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where ¢> 2 is an arbitrary number and ¢ is the number of first
(also the last) vanishing coefficients of T,_,(z)).

Step 3: Let vy = var{Ty(1), Ty_,(1), - -, Ty(1)} be the num-
ber of sign variations of T, (1) for k =0,1,- - -, N. Then, P(z) has
ay =N —vy zeros inside unit circle. If 7, ,(z)=0 for some
m >1, then P(z) has By = 2»y — m zeros on unit circle.

End.

For the application to 2-D stability testing, we have that
P(z)=zMR(z) with R(z) as in (3.1). Since P(z) is symmetric,
Ty - 1(2) (generated in step 2 of Algorithm 2) is identically zero.
Hence, the number of zeros on unit circle for R(z) is equal to
By =2v, — M.

Algorithm 2 has a very nice feature since it uses almost the
same number of additions and multiplications as Routh- Hurwitz
table (which checks zero locations of a given polynomial with
respect to imaginary axis) for same degree polynomial. It is very
effective for zero testing of R(z) (as in (3.1)) on unit circle. We
present the following example to conclude this section.

Example ] : Consider a(z,, z,) as given below:

a(z,2,) =4.4+2.5982, +0.796z,z, +3.627 +0.199:3
+2.198z7z, +0.3982,z3 +0.199z722.
By using 2-D stability testing algorithm, we have
a(0,z,) =(2.2+0.199z2,)(2+ z,) # 0, |z, <1. (3.6)
Using Cholesky factorization and DCT programs, we obtain
R(z) =57.92+47.95(z+ 2" 1) +31.17(z* + z72)
+13.69(2° +27°) +2.534(z4 +27%). (3.7)

We thus set P(z) = z*R(z) which is a polynomial of z with order
N = 8. By using Algorithm 2, we obtain that R(z) has four zeros
on unit circle. This is justified by the fact

Ty(1) > 0,7;(1) <0, T(1) > 0,T5(1) <0, T,(1) <0,
T,(1) > 0, T,(1) > 0, T,(1) <0, T,(1) > 0. (3.8)

Clearly, vy = 6, and the number of zeros of P(z) on unit circle is
By =2vy — N =4. Therefore, we conclude that the given 2-D
system is unstable.

It is known that the root mapping method is quite popular for
2-D stability testing. The main idea is to calculate zeros of
a(z,,e/%) for 6, =2km/L, with k=0,1,---, L —1. Clearly, the
accuracv of the stability testing directly relates to the length L
e.g. Example 1, we need L=28192 in order to conclude the
instability of a(z,,z,) which is very inefficient, recall that we
have to compute L times of the zeros of a(z,, e/%).
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Design of 2-D Digital Filters with Rectangular
Passbands and Stopbands

ANDREAS ANTONIOU anp WU-SHENG LU

Abstract — A modified version of a configuration proposed by Hirano
and Aggarwal for the design of 2-D digital filters with rectangular stop-
bands is suggested and sufficient conditions for its correct operation are
derived. On the basis of these conditions, it is shown that all possible
stopbands can be achieved by using standard 1-D continuous low-pass,
band-pass, or high-pass transfer functions.

I. INTRODUCTION

Several types of two-dimensional (2-D) recursive digital filters
can be designed, ranging from filters with circularly symmetric
amplitude responses [1] to filters whose passband or stopbands
are rectangular domains or combinations of rectangular domains
[2], [3]. In the method of Hirano and Aggarwal [2], 2-D recursive
filters whose passbands are rectangular are designed by cascading
two 1-D low-pass, band-pass or high-pass filters or any other
combination of two such filters. The design of 2-D recursive
filters with rectangular stopbands, on the other hand, is achieved
by using a configuration consisting of a cascade arrangement of
1-D filters of the type just described in parallel with a suitably
designed all-pass filter.

In this paper, a modified version of stopband configuration of
Hirano and Aggarwal is suggested and sufficient conditions for
its correct operation are derived. On the basis of these conditions,
it is shown that all possible stopbands can be achieved by using
standard 1-D continuous low-pass, band-pass or high-pass trans-
fer functions that can be obtained from the classical analog-filter
approximations (Bessel, Butterworth, Chebyshev, and elliptic).

