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Design of Two-Dimensional Digital Filters Using
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Abstract—It is shown that the singular-value decomposition
(SVD) of the sampled amplitude response of a two-dimensional
(2-D) digital filter possesses a special structure: every singular
vector is either mirror-image symmetric or antisymmetric with
respect to its midpoint. Consequently, the SVD can be applied
along with 1-D finite-impulse response (FIR) techniques for the
design of linear-phase 2-D filters with arbitrary prescribed am-
plitude responses which are symmetrical with respect to the or-
igin of the (w;, ®,) plane. In the second half of the paper, the
well-known balanced approximation method is applied to lin-
ear-phase 2-D FIR filters of the type that may be obtained by
using the SVD method. The method leads to economical and
computationally efficient filters, usually infinite-impulse re-
sponse filters, which have prescribed amplitude responses and
whose phase responses are approximately linear.

I. INTRODUCTION

INEAR-phase two-dimensional (2-D) digital filters

find many applications in image processing where
phase distortion is particularly objectionable [1]. Filters
of this type can be designed by using the window method
[2]-[41, the McClellan transformation [5]-[8], and as was
shown recently, by using the singular-value decomposi-
tion (SVD) [9], [10]. The last method offers two impor-
tant advantages. First, the design can be accomplished by
designing a set of 1-D subfilters using well-known 1-D
techniques and, second, the resulting 2-D filter can be fast
since the 1-D subfilters form a parallel structure which
allows extensive pipelining. A limitation of the SVD
method as reported in [10] is that the amplitude response
of the filter is required to have quadrantal symmetry with
respect to the (w;, w,) plane. This restricts the application
of the method to some extent.

In this paper, it is shown that the SVD of the sampled
amplitude response of a 2-D digital filter possesses a spe-
cial structure: every singular vector is either mirror-image
symmetric or antisymmetric about its midpoint. As a re-
sult, the SVD method can be applied along with 1-D FIR
filter techniques for the design of linear-phase 2-D filters
with arbitrary amplitude responses which are symmetrical
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with respect to the origin of the (v, w,) plane. A quan-
titative error analysis is then described which can facili-
tate the determination of the number of subfilters to be
used and the required design accuracy for each of the 1-D
subfilters to achieve a desired approximation error.

In the second half of the paper, a model reduction tech-
nique known as balanced approximation (BA) method
[11]-[14] is applied in the design of 2-D digital filters.
The design starts with a linear-phase 2-D FIR filter of the
type that may be obtained by using the proposed general
SVD method and concludes with a lower order separable
2-D digital filter, usually an infinite-impulse response
(IIR) filter. As will be shown, the approximation error in
the phase angle is bounded by the sum of the neglected
Hankel singular values of the filter. Consequently, the
phase response of the resulting filter is approximately lin-
ear over the passband region provided that only small
Hankel singular values are neglected. Under these cir-
cumstances, the resulting 2-D filter is nearly balanced,
which implies that the filter has low roundoff noise as well
as low parameter sensitivity. Furthermore, the 2-D filter
obtained is more economical and computationally more
efficient than the original 2-D FIR filter. Therefore, com-
bining the general SVD and BA methods leads to excel-
lent results as is demonstrated by designing a low-pass
filter with a rotated elliptical passband.

II. GENERAL SVD METHOD

A. Design

A 2-D FIR single-input single-output (SISO) digital fil-
ter with support in the rectangle defined by —N; /2 < n
< N;/2,i = 1, 2, can be characterized by the transfer
function

N /2 N2/2

H(z,, ) = Z Z

h(ny, )z "z (1)
nm=-N/2m= ~N2/2

where h(n;, n,) is the impulse response of the filter. If
h(n,, ny) = h(—n,, —ny) and h(n,, n,) is real then the
frequency response denoted by

X(wy, @) = He™' T, &™) @
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is a real function which is symmetrical with respect to the
origin of the (w,, w,) plane, i.e.,

X(wy, wp) = X(—w;, —wy). 3

A 2-D FIR filter having an arbitrary amplitude response
satisfying (3) can readily be designed by using a parallel
arrangement of K 2-D FIR sections each comprising two
1-D subfilters in cascade as will now be demonstrated.
Such an arrangement can be represented by the transfer
function

