054 0 0 1 —0201054 0 0201054 0
~0.600823 0 0 0 —0.600823 0  0.600823 0
0 0 0 0 0491231 1 0 0
0 0 0 0 —0028179 0 0 0
0 0 0 0 —0.201054 0 0 1
L 0 0 0 0 —0.600823 0 0 0.
B, =107%[1.34044 0 1.34044 0]"

By, = [—0.657773 0.036689 0.269501 0.805367]
By, = [—0.658465 0.037772 0.269501 0.805367]
B, = 107%[By Ba]”
C; = [0.983681 0.501644 0.985510 0.503879]
Co=[-1 010 -1 0 1 0]
D = 1072 x 1.34044.

The amplitude response of the original filter with order of

(4, 8) is depicted in Fig. 3. First, the unweighted model
reduction (UWMR) with

W,-(zl, 22) =Tand Wo(zl, Zz) =1

is carried out to obtain a (4, 4) reduced-order filter, charac-
terized by H,,., (21, z2), whose state-space model is given by
(la) with

Ay = -
0.398395 0.067647 —0.041205 —0.047699
—0.165376 0.097911 0.056528 0.057307
0.054464 —0.386181 0.439015 0.198796
—0.300009 0.004979 —0.079289 0.140498

Ajuz =
r—0.493470 0.111113 0.433265 —0.0974381
0.164658 —0.074752 0.539074 0.478618
—0.106099 0.031564 —0.046091 —0.111813
L —0.328834 0.085950 0.072648 —0.205922
Au,w3 =
r—0.503071 0.027229 0.054018 —0.0784831
0.034454 —0.185564 0.310070 0.350054
0.042530 0.446818 —0.018492 0.407874
L 0.027084 0.270648 0.381488 —0.371722 ]
Ajus =
r 0.340191 0.384383 0.158443 —0.1011641
0.000524 0.366455 0.024461 —0.015399
0.113994 —0.139845 0.034981 —0.044875
1—0.045414 0.299108 —0.065030 0.087856

Buw1 = [0.304264 0.359372 —0.028458 0.057085]"
Buwz = [-0.150370 —0.189039 0.230790 0.157800]"
Cuwi = [0.100857 —0.057272 0.132552 —0.064706]
Cuwz = [-0.398981 0.357827 —0.336220 0.456789]
Duo = 1073 x 1.34044.

It is easy to verify that the (4, 4) reduced-order transfer
function H., (21, 22) is Q-stable. The amplitude response is
shown in Fig. 4. Next, a (4, 4) Q-stable lowpass filter is used as
the input weight W;(z1, 22) to emphasize the reduced-order
system over the low frequency region. This input weight is
modeled by (la) with

A=
r 0.865266 —0.320202 —0.038859 —0.0292871
0.320207 0.669571 —0.345662 —0.047159
—0.038856 0.345681 0.488474 —0.405720
L 0.029288 —0.047162 0.405698 0.359184 |
Ajp =
r 0.376026 0.327476 0.168483 0.0573727
—0.329114 —0.286621 —0.147464 —0.050214
0.168784 0.146991 0.075626 0.025752
1 -0.057005 —0.049645 —0.025542 —0.008697 ]
Ajz =
r 0.002027 0.002826 0.003092 0.002087 1
—0.002002 —0.003350 —0.004149 —0.002547
0.000960 0.002303 0.003304 0.001774
L—0.00I 168 —0.002485 —0.002790 —0.000828
Ay =
r 0.865687 —0.320519 —0.039609 —0.0294257
0.320210 0.669343 —0.346448 —0.046520
—0.038457 0.345556 0.488348 —0.403728
L 0.029377 —0.047308 0.407151 0.359117 J

B, = [-0.014868
Biy = [-0.263117

0.013013 —0.006674 0.002254]7
0.228922 —0.118278 0.039798]"
Ci1 = [-0.263607 —0.228362 —0.118098 —0.039582]
Ciz = [-0.014877 —0.012956 —0.006666 —0.002270]
D; = 107% x 5.8826.
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Fig. 3. Amplitude response of the original (4, 8) filter.