II. CONFIGURATION OF HIRANO AND AGGARWAL

The configuration of Hirano and Aggarwal for the design of
2-D recursive bandstop filters is illustrated in Fig. 1(a). Its
transfer function is of the form

H(Zlazz) =H41(21)H42(52) ‘[Hl(zl)Hz(zz)]z

where each of H;(z;) and H,(z,) can be a 1-D low-pass, band-
pass, or high-pass transfer function and H (z;) and H,,(z) are
corresponding 1-D all-pass transfer functions whose poles are the
same as those of H,(z,) and H,(z,), respectively.

If the all-pass transfer functions are of the form

. (Z)_z{'Dl(z;‘)
A Di(z)
and
23Dy(2")
Hi(zn)=—F—7"—

Dy(z,)

where n and m are the orders of transfer functions H,(z;) and
H,(z,), respectively, the configuration of Fig. 1(a) does not yield
a bandstop filter in some of the nine possible cases identified in
[2], as will now be demonstrated. Consider the low-pass and
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Ha1(24)H,5(2,)

Hi(z4)Ha(2z)

Hi(z¢)Hy(z2) —»?—

(3

Ha1(z4)Ha2(22)
o—o &—o
1 H(zy)Ha(zy) F— Hi(z¢)Ha(zp) ——>—?—
—Jjk®
(b) e
Fig. 1. (a) Configuration of Hirano and Aggarwal. (b) Modified config-
uration.

band-pass filters represented by the transfer functions

H b
(=) s2+as+h ¢ (s D+ 1)
and
" a,s
o(22) = s +a,s+b, = (22— D) A2y +1)

For these filters, the phase shift produced by the cascade arrange-
ment of the low-pass and band-pass filters is not equal to the
phase shift produced by the all-pass filters and, consequently, the
gain of the cascade filters is not subtracted from that of the
all-pass filters to produce a bandstop filter. This problem can be
overcome by modifying the phase shift of the all-pass filter or,
equivalently, by modifying the phase shift of the two cascaded
filters.

III. MODIFIED CONFIGURATION

Consider the modified configuration of Fig. 1(b) where k is an
integer equal to —1, 0, or 1 depending on the types of transfer
functions used for the 1-D filters. The transfer function of this
configuration is

H(z,2,) = Hy(2)H(z,) - ‘fﬂ("[Hl(Zl)Hz(zz)]2 (1)

and as will be demonstrated below, it can realize all nine of the
stopbands identified in [2].
If the transfer functions

n

Z allZ{
i=0

H1(21)= =-

i "
Z bllzi

i=0

and

Ny(z,) i=0
Hy(z,) = S -
2( : DZ(ZZ) i": b2'z'2
i=0

represent two 1-D filters, then the 1-D all-pass transfer functions
in (1) can be constructed as

n
- Z by 7
zlnDl(Zl 1) i=0 ot
Hy(z) = Di(z,) = n v
A Z b]lz{
i=0
and
m
m - Z b m—i zl
zzDz(Zzl) i=0 ammnt
HA2(22) = D (Z ) = m
w7 Z byz
i=0
If we let
Ni(e/Th) = My (@) e/fmien
Ny(e/22) = My, (w,) /(e
Dy(&#47) = My () e
and

Dz(e/wzrz) = MD2(‘*’2) e/fp2(w2)

then (1) yields

H( ej”]n’ej"’ITZ) = /Nl wz) _ Meﬁh(wbmz)
Mm(‘*’l)Mm(wz)
)
where
Yi( @y, 0,) =no Ty + may T, —2[ 05 (w) + 0, (w,)]
and
Va(w, ) = —kn +2[‘9N1(“’1) + 0N2(°°z)]
_2[001(‘*’1)+002(‘*’2)]~
Now if
1
Oy (@) + 8y, () =E(k'”+"“’1Tl+mszz) 3)
then

‘h(‘*’la‘*’z) = ‘Pz(‘*’u“’z)

and so (2) assumes the form
H( e/ R ef‘-’zrz)

= {1_ [| Bty || oy (ereT) |]2} gD (4)

If
0, 0<w <ow,
|H1(€/“"T')|= 1, W, < W Wy,
0, we<w<7/T
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Wo

W1 T
Fig. 2. Nine possible stopbands that can be obtained using the configuration
in Fig. 1(b).
and
Or 0 < Wy < 21

|H2(e»’“’2T2) | =(1, wy

<w
0, wy<w

represent two 1-D bandpass filters, then

|H(eh, /M) | = {O‘ wp S <@y and wy <w, <wy,

1, otherwise

and, therefore, the configuration of Fig. 1(b) realizes a 2-D filter
whose amplitude response is complementary to that of the band-
pass filter obtained by cascading the two 1-D band-pass filters. If
each of the two cascade filters is allowed to be a low-pass,
high-pass, or band-pass filter, the nine rectangular stopbands
depicted in Fig. 2 can be obtained.