K
H@, ) = 2 Fi@)Gi) @

where F;(z;) and G;(z,) are the transfer functions of two
cascaded 1-D SISO subfilters. If these subfilters are FIR
filters with support in the rectangle defined by —N;/2 <
n; < N;/2,i =1,2, we have

N /2

Fz)= 2

1=-N1/2

filn)zi™ 6]

and
N2/2
CG@) = X gz ©)
m=—N2/2
and if F;(z;) and G;(z,) are assumed to represent zero-
phase or 7 /2-phase filters, then their frequency responses
are given by <

Fi(e™ ™) = &;(w)e” @
and '
Gi(e""™) = Ti(wy)e™. ®

If fi(n;) and g;(n,) are mirror-image symmetric, then 6,
= 0 in (7) and (8) and ®,(w,) and T';(w,) are real func-
tions which are even with respect to w; and w,, respec-
tively; if f;(n,) and g;(n,) are mirror-image antisymme-
tric, then 6; = 7 /2 and ®;(w;) and T;(w,) are real
functions which are odd with respect to w; and w,, re-
spectively. Under these circumstances, a zero-phase 2-D
filter is obtained whose frequency response is given by
4)-(8) as

K
X, @) = 24+ &@)T(w;) ©)

where **+’ corresponds to §; = 0, and *‘ —’ corresponds
to 0i = 7l'/2
Now assume that matrix A = {q, , } represents a de-
sired arbitrary frequency response such that (3) is satis-
fied, i.e.,
X(mpy, wvy) = X(=mpy, —70y) = A (10)

where p;, v, forl <=/ < Land 1 < m < M are normal-
ized frequencies ranging over the baseband. Let

A= E O'iu,'v,'T = ZI] ~,'ﬁ,*T (11)
i=

be the SVD of matrix A where g; are the singular values
of A such that 6, = 0, = *++ =2 0, > 0, and &; =
0?u;, &, = ¢}/*v,. An important property of a class of
FIR filters can now be stated in terms of the following
theorem.

Theorem 1: If the frequency response of an FIR filter
satisfies (3), then vectors &; and v, in (11) are either mir-
ror-image symmetric or antisymmetric simultaneously for
i=1,2,:--,r.

Proof: Let H = {h;;, 1 <i,j <2N}bea2N X
2N arbitrary matrix with real elements such that

hi,j = 712N+1—i,21v+1~j (12)

and, for the sake of simplicity, assume that the matrix is
of square even size and has distinct singular values. If
matrices I, I, and H are defined by

0 -0 1
; 1 0 _ I, 0
I= P I I={N ,j|, and
: 0 IN
1 -0 0
H, H
H=i*i=[‘ 2}
H, H,

respectively, where the sizes of Iy, Iy, H, and H, are N
X N, and the sizes of I and H are 2N X 2N, respectively,
then matrix H can be decomposed as

H = IHI = UzZVT
=[u - 13)

T
up -y Elyy v v o]

where u;, v; are normalized eigenvectors of HH T and
H™H, respectively, i.e.,

HHTui = O;U;. (14)
Substituting (13) into (14), we have
HHIu; = o,1u;. (15)
If we let
u, =
Up
then
Tu;, X
and, therefore (15) becomes
| X Xii
HH =0; . (16)
X X2

Note that
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where A is positive semidefinite and B is symmetric.
Therefore, (16) can be expressed as

A B||x; Xi
= 0; . an
B A X Xin
By writing (17) in another matrix notation, we have
A B X; X;
B A Xy Xi1

Now on comparing (18) with (17), we note that both vec-

tors
X X
X2 X;
are eigenvectors of matrix HH T associated with the same

eigenvalue ¢; and, therefore, the two vectors must be lin-
early dependent, i.e., they must satisfy

[xn] |:xi2:]
= =+
X Xii

X = X2,

which implies that
or x; = —Xp.