The amplitude response of the input weight is depicted in
Fig. 5. The WBMR with input weight W;(z1, z;) and unit
output weight

Wo(zl, ZQ) = I

leads to a weighted (4, 4) transfer function H,,(21, 22). The
state-space model of the filter is given by (l1a) with

Awl =
r 0.377205
—0.263009
0.172187
L—0.180399
AwZ =
r—0.479988
—0.100826
—0.093182
L—0.229037
A,z =
—0.486739
0.174899
—0.054904
L 0.031853
Ay =
10.400167
0.051712
0.095767
1L0.040648

—0.029050
0.233722
0.021959

—0.077882

—0.031851
0.303009
0.430882

-0.287881

—0.0203357
0.169255
0.129212
0.034010

0.458503
0.195997
—0.143636
0.021276

0.293809
0.250964
~0.384634
—0.234765

—0.1193137

0.148250
—0.427647
—0.400324 .

0.068631
0.439104
0.241124
0.135682

0.073475
0.094213
—0.424258
0.104322

—0.035764 7
0.276255
0.004268

—0.530429 ]

0.430839
0.162037
—0.273725
0.232954

—0.045702
—0.060519

0.226859
—0.170824

—0.09861317
—0.023039
—0.057916

0.078143

B,1 = [0.277210 0.201779 —0.281204 —0.152142)7
By = [-0.157826 —0.010694 0.263263 0.142137]7
Cu1 =[0.129210 —0.026848 0.146844 —0.088941]7
Cuz = [-0.419206 0.103558 —0.591489 0.448008]"
D, = 1073 x 1.34044.

This weighted (4, 4) transfer function H,, (21, z;) is also Q-
stable. The amplitude response is shown in Fig. 6. The contour
plots for the original filter, the reduced-order (4, 4) filter by
the UWMR, and the reduced-order (4, 4) filter using WBMR
are given in Figs. 7-10.
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Fig. 5. Amplitude response of the input weight.
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Fig. 6. Amplitude response of the (4, 4) filter obtained from WBMR.

Defining the error matrices of the UWMR and WBMR by
Euw = (Euwkl) and Ew = (Ewkl)

as
Euw“ — | H(ejZWk/K’ ej27rl/L) _ Huw(eijk/K, ej21rl/L) |
(30a)
Ewkl — I H(ej2"k/K,ej27rl/L) _ Hw(e]’Zﬂk/K’ ej2'n'l/L) |
(30b)

withk=0,1,---, Kandl =0, 1, ---, L where K and L are
the numbers of frequency response samples in the normalized
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Fig. 7. Contour plot of the original (4, 8) filter. Fig. 9. Contour plot of the input weight.
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Fig. 8. Contour plot of the (4, 4) filter obtained from UWMR. Fig. 10. Contour plot of the (4, 4) filter obtained from WBMR.
frequency ranges wi, we € [0, 1.0] (w; = %, wz = +). The TABLE 1
Frobenius and /o, norms of Ey,, and E,, are givcn by ERRORS OF THE UNWEIGHTED AND WEIGHTED MODEL REDUCTION
1/2 ry=ro=4 w € w E w € w €
L ) [0,0.30]  [0.30,0.55]  [0.55,1.0] [0.1.0]
e =Bullr = DY El.| es 0.4214 12775 3.0288 33141
k=11=1 ewf 0.2684 1.2470 3.6109 3.8295
K L 1/2 €co 0.0562 0.1440 0.1595 0.1595
_ _ 9 ) Croo 0.0551 0.1662 0.1891 0.1891
Cwf = ||Ew||F - EZE"’H ’
k=1k=1
o = ||Buwlloo = oplax Evwys If the weighted error matrices of the UWMR and WBMR
o are defined by
e =||E = max FEuw,, -
woo = || Bwlloo L X B

Ep, = (Euyn) and B = (Ely)

The errors of the UWMR and WBMR have been computed in
three frequency ranges and are summarized in Table I, where  where
w denotes the normalized frequency w; = wy = w.

