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Abstract —The state-space versions for several Bounded-Input
Bounded-Output (BIBO) stability criteria of 2-D systems are given. Several
checkable sufficient conditions are also described. For the special cases
when n =1 or m =1 a criterion which is related to DeCarlo’s criterion is
reported. Some results on stabilizability based on the stability results are
included.

I. INTRODUCTION

ONSIDER a shift-invariant causal SISO 2-D system
with transfer function

b(z7 ' w ”l)

H(Z—l’w—l)=a(z_ 1) j m >
W )IEDY a;z”'w’
i=0j=0
ap=1 (1.1)
where a(z7',w™ 1) and b(z~',w™") are coprime and there

are no nonessential singularities of the second kind [1], i.e.,

there are no points (z~',w™') such that b(z"',w™ )=

a(z”,w™')=0. The system is said to be Bounded-Input

Bounded-Output (BIBO) stable whenever a bounded input

always produces a corresponding bounded output.
Rewriting (1.1) as

HG o )= T % et

k=01=0

(12)
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the BIBO stability of the system is equivalent to

Z Z [Aye] <o0.

k=01[/=0

(1.3)

During the last decade, several BIBO stability criteria and
some sufficient conditions for instability have been ob-
tained ([2]-[5], [16], [17] etc.,) for example, we have

CI ([2]): System (1.1) is BIBO stable if and only if

a(U?)%a(U,U)=0.

C2 ([3]): System (1.1) is BIBO stable if and only if

(i) a(U,0)=0

(i) a(T,U)=0.

C3 ([4]): System (1.1) if BIBO stable if and only if there
exist & and 8 such that |a| <1, [B|=1 and

@ a(a,T)=0

(i) a(U,B)=0

(i) a(T?)£a(T,T)=0.

C4 ([5]): System (1.1) is BIBO stable if and only if

G a(z7Lz H=0, zz'eU

(i) a(T*)=0
where U is an open unit disc, U2 ={(z",w™!), 7} <],
[wl <1} is the open bidisc, T is an unit circle, T2 =
(z7,w™ N, |27 =|w!|=1)}, U and U? are the closures of
U and U?, respectlvely The notatlon a(U U) represents
the value of a(z"',wHforanyz~'€Uand w '€ U, and
O on. .

Recently, a nice unified treatment for these stability
theorems has been given by Delsarte ez al. [6]. On the other
hand, since some significant state-space models for 2-D
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systems and related theoretical works have appeared (e.g.,
[71-[9]), the stability analysis carried in the 2-D state space
might be useful for analysis and design of 2-D systems.

In the next section, after describing the state-space ver-
sion of the criteria mentioned above, some simple neces-
sary conditions which may be used to test the instability of
a 2-D system are given. In addition, two other sufficient
conditions are described. In Section III, for the special
cases n =1 or m =1, some checkable sufficient conditions
and a criterion which is closely related to DeCarlo’s crite-
rion are reported. As an application of the stability results,
we discuss the stabilization of a 2-D system by state
feedback or output feedback in Section IV.

II. SOME STABILITY RESULTS IN THE 2-D STATE

SPACE
Consider Roesser’s model [7] for a SISO 2-D system:
x"(i+1,j) _ |4 2| x"(i, j) + Bui, j)
x*(i, j+1) Ay Ay || x*(i, j)
. x"(i, j
(i, j)=C U(. .) (2.1)
x°(i, j)

where x* and x° are n-dimensional and m-dimensional
vectors, respectively.
The 2-D z-transform of (2.1) gives

- - -1
Y(z—hw'') _ 1,,—’2 'A, —-z7'4, B
u(z7',w™!) —w 4, I, —wl4,
I —z4 —z 4
Cadj| " IRY:
-wT Ay I,—w A,
I —z7'4, —-z7'4,
-w 4, I,—w'4,
' (22)
Set
I —z74 -z
a(z7hw =" ! 2
| —wld, I —wd,
I —z7'4 -z 4
b(z"'w ) =Cagj| " B @3
—w 4, I, -w 4,

and assume that a(z~ ', w™ ") and b(z~!,w™!) are coprime
and there are no nonessential singularities of second kind,
then the transfer function of this system is

1) = b(z7,wh)
) a(z7w™ )’

L w™1) given in (2.3) can be rewrit-

H(z™',

The polynomial a(z~
ten as

a(z7,w™")
=11, — 27 A|1, = w [ A, + Ay (2D, — 4,) ' 4, ]|
“ 4+ Ay(wl, — 4,) 7 4]
(2.4)

=|I,—w™ 4
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if the involved inverses exist.