If x;, = x = X;, We can write

N X X;
Iu; = , andu; =|,
X; Ix;

which means that u; is mirror-image symmetric. On the
other hand, if x;; = —x;, = x;, we have

)
u; = "
—‘Ix,’

which implies that &; is mirror-image antisymmetric. Fur-
thermore, by (13)

v =IH"Iux ™"

X;
ui - l:A ]
Ix,'

[(H, + H,)"x; } l:.)’i }
j(H, + H))'x; - iy,-

where y; = o; ' (H, + Hy)"x,. If

19)
it

then (19) implies

v; =o' IH Iu; = o]

u =

then (19) implies
. H, — H)x;
v,‘=0i-llHTIui=Ui_l‘: ( 2 I) ]

—IH, - H) x

_{ y‘,]
~Iy,
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Fig. 1. Parallel realization of 2-D digital filter.

where §;, = o "(H, - H,)"x;. This shows that the two
vectors u; and v; have the same symmetry properties
simultaneously, that is, they are either both mirror-image
symmetric or antisymmetric. 0

On comparing (9) with (11), & and #; may be taken to
be sampled versions of the frequency responses b (wy)
and T (w, ), respectively. By designing the 1-D FIR filters
characterized by F;(z;) and Gi(z;) (1 = i = K, 1 = K
< 1) as zero-phase or m/2-phase filters and then inter-
connecting the filters obtained as in Fig. 1, a zero-phase
2-D filter is obtained whose amplitude response is a good
approximation to-the desired amplitude response in the
minimal mean-square-error sense [9]. The impulse re-
sponse of the resulting filter is given by

K
hn, m) = 2 fin)gi(m).

A 2-D causal linear-phase filter can readily be obtained
by shifting the impulse response by N, /2 and N, /2 sam-
ples with respect to the n, axis and 7, axis, respectively.
This can be accomplished by multiplying F;(zy) and G;(z;)
by z7V /2 and z; /2, respectively. The design of the 2-D
filter can be completed by using any one of the standard
methods for the design of 1-D FIR filters. Using the Fou-
rier series method in conjunction with window techniques
[15], designs can be obtained very quickly with a small
amount of computational effort. These designs are not op-
timal although the approximation error can be made ar-
bitrarily small by increasing the order of the 1-D filters
used. On the other hand, by using methods based on the
Remez algorithm [16], it may be possible to obtain opti-
mal designs although a large amount of computation
would be required.

In the above design approach, the sampling density
must be high enough in order for matrix A to represent
the ideal amplitude response well. However, since the di-
mension of A, namely L X M, determines the dimensions
of vectors & and #;, a high sampling density leads to high-
order FIR filters. Furthermore, the SVD of matrix A is
time consuming and may entail numerical ill condition-
ing, particularly if L or M = 100. Based on a variety of
designs we carried so far, a sampling density L X M with
60 < L, M < 90 is appropriate if the order of the FIR
filter to be designed is in the range 25 X 25 to 41 X 41.
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B. Error Analysis

Assume that the SVD method has been used to design
a 2-D FIR filter for a desired frequency response A and
that the transfer function of the filter H(z,, z,) is given by
(4). Let f; and g; be the column vectors obtained by eval-
uating ®;(w;) and I';(w,) at frequencies w; = wy,/ T, and
wy = 7wy, /Ty, wherel < [ < Land1 <m < M, and
T, and T, are the sampling periods in the horizontal and
vertical directions, respectively. The amplitude response
of the 2-D filter at frequency point (w;, w,) = (7w, / T},
7,/ Ty) is the (I, m) entry of matrix LX f;g] and, there-
fore, the approximation error at this frequency point is the
(I, m) entry in the error matrix E defined by

E = {el.m}
K
=2 figl - A
K r
= 2 (figl —mo]) - 2 ouv] (0
i=1 i=K+
If we define

Ag; = f; — @, Ab; = g — ¥,

then A& and Ad; represent the approximation errors in
the 1-D frequency responses ®;(w,;) and I';(w,), respec-
tively. From (20) if follows that

VR

erm = [0} (Ady v, + uyABy) + AdyAd,,]

i=1

.
-~ 2 ouy,
Pl %l Yim
where u; denotes the /th component of vector u;, etc. Since
vectors u; and v; are unit vectors, an upper bound on the
magnitude of ¢, ,, can be obtained as
K r
12
le,m| < i‘_ZJ‘ ["i/ (e + &) + ejen] + %:H g (21
= iz

where €;; and e,; represent the maximum approximation
errors in the frequency responses ®;(w,;) and T;(w,), re-
spectively.