. w o _ jork/K _j2nl/L jonk/K _j2xl/L

As is expected, Table I shows that the error e,y from Eyu, =1 Wo(e / ’e.J m/ )[H(ej." 76’]‘” )

WBMR is smaller than the error ef from UWMR in the low — Hy, (72K gi2ml/Ly ] W, (ed2k/K i2rl/Ly |

and intermediate frequency ranges but it is larger than the error EY = |W,( CI2TR/K j27rl/L) [ H( pI2nk/ K j2ml /L)
Wi ? ?

from UWMR in the high frequency range due to the use of

the lowpass input weight. - Hw(ejzﬂk/Ke eﬂ"l/L) ] Wi(ejhk/K, €j27rl/L) |
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TABLE I
WEIGHTED ERRORS OF THE UNWEIGHTED AND WEIGHTED MODEL REDUCTIONS
ry=ro=4% wE we we wE
[0,0.30] [0.30, 0.55] [0.55, 1.0] [0,1.0
ef' 0.4248 0.8793 0.5751 1.1333
e’Lﬁf 0.2744 0.8221 0.6713 1.0963
3 0.0582 0.0911 0.0839 0.0911
el o 0.0572 0.1057 0.0990 0.1057

then, the Frobenius and I, norms of E¥,, and E¥ are given by

K L 1/2
e — B2 I = [zzw:wk,)z] |

k=11=1

5= B =, e B

K L 1/2

e:ﬁf = ”EﬁllF = [ZZ wk, } 1]
woo = B llee = ax Ep

1gk§K,1ggL Wit ”

The weighted errors of the UWMR and WBMR in three
frequency ranges in this case are given in Table II.

From Table II, it is noted that the weighted error e* wys from
WBMR is smaller than the weighted error €7 from UWMR
in the low and intermediate frequency ranges but it is larger
than that from UWMR in the high frequency range due to the
input weighting chosen.

VI. CONCLUSIONS

A weighted structurally balanced approximation for 2-D
discrete systems has been proposed which is based on two 2-
D Lyapunov inequalities, and an algorithm for computing the
inherent weighted controllability and observability Gramians
of the 2-D system has been developed. Then a corresponding
weighted structurally balanced model reduction has been pro-
posed, which takes into account both the stability issue and
the approximation error.

It has been shown that if one starts with a Q-stable 2-D
transfer-function matrix with either unit input weight or unit
output weight, the reduced-order system is also Q-stable. It has
also been shown that if there exist block-diagonal matrices P,
and Pg in (5a) that satisfy the 2-D Lyapunov inequality (6a)
(or block-diagonal matrices Q1 and Qz in (5b) that satisfy the
2-D Lyapunov inequality (6b), then, the reduced-order system
is also Q-stable. A (4, 8)-order lowpass filter has been used
to demonstrate that the error of the weighted reduced-order
filter can be reduced relative to the corresponding unweighted
reduced-order filter in a desirable frequency range.

APPENDIX A

This appendix presents a proof of the Q-stability of the
weighted-input-to-state-output and ~state-input-to-weighted-
output transfer-function matrices H;(21, 22) and H, (21, 22)
defined by (3a) and (3b) in order to justify the existence of
the balanced approximation of the 2-D system described in
Section III.

Let H(z;, 22) be a 2-D Q-stable transfer-function matrix
and assume that output weight W,(z;, z5) satisfies the 2-D

Lyapunov equations (2a) and (2b). By Lemma 4 of [7], (2a)
and (2b) imply that there exist block-diagonal matrices