A square matrix is said to be stable, if all of its eigenval-
ues lie in the interior of the unit circle in the complex
plane. It is now easy to see that Huang’s criterion and
DeCarlo’s criterion lead immediately to the following re-
sults:

Theorem 2.1. The following statements are equivalent:
1) System (2.1).is BIBO stable;
2) (1) A, is stable,

(1) A, + Ay(zl,— A)” 'A, with |z| =1 is stable;.
3)'(G) 4 4 1s stable,

(i) 4, + A,(wl,,— A,)"'4; with |w| =1 is stable;

4 G
Aé Al A2
Ay A,
is stable,

(ii)) A, has no eigenvalues on the unit circle,
(ili) A, + A5(zI, — A))"'4, with |z|=1 has no ei-
genvalues on the unit circle;

5) (i) A is stable,

(i) A, has no eigenvalues on the unit circle,
(iii) 4, + A,(wl,, — A,)"'4; with |w|=1 has no ei-
genvalues on the unit circle.

Note that 2) in theorem 2.1 has appeared in a similar
fashion in theorem 1 of [10]. However their condition (b)
seems to be redundant.

To verify the condition given in Theorem 2.1, e.g., 2) (ii)
and 3) (ii), is not as easy as in 1-D case. However, in the
simple case n = m =1, conditions 2)(i) and 2)(ii) of Theo-
rem 2.1 become

(a) |4,]<1
A, A,
(b) S[li)%A +- 7, <l1.

Thus a straightforward calculation yields a checkable
stability criterion:

Corollary 2.1: If n=m=1 and 4,4, + 0 (in case 4,4,
=0, we simply have Corollary 2.3 which follows), the
System (2.1) is BIBO stable iff

(i) 14, <1
A2A3

1+ 4, }

Corollary 2.2. The following three conditions are neces-
sary for BIBO stability of the system (2.1):

1) A is stable;

2) A, is stable;

3) A, is stable.

This corollary might be useful for checking the instabil-
ity of a 2-D system. For example, a system with

[ 05 025
A_[—o.zs 1 ]

is unstable because A4, is unstable even though 4 and 4,
are stable. Similarly, the system with

_[-05 0.75
A_[ 1 o.sJ

4,45

Ay + -4

9A4—

(ii)) max {
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is unstable because A4 is unstable even though 4, and 4,
are stable. However, we have the following:
Corollary 2.3. If A, =0 or A; =0, then System (2 2) is
BIBO stable if and only if 4, and A4, are stable.
On the other hand, the conditions given in Corollary 2.2
are not sufficient in general case. In fact, we have
-0.4 —06]

Example 2.1.
A=[ 06 08

has eigenvalues A, = A, = 0.2, so that A is stable and so are
A, and A,. However, we have

0.36
A+ As(z—4) A =0.8— 2104
which has value 1.4 at z = —1. Hence the system is un-
stable.
Therefore, it seems interesting to explore how far

Corollary 2.2 is from implying BIBO stability of the sys-
tem.

Now consider a nonsingular transformation for the state
variable in (2.1)

[xh(i,j) é[Tl 0] x"(i,j)JéT[x"(i,j)]
2°(i, j) 0 Tf{x°(i,j) x*(i, )
(2.5)
which brings (2.1) to
(41, ) A f‘iz DL g
[xv(i,j-+1) A, s )| D)
¥ ’f"(’ﬁ”i) + Bu(i, /)
2°(i, j)
y(i, jy=e| 210D (26)
£°(i, j)

where A=TAT™', B=TB, and € =CT"".