If the approximation error in each 1-D filter design is
reasonably small, then the high-order terms €,;ey; in in-
equality (21) can be neglected. We note also that the right-
hand side in (21) is independent of / and m, and hence
(21) holds also for the maximum of |e; ,,|. We have,
therefore, obtained an upper bound for the maximum ap-
proximation error over the set of sampled frequency points
as

€y = max
I<i<ll=ms

" lenml < €x + ex (22)

where the principal error ¢,x and the residual error e, are
defined by
K

— 1/2
&k = i;} ol (e + e)
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and

r

€k = % 0;

i=K+1

23

respectively.

The error bound given by (22) shows clearly how the
choice of K and the approximation error introduced by a
specific 1-D design technique affect the overall approxi-
mation error in the 2-D filter. As K — r, the residual error
¢,¢ will tend to zero and the approximation error in the
design of the 2-D filter is reduced to that introduced in
the design of the 1-D FIR filters but the number of mul-
tiplications required becomes very large. Hence, in prac-
tice, K should be chosen sufficiently small to keep the
number of parallel sections small and the residual error
€,k acceptable. Having determined the value of K, the
principal error €,x can also be made acceptable by con-
trolling the 1-D design errors €); and €); for 1 < i < K,
by increasing the orders of the 1-D filters or by using a
better design method for the 1-D filters. From (23) it fol-
lows that small approximation error should be obtained in
the design of those 1-D filters that correspond to the large
singular values.

C. Example 1

In this section, a 2-D low-pass FIR filter with a rotated
elliptical passband is designed to illustrate the effective-
ness of the proposed method.

The desired amplitude response of the 2-D low-pass
FIR filter, shown in Fig. 2(a), is specified by

1 @/ + (@/wp) <1

HejwlTn’ejszz —
I )| {0 @1/ wa)’ + (@] way) > 1

where
@ = w Cos @ + w, sin &
@ = —w; sin @ + w, CoS &
and
a=7/6,w, =0327, «,=0527
w, = 0.487,  w,; = 0.68~.

With L = M = 61, the corresponding sampled ampli-

tude response A = | H(e/™, ¢/™")| can be expressed as
: , U (/0o + (p/0n) < 1/x?
IH(GITW, ej,”,m)l - l/ 1 / 2 /
0  otherwise

where
;= pcos a + v, sin a, 1 =1]=<6l1
b, = —p sin o + p, cOS q, 1 =m= 61
and

1 1
we, = 3 (0 + wp), 0o = 3 (0g + wp).
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TABLE I
MAXIMUM PASSBAND AND STOPBAND ERRORS FOR FIR
FILTER DESIGNED BY USING THE GENERAL SVvD

METHOD

K Passband Stopband
4 0.1360 0.1025

5 0.0854 0.0771

12 0.0393 0.0255

14 0.0365 0.0129

15 0.0295 0.0121

16 0.0150 0.0115

18 0.0124 0.0113
25 0.0117 0.0102

The software package MATLAB has been used to ob-
tain the SVD of matrix A. The 1-D FIR filters were de-
signed by using the Fourier series method along with the
Kaiser window function. As may be expected, the higher
the order of the 1-D filters, the lower the approximation
error. By trial and error, it has been found that a value of
29 for both N, and N, gives satisfactory results.

There were 25 nonzero singular values resulting from
the SVD of matrix A. The resulting amplitude response
of the low-pass 2-D FIR filter for K = 12 is shown in Fig.
2(b). The maximum passband and stopband errors for K
= 4,5, 12, 14, 15, 16, 18, and 25 are given in Table 1.

III. APPLICATION OF BALANCED APPROXIMATION
METHOD

In what follows, separable IIR 2-D digital filters with
linear phase response are designed by applying the bal-
anced approximation (BA) method to high-order FIR 2-D
filters. Some properties associated with the proposed ap-
proach are also presented and proved. Further, a design
example is included to illustrate the method and to ad-
dress some computation issues.