The configuration of Fig. 1(b) will complement the amplitude
response of the two 1-D filters connected in cascade only if the
phase angles of the numerator polynomials N,(z,) and N,(z,)
are linear, according to (3). Following the approach of Antoniou
[4, pp. 218-219], it can be shown that (3) will be satisfied under
the following circumstances:

1) The coefficients of N,(z)) and N,(z,) have mirror image
symmetry, that is, a);,=a,,_; for i=0,1,2,---,n, and
k =0 in Fig. 1(b).

2) The coefficients of N;(z;) and N,(z,) have mirror image
antisymmetry, that is, a,, = — Ay for i=0,1,2,---,n,
and k=0 in Fig. 1(b).

3) The coefficients of N,(z;) [or N,(z,)] have mirror image
symmetry and those of N,(z,) [or Ny(z)] have mirror
image antisymmetry, and k = —1 or +1 in Fig. 1(b).

For 1-D discrete transfer functions obtained by applying the
bilinear transformation to classical 1-D continuous transfer func-
tions with zeros on the jw-axis or at the origin of the s plane
(e.g., low-pass, high-pass, and band-pass transfer functions ob-
tained from the Bessel, Butterworth, Chebyshev, or elliptic ap-
proximation) one of the above conditions is always satisfied, as
can be easily demonstrated, and, consequently, any one of the
nine stopbands in Fig. 2 can be readily achieved.

IV. CONCLUSIONS

A modified version of a configuration proposed by Hirano and
Aggarwal for the design of 2-D digital filters with rectangular
stopbands has been suggested and sufficient conditions for its
correct operation have been derived. These conditions were then
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used to show that the nine possible stopbands can be realized by
using standard 1-D continuous low-pass, band-pass, or high-pass
transfer functions that can be derived from classical analog-filter
approximations, i )
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A Model-Based Approach for Filtering and Edge
Detection in Noisy Images

A. RANGARAJAN, R. CHELLAPPA, anD Y. T. ZHOU

Abstract —We consider the problem of enhancement and edge detection
on noisy, real-world images. The restoration and edge detection framework
is based on an auto-regressive (AR) random field model. An edge is
detected if the first and second directional derivatives and a local estimate
of the variance at each point satisfy certain criteria. Due to the modeling
assumptions, the directional derivatives are functions of the model parame-
ters and of the neighboring pixels in a 3X3 window. When noise is
present, a good estimate of the original from the noisy images improves
the signal-to-noise-ratio and this results in better estimates of the direc-
tional derivatives. To avoid excessive computation, the problem of estima-
tion of the original image and the model parameters is presented as a
combination of a reduced update Kalman filter (RUKF) and an adaptive
least squares parameter estimation algorithm. The restoration process is

completed with a min-max replacement scheme to enhance edge strength.’

Since the edge detector operates on the processed image, restoration and
edge detection cannot be performed simuitaneously and the edge detector
lags behind the restoration filter.

An orientation sensitive detector resulting from the use of an AR model
may not detect edges of significantly different orientations. This is par-
tially overcome by running four edge detectors on the four interior pixels
of a 4X 4 window; this corresponds to rotating the window in successive
multiples of 90°. These intermediate results are stored at each point and
the final result is the union of the outputs of the four edge detectors.
Finally we present the results of applying this edge detector on noisy, real
images. Comparisons with Haralick’s facet model edge detector,
Nevatia—Babu’s line finder and Canny’s edge detector are also given.

I. INTRODUCTION

Edge detection is an important topic to most researchers in the
area of image understanding. A number of different techniques
exist in the literature. A summary of many approaches to edge
detection can be found in [1]. In this paper, we are interested
primarily in edge detection on noisy images. When noise is
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