Note that a(z~',w™!) in (2.3) is invariant under the
transformation (2.5) and so is each term in (2.4). This fact
leads to the following sufficient condition for BIBO sta-
bility of the system:

Theorem 2.2. The conditions

(i) A, and A, are stable,

(ii) 4, and A4, are diagonalizable and the transformation
in (2.5) is chosen such that A and 4 4 1n (2.6) are diagonal,

(i) | 43ll) Ay < (1~ e¥)(1 - %) @7
will guarantee the BIBO stability of system (2.1), where

e*= max [A(A4,), s*= max [A(4,)|

Igign Igigsm

[I*]l is the induced norm defined as

14l = max [A,(474)]". (2.8)

Proof: By 2) of Theorem 2.1 it is sufficient to show
that the norm of 4, + A,(zI, — A,) " 'A, with |z| =1 is less
than one. Indeed, we can take

Al =diag[elye23' : ',en]

14‘4=diag[sl’s27' ) ',Sm]
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so that ||4,|| = s* and
- . —1 -1
(22, — 4) ") =|diag[(z —e)) '+ (2 =) 7|
<
T l—e*’
We thus have
A N A A
144+ A3(ZIn ~4,) 1Az” < s* ” lzﬂ”e*ﬂl <1
The last inequality is due to (2.7). Q.E.D.

A square matrix N is said .to be normal if N'N=NNT.
As is well known, a normal matrix can be diagonalized by
using an orthonormal coordinate transformation. We thus
have

Corollary 2.4. Assume that

(i) 4, and A, are stable,

(ii) 4, and A4, are normal,

(iid) (14,0450 < (1= e*)(1 = 5%)
then the system (2.1) is BIBO stable.

Proof: We note that for any orthonormal matrix the
induced norm defined in (2.8) is equal to one.

Suppose the submatrices T, and 7, in (2.5) are two
orthonormal matrices such that 4, and A4, are diagonal
matrices, then

4,1l = 1Ty AL TN < T AT = 1|4,
| Asll = 1T AT | < I Tl A T = 1145l
We thus have

HAleIA3H

I|A4+A3(Zln_/il) A < s* 1— e*

<1.

Q.E.D.

From this observation, the restriction for the norms of
A, and A4; would lead to stability of the system. However,
the magnitude of || 4,]|({4;]| seems not yet to be an essential
thing. For instance, using 2) of Theorem 2.1 we can check
that a system with

05 0 -1
A=1 0 055
-997 2 - 0.7

is BIBO stable, but
14,0111 45l = 51.9 > (1— e*)(1—s*) = 0.15.

Furthermore, we note that the eigenvalues of 4 are 0.4,
0.5, and 0.8 which are quite near the eigenvalues of 4, and
A,, respectively, even though || 4,{[|| 45| is quite large. With
this object in view, recall that fact that in case 4, =0 or
A; =0 the spectra of 4 is just the union of the spectra of
A, and the spectra of 4, and then the stabilities of 4, and
A, are a characteristic for the BIBO stability of the system.
Therefore, the deviation of the spectra of 4 from the union
of the spectra of 4, and A, because of the existence of 4,
and 4; may be an essential one for the BIBO stability of a
2-D system. In the next section, we consider special cases
of this.
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111

By 4) of Theorem 2.1, the system is BIBO stable if and
only if A and A4, are stable and

i, —[ A, + 45 (21, - 4,) " 4,][= 0 withw]=|z|=1.
(3.1)

FURTHER ANALYSIS

Rewriting (3.1) as
|(w=2)1,,+{21, - [ A4+ 4,(21, — Al)_'Az]}' +0

withjw|=1z|=1 (3.2)
and noting
zlm—[A4+A3(zI"—Al)_]Az]|
zl, — A, -4, n+m
| -4 a2, a4, _,I:Il (z-,) 6
|21, — A, )

H (z—a)
i=1
where {v;, 1 <i<n-+m)} and {a;, 1 <i<n) are the eigen-
values of A and A4,, respectively, we can express condition
(3.2), for the special case m =1, in the following way:

n+1

H(Z—Y.