(b)

A. Design

The BA method has been applied extensively in the past
in both 1-D as well as 2-D dynamical systems [171-123].
The method leads to more economical systems with re-
duced computational complexity. In this section, it is
shown that the BA method can be put to good use in the
design of 2-D digital filters as well.

Let

f: N N2
W/} Hewz) = 2 2 b )"z @8

be the transfer function of a 2-D FIR filter of order (N,
N,). In Roesser’s local state-space characterization [24],
(24) can be represented by

{xh(i + 1,1)] [Al Az} {x”(i,ﬁ} [bl}
o = + u(i, j)
x'@,j+ 1 Ay Al LX7G, ) b,

e,
————x

=
=g

© = Ax + bu
Fig. 2. Amplitude response of 2-D filter with rotated elliptical passband: x" ()]
(a? ideal amp}itude response; (b) amplitude response of 2-D FIR filter ob- y(i ]) = [e ’ + duli )
tained by using SVD method (N, = N, = 29, K = 12); (c) amplitude ’ b x°(, ) I

response of 2-D IIR filter obtained by using SVD and BA methods (N, =
13, N, = 15).

cx + du 25)
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where [25]
A = ':0 INI—I] a - ’;llNz . ’:lll
1 00 > 2 . .
hN.N; ) hMl
0 I,_
A =0, A= [ " 'J
00
b = [hy by |0 0 1"
c=1[10 Olhgy, * -« hol and d = hyy,.
If

fGi, ) = Uz, ) — A1™'D
8, ) = C[I(Zl, ) — A]_l

where I(z,, z,) = 7)1y, @ 221y, then the generalized
reachability and observability gramians of (25) are de-
fined as

1 dz; dz
K =-—7 § § y * s _1_2
ZE (I m’:lﬂzl 2)[* (21, 22) % %

and

1 dz, dz
W=——— (§ (S) *(z,, , hond e
(2,”-)2 1 .Zz‘zlg @1, 22)8(1, 22) % %

respectively. Further denote the N; X N, upper left blocks
and the N, X N, lower left blocks of K and Wby K,,, W},
and Ky, W,,, respectively. System (25) is said to be (lo-
cally) balanced if

Ky = Wy, = diag (o)), 013, - - -, opy,)

Ky = Wy = diag (oy, 03, * ", Oopy)

where o, (1 < i< Nj)andoy (1 =i < N,) are called
the Hankel singular values of the system. Note that A; =
0 means that the transfer function of the filter has a
separable denominator. In addition, both A, and A, are
nilpotent since AY' = 0 and A)? = 0. By using the
Lyapunov approach [14], [18] in conjunction with the
aforementioned properties, we obtain

Ni—1

Ky = 2 AP@jy (26)
where
P = HH]

with

ko hy - thz

h h s e h

Hb _ .20 .21 '2Nz
hyio Byttt g,

In addition

Ky = I,
W, = IN]
and
Na—1 ) )
Wn = 2 (AD)'QAj @n
where
0 =HH,
with
hoy  hg  c - hoy,
H, = ’.ln I:’]Z ’.11N2

v By ot by,

Once K;; and W; (i = 1, 2) are found, a balancing trans-
formation T = T, ® 7, with T, and T, nonsingular can
be computed such that the system realization (A, b é d )
= (T™'AT, T™'b, cT, d) is locally balanced. A reduced
state-space model (4,, b,, c,, d) of order (r,, ry) can be
obtained by partitioning A, b, and ¢ as

Alr A12 A2r A22

A\ _ [Al AA2:| _ A13 A14 A23 A24
Ay A, 0 0 A, A,
0 0 A, Ay

b,
- [& *
{52] | b
*
and
E=16 | &l=1Tlea, * | e *] (28

and then letting

Alr AZr blr
A, = s b, = and
0 A4r bZr

¢ = [clr '

ch] .