Y=Y19Y2:2>0andY;=Y;;8Y;»,>0

such that
¥ =AYAT - Y+BBT <0 (A.D)
and
¥, =AY;AT - Y, +B,Bf <o0. (A2)
Define
Y, O : 0 0
R 0 Y : 0 0 )
Y=|_____ T, =Y:19Y, (A3)
0 0 } Y, 0
0 0 l‘ 0 Y.
and
U= A, YAT - Y +B,BT (A.4)
It is found that
X, ¥XT =
AYAT Y + B(C;Y;CT +D,DI)'BT BK AS
KTBT ‘I’i ( . )
where
I 0 0 O
|00 I 0 v AT RT
X = 01 00 , K=C,Y;A;] +D;B;
0 0 0 I

and ¥; is defined by (A.2). As ¥, is nonsingular, X; ¥XT
in (A.5) can be block-diagonalized by pre-multiplying it with

X, [[ P
and then post-multiplying with XZ, leading to
Xo(X1 X)X = [AYAT Bl \1?]
where
K = C,;Y,CT + D,DY - K¥'K”. (A.6)

As ¥; < 0, matrix X»(X;®XT)X] is negative definite (and
< 0) if and only if

hence ¥
AYAT - Y + BKBT < 0. (A7)

With a Y, that satisfies (A.2) fixed, matrix K in (A.6) is a
known matrix and ||K|| < 8 for some 8 > 0. From (A.1)
it follows that for any scalar o > 1

A(aY)AT — oY + BKB” = o¥ + B(K — oI)BT
< a¥ + BKBT.
Since ¥ < 0, if « is chosen such that
A |B|)?
a> — (A.8)
|pmax ()|
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then we have
A(aY)AT — oY + BKBT < 0. ~(A.9)

In other words, (A.7) holds if Y is scaled to (oY) as is seen
in (A.9). We conclude that

APAT -P+B.Bl <0

where
aY; O { 0 0
0 Y, ! 0 0
P=|______ N
0 0 | aYy O
0 0 1 0 Yy

with « satisfying (A.8) and, therefore, H;(21, 22) is 2-D Q-
stable. Likewise, by using (2a) and (2c) in conjunction with an
argument similar to the above, one can show that H,(z1, 22)
is also a Q-stable 2-D transfer-function matrix.

APPENDIX B

In this appendix, we show that if system (3a) is Q-stable,
then there exist unique positive definite matrices P, and P
that satisfy (13a) and (13b). For the sake of simplicity, we
assume that

A.i =§<1, BHBT =1 B,QBT =1
i1 i2

Equations (13a) and (13b) can then be written as

. . [P, o0][AZ
[Ai Aiz][ol Pz][Aﬁi]—Plz—I (B.1a)
R . [Py 0 ][A%
[Aiz Am][ol PZHAi}—PQ:—I. (B.1b)

From (B.1a) and (B.1b), a recursive formula for solving (B.1a)
and (B.1b) is suggested as follows:

P o [A%
10 P(k—l)] {Aﬁl} (B.2a)
2 i2
ng_l) 0 } [AT:,,}
o153 B2b)

ng) =I+ [Ail Aig } \i
PY =T+ [A;z Ayl [

where
k=1,2,--, with P =1 and P =L

Obviously, ng) and ng) can be expressed as

k k
PH =S F and PP = Y FY (B.3)
1=0 1=0
where
(-1) AT
O _1a N F 0 A’
F'=[An Ai2][ 10 ng-n} [A:qi] (B.4a)

F"Y o ][Af
38 B4
o el [az] @
with F{) = T and F{”) = L Since
I[Ain Anlll < ||Ai]] =
I [Aiz Aulll < [l Al

F%’) =[A; Ai4]l:

<1

<
< 6<1

it follows that
l l
|FO | <6 | FP | <6

and hence

1

(k) L (k)
Pl < =5 1P < 5 (B.5)

By (B.4a) and (B.4b), each Fgl) and F;') is positive semi-
definite and, therefore, P(lk) and P(zk) are positive definite
and the two sequences

P§°’§P§”s---sP({‘”“sPﬁ"’s---
PO <PP<...<PF V< PP <.

are monotonically increasing and bounded because of (B.5).
From (B.2a) and (B.2b), it is observed that the limits of these
two sequences, which are given by

Pi=Y Fand Py =) FY
=0 =0

satisfy (B.1a) and (B.1b).
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