B. Properties

The balanced approximation has been used extensively
for the design of automatic controllers of 1-D linear sys-
tems owing to its good approximation accuracy. The max-
imum error introduced in 2-D separable discrete systems
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can be estimated as [23]

e = max |H, (1, 22) — H(zy, Zz)'
fzi]=1,lz2| =1
Ni N2
=< 2 0y + oy Z 0y (29)
i=r+l i=r+1

where
H.(z, 23) = ¢ [I.(zy, Z) — A,]klb,. +d

[T (rl +l1=<i=< N])and Oy (r2 +1l=si=< Nz) are the
Hanke! singular values of the original FIR filter, and o,
a, are constants determined by {A;}. An important prop-
erty of the BA method is that the stability of the reduced-
order 2-D system is guaranteed provided that the original
system is stable and has a separable denominator [23].
Since our design approach starts with an FIR filter, the
above-mentioned properties apply. In what follows, we
present two more properties of the BA method, which are
especially desirable for digital filters.

Theorem 2: If ¢,(w;, »,) and ¢ (w,, wy) are the phase
responses of the reduced and the original filter, respec-

tively, and @, denotes the passband region of the original -

filter, then

2e,
max | ¢, (w;, @) — ¢(wi, )| = 8, =
2 1—-¢
provided that e, << 1, where e, is defined in (29), ¢, is
the maximum error over the passband region for the orig-
inal FIR filter

(30

am = max 1 _ X(wl’ w2)|Xr(w1’ (.02)‘ .
v X (@, wZ)IX(‘-’Jla wz)‘

X(w,, w,) is the frequency response of the original filter
given by (3), and

X (@1, @) = H (e, ™).

Proof: Writing
X(w;, wp) = M(wy, wz)eiv(wm.wzrz)
X, (0, w3) = MJ(wy, wz)eer(wlTl,szz)

the approximation error in the phase angle can be ex-
pressed as

_ _ X(wy, W) M, (021, 02)
lorlon, w2) = e, @)l = ll“ <Xr(w1, @) Mo, w2)>

= |ln (1 + &)|
where & can be estimated as

XM,| XM — XM, + X,M, — XM, |

18] = {1 — I =
X, M| MM
< |Xr(M - Mr)| + er(Xr - X)l
- MM
_Ix - 1x 0+ 1X - X|
M
2|X, — X|
< — .
M
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Hence

Npax 2e
5, = max |8 < < L 31
[+ Din 1 —¢
where
Npa = 2 max | X, — X|
G
and

Dpin = min M.
@

Since for a good FIR filter ¢, = 0, (31) indicates that | 8|
<< 1if e, << 1. Under these circumstances, we have

max | @, (@, @) — @@, @)l

max |In (1 + 8)]
Q O

U

max |8}
Qp
<2 O
1—¢
If the BA method is used to approximate a high-order
FIR filter, then by (29) the approximation error can be
made very small if both

Ni N2
Z 0y; and Z 02
i=n+l i=rn+1

are very small. In such a case, the phase-response linear-
ity of the original filter will be well preserved in the re-
duced filter by virtue of Theorem 2.

It is known that a locally balanced 2-D state-space dig-
ital filter has the lowest output roundoff noise and further, -
its sensitivity to coefficient quantization is low [18], [26],
[27]. The second property, stated in terms of Theorem 3
below, ensures that, like the original filter, the reduced
filter has low roundoff noise and low sensitivity to coef-
ficient quantization since it is nearly balanced.

Theorem 3: If &,,, = diag (613, * * *» a1n), &y = diag
oo, oum)s Ton = diag (021, ***5 O2n), Lo =
‘Y 0'2N2), then

- (blrblTr + A2r22r2Agr)

@1n+15
dlag (02,.2+1, .

AlrzlnAlTr - erl =

T T

AL A — iy = L6y
T _ T

A4r22rzA4r — Ly, = —by by,

AII&QAM - 227'2 = - (Cgrcb + A;r2]r|A2r) (32)
provided that
O1p +1 < Oypy and O + 1 << 02p- (33)

Proof: Since (A, b, é, ci) given by (28) represents a
balanced realization of the original system, it satisfies [18]
the relations

= —(bb] + A,T,AT)
AA‘{-Z]Al - 2] = —é?él

>

LY
>

-~
|

X
|

(34
(35)
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ALA] - 5, = —b,b] (36)
AlL,A, - X, = —(é]¢, + ATLA)) 37
where
L, 0 T, 0
2‘.,=[‘ ]and 22=[2n }
0 . 0 PV

By taking the upper left r; X r; submatrices from (34)
and (35), and the upper left r, X r, submatrices from (36)
and (37), we obtain

AyLi Al — £y, = —(b,b], + A, %,,A0) - E,,

ALE, Ay, - Ly, = —cle,, — Ey,

AuTnAL — Lo, = —by,bl, — Ey,

ALL) A, — L, = ~ (€30 + ALELAy) — B
(38)

Since the balanced realization (4, b, ¢, d) is obtained from
a canonic realization of the FIR filter which is locally
reachable and observable [28], it is also locally reachable
and observable. Moreover it can be shown the |4, <
1, 1Al < 1and [|4,] < 1 (see [23, theorem 5.2.3 and
appendix 5C]) which imply that |4, || = 1, |4, < 1
and || Ay, || < 1, respectively. Therefore, matrices E;, and
E, (i = 1, 2) can be estimated as

IEwll = 42 AT + ApEALll < AL IPIE,
+ 1A P 1Ecl < 0141 + 024y

”Elc” = "Aszzchlz I =< ”An ”2”210” = O +1

1Bl = A AL < |As P12,

Bl = AL Ex A + ALE Ay

= Oir+1 + O +1-

A
A

A
1A

02m +1

Consequently, matrices E;, and E;.(; = 1, 2) can be ne-
glected from (38) if the conditions stated in (33) are sat-
isfied. This modifies (38) to (32). O

C. Example 2

In order to demonstrate the effectiveness of the BA
method, it was applied to the linear-phase 2-D FIR digital
filter designed for K = 25 in Section II-C. Following the
steps of the algorithm described above, the balanced re-
alization was first obtained. Then by examining the two
sets of singular values and neglecting the insignificant
ones, reduced IIR realizations of orders (r,, r;) = (10,
12) and (13, 15) were obtained. In the first realization, all
0y; and oy, that are less than 0.4% of o), and o, respec-
tively, were ignored and in the second realization all oy;
and o,; that are less than 0.02% of oy, and 0,;, respec-
tively, were ignored. For the sake of comparison, the BA
method was also applied to a (31, 31) FIR filter to obtain
an IIR filter of order (15, 17). The maximum passband
and stopband errors for the three designs are given in Ta-

TABLE 11
MAXIMUM PASSBAND AND STOPBAND ERRORS FOR
REDUCED REALIZATION

(ry, r2) Passband Stopband
(10, 12) 0.0915 - 0.0716
(13, 15) 0.0230 0.0202
(15, 17) 0.0102 0.0087

ble II. The amplitude response of the reduced filter for the
case (ry, r;) = (13, 15) is depicted in Fig. 2(c).
The group delays of the 2-D IIR filter, namely
_ dfarg [H( '™, &™)}
awl

T =

and

B a{arg [H(ejmﬂ, eijTZ)]}
3w2

Ty =

were used to construct the contour plots of Fig. 3(a) and
3(b), respectively, for the case (ry, r;) = (13, 15), assum-
ing fifty layers. It is clearly seen that the linear-phase
characteristic of the original FIR filter is well preserved
over the entire passband of the 2-D filter. The maximum
relative errors in the group delays are given in Table III.

We conclude this section with a brief discussion on the
efficiency of the filters obtained by the BA method. We
observe in Tables II and III that if the errors in the am-
plitude response and the group delays are required to be
less than 3.0% and 1.5%, respectively, an IIR filter of
order (13, 15) is required. The same amplitude-response
accuracy can be achieved by using an FIR filter of order
(29, 29) comprising 15 parallel sections, as can be seen
in Table I. The number of multiplications needed for a
direct realization of the FIR filter is (15 + 15) X 15 =
450 as compared to (13 X 15) + (13 + 15) = 223 mul-
tiplications required by a direct realization of the reduced
IIR filter. If the FIR filter is implemented using 1-D fast
convolution with block size 512 X 512, then the total
multiplications required to process an array of size 512 X
512 is 166 X 512* [3]. On the other hand, by writing the
transfer function of the (13 x 15) IIR filter as

Nr(zl’ z2)
D,1(z1)Dp(z2)

the filter can be implemented using the scheme of Fig. 4.
Through the SVD of the 13 X 15 coefficient matrix of
N, (z;, z2), implementation can be achieved by using at
most 13 parallel 1-D sections. Consequently, the appli-
cation of 1-D fast convolution to the FIR filters in both
feedforward and feedback paths leads to an implementa-
tion of the IIR filter which requires a total of 156 x 5122
multiplications in the worst case. Experience with a va-
riety of practically useful 2-D filters has shown that some
of the singular values of the coefficient matrix of N,(z,,
2;) are often negligible (less than 10™*) and, therefore,

Hr(zls 22) =
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(b)

Fig. 3. Contour plots of group delays of IIR filter: (a) group delay with
respect 1o w,; (b) group delay with respect to w,.

TABLE III
MAXIMUM RELATIVE ERRORS IN GROUP DELAYS FOR
REDUCED REALIZATION

(r, r2) 7 T

(10, 12) 6.30% 5.52%
(13, 15) 1.48% 1.49%
(15, 17) 0.79% 0.93%

u( .0 . i)

1+ D3 Dz

Fig. 4. A realization of H, (2, 22)-

2261

the number of multiplications required is usually less than
that of the worst case.

Now if the errors in the amplitude response and the
group delays are required to be less than 1.2% and 1.0%,
respectively, an IIR filter of order (15, 17) is required
according to Tables II and III. T he same amplitude-re-
sponse accuracy can be achieved by using an FIR filter of
order (29, 29) comprising 25 parallel sections as seen in
Table 1. In this case, the implementation of the FIR filter
by 1-D fast convolution requires 266 X 5127 multiplica-
tions while its IIR counterpart requires only 176 x 512°
multiplications.

At the other extreme, if the error in the amplitude re-
sponse is allowed to be as high as 9%, an IIR filter of
order (10, 12) is required. The same accuracy can be
achieved by using an FIR filter of order (29, 29) com-
prising only five parallel sections. In this case, the FIR
implementation is more efficient than its IIR counterpart.

In effect, if the amplitude-response approximation error
is required to be low, say less than 5%, and a small vari-
ation in the group delays of the order of 1to 2% can be
tolerated, the BA method is very likely to yield a more
efficient IR design. Furthermore, a nearly balanced state-
space realization is achieved which has low roundoff out-
put noise as well as low sensitivities to coefficient quan-
tization, according to Theorem 3.

IV. CONCLUSIONS

In the first half of the paper, the SVD has been applied
in conjunction with 1-D FIR filter techniques for the de-
sign of 2-D, causal, linear-phase FIR filters with arbitrary
amplitude responses. The method is relatively simple to
apply and leads to a parallel arrangement of pairs of cas-
cade sections. This configuration is, therefore, suitable
for parallel processing and is amenable to VLSI imple-
mentation.

In the second half of the paper, the BA method has been
applied for the design of 2-D digital filters. In this ap-
proach, the design starts with a 2-D causal, linear-phase,
FIR filter of the type that can be obtained using the SVD
and concludes with a design of reduced order, which is
almost always an IIR design. The method leads to com-
putationally efficient designs and tends to preserve the lin-
ear phase response of the original FIR filter irrespective
of whether an FIR or an IIR design is obtained. Further-
more, the designs obtained are causal and locally quasi
balanced, and in cases where IIR designs are obtained,
stability is guaranteed. In other words, the method is
highly suitable for the design of 2-D, causal, linear-phase
IR filters, which are very difficult to design by other
methods.

The design approach has two important advantages.
First, it leads to more efficient implementations in appli-
cations where the amplitude-response approximation er-
ror is required to be low. Second, nearly balanced state-
space realizations are achieved which have low roundoff
output noise as well as low sensitivity to coefficient quan-
tization.
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