I"l

1—[(2_‘0‘,‘)

i=1

=w  with|w|=|z]=1 (34)

which means that the complex variable on the left side of
(3.4) is not on the unit circle. Therefore, condition (3.2) is
equivalent to

(z-v)

(3.5)

z— =1 with |{z|=1

(z - ai)

where |-| represents the modulus of the involved complex
variable. We thus have
Theorem 3.1 '
1) If m=1, system (2.1) is BIBO stable if and only if
(i) 4 and A, are stable,

(i)

o
zlfll

Z““Y’

£2 =1 with|z|=1

nt 1
H (
- —
ljl (z—a)
or,
2) If n =1, system (2.1) is BIBO stable if and only if
(i) A and A4, are stable,

(1) .
m+1
H (w=1v)
p2lw—-L ——|+1  withjw|=1
H(W—Bi)
where {B;, 1 <i< m} are the eigenvalues of 4,.
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It should be noted that if 4, =0 or 4, =0 in (2.1), then
for m=1 we have y,=qa;, (i=1,2,--,n) and v,,, =8,
which implies the equivalence of the condition (ii) in
Theorem 3.1, 1), and the stability of 4 4 Also, forn=1, we
havey,=g,(i=1,2,---,m) and v,,, , = @, which means the
equivalence of the condition 2)(ii) in Theorem 3.1, and the
stability of A4,.

Now we denote the unit circle in a complex plane by e/’

(0<0<2m), and set
n+1
I_I(ejo_Yi)
¢ = max [ef—-2
0<0<2n l—l(eja_a)
n+1
H(eja_Yi)
§*=0 Igin e/’ — i:I
€£0<2 .
i i]:II(efa—a)
m+1
IT (e’ ~v)
n*=orr;ax e? — 121
<f<2 .
| Ier-s)
m+1
IT (e ~v)
Ny = min ejo— ’:1.
0g0<2n 6
fier s

These extremes can be found, at least theoretically, with
ordinary calculus because the real-valued functions of the
real variable £ and % are continuously differentiable on a
closed interval. Using these extrema the previous theorem
can be restated in the following way:

Corollary 3.1.

1) If m =1, system (2.1) is BIBO stable if and only if

(i) 4 and A4, are stable,
(i) £.>1, or, &* <1,
or,
2) If n=1, system (2.1) is BIBO stable if and only if
() A and A, are stable,
(i) 7 >1, or, n* <1.

It is, however, difficult to determine these extremes,
especially in case of large n or m. In order to obtain
checkable conditions, we rearrange the functions £ and 7 as
follows:

TTG-n| FIIG-a)-TIe-v
§=Z*— 1—1 _

ln(z~a) l:[l(z_ai)

k

TTiz-8)
=la]-
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and
m+1

I[1(w-v) II:IIW—T,-I

n= L____ =\b) ;/'
Hl(w B) [Tiw—8i
i= i=i
where a+0, b+0, {5, 1 k) and {1;, < /) are

some complex constants and k sr'snlsm < m.

For any specified arrangement of the sets {a,}, {B;), {6,),
{1}, we always have

k
TTle" -
i=1

max |a]—;

0<0<27 " 9

ﬂle’ —ay

i=

n’ 1
Ji=k+10s8<27 [ — o

k j0_8 n
e ; 1
=|a| max , LT
5131 0<f<27 efa—a,- i—k+1 1=lay
k
[Te? -3

£,= min la|-—
* 0<0<27 ‘ n

43
N
<
|
- %

a . 1
min  ————
i=k+10<0<27 |/ — ay

n

11

k+1 1+|(X,|

i=10<6<27

and in a similar fashion rf_:lations can be found for »* and
74 We note that for the function, for example,

elf -8,
1

Jjo _
e/’ —a;

its extrema in the closed interval [0,2#] can be determined
easily. We also note that these relations hold for any
ordered set {a,}, {B,}, {8}, and {,}. Therefore, it is reason-
able to define

£** = min max | — :
ordered () | i=1 8 |e® —a;|i=k+1 171a] (3.6)
[« 8 n
e’ =4, 1
fex= max | ][] min[——— (3.7)
ordered (o} [ i=1 0 |e/® —a, |i=k+1 1]y
i eff—r | ™ 1
7** =  min [T max|— ST 38
ordered (B} | i=1 0 fo—,B,- i=ri1 118l ( )
11 min[ 222 1
Nax = max min [ —— 3.9
ordered (8| i=1 6 |el? =B |i=r1 ] (39
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We now have the following obvious relations:

& £y
** < ==
R N
77* "I*
**> =  and 7
T2 8 T

which together with Corollary 3.1 lead to a checkable
sufficient condition for the special cases m=1 or n =1 as
follows:
Corollary 3.2.
1) If m =1, system (2.1) is BIBO stable if
() 4 and A, are stable,
(i) &** < 1/|a|, or £44 > 1/|al, where £** and £, are
given by (3.6) and (3.7), respectively, or,
2) If n =1, system (2.1) is BIBO stable if
(i) A and A, are stable,
(i) n** <1/|b|, or N4x > 1/|b| where 7** and 1,4 are
given by (3.8) and (3.9), respectively.
Example 3.1.
Consider a 2-D system with

05 0 -1
A=) 009505
-997 2 -07

As can be seen from the results at the end of Section II,
this system is BIBO stable. Now we use the results given in
this section to verify this fact.

First of all, we know that the spectra of 4 and 4, are
{0.4,0.5,0.8} and {0.5,0.5}, respectively, which implies the
stability of A4 and A4,. Moreover, we have

‘e _(z—0.4)(z—0.5)(z—0.8)‘
(z—-0.5)
z—0.46 0.04
=07 5505 | <070 o g
0.04
O7+O7—0?—0756

which implies £* <1 and Corollary 3.1 leads to the BIBO
stability of this system.

IV. STABILIZATION OF 2-D SYSTEMS BY STATE
FEEDBACK OR OUTPUT FEEDBACK

For an unstable 2-D system (2.1), one may ask if there
exists a suitable state feedback

X" (i, J)]
x*(i, j)
x"(i, j)
= [Kl Kz]{ of:
x°(i, j)
where K, K,, K, are p X(n+ m), p X n, p X m matrices,
respectively, such that the closed-loop 2-D system

xt(i+1, j) x"(i, j)
[x"(i,j+1) x"(i,j)] (42)

x|

(4.1)

= (4+ BK)
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is BIBO stable where

and
A, +B K, A,+ Bk,

A+ BK =
A, + B,K, A,+ B,K,

]. (4.3)

We call the system (2.1) stabilizable by state feedback
whenever such a matrix K exists.

Similarly, one may pose the question of whether there
exists a suitable output feedback

u(i, j) = Ky(i, j)
xh(i,j)]
x*(i, j)

KG ]

- c|

=[KC, (4.4)

x"(i, j)]
x°(i, j)
where K, C,, C, are p X r, r X n, r X m matrices, respec-
tively, such that the resulting closed-loop 2-D system

i+1, )] [A+BKC A+ BG4, j)
Xu(i,j+ 1) A3 + BzKCI A4+ BZKC2 x”(i’ ])
(4.5)

is BIBO stable.

The system is said to be stabilizable by output feedback
whenever such a matrix K exists.

As an application of Corollary 2.2, we have

Theorem 4.1. The following three conditions are neces-
sary for stabilizing a 2-D system by state feedback:

(S1) (A4, B) as an 1-D system is stabilizable by state
feedback,

(S2) (A4,, B)) is stabilizable by state feedback,

(S3) (A4, B,) is stabilizable by state feedback.

Similarly, the following three conditions are necessary
for stabilizing a 2-D system by output feedback:

(01) (A4, B,C) as an 1-D system is stabilizable by output

feedback,
" (02) (4,, By, C,) is stabilizable by output feedback,

(03) (4,4, B,,C,) is stabilizable by output feedback.

This theorem provides some possibilities to verify the
unstabilizability by using the corresponding results from
the 1-D system theory.

Furthermore, Corollary 2.3 is related to the stabilization
issue, which has partly been covered by a recent paper
(Hinamoto et al. [11]).

Theorem 4.2. The system (2.1) is stabilizable by state
feedback (4.1) if either there exists a p X n matrix K, such
that 4, + B, K, = 0 with 4, + B, K stable and (4,, B,) is
stabilizable by state feedback or, there exists a p Xm
matrix K, such that 4, + B,K, =0 with 4, + B, K, stable
and (4,, B,) is stabilizable by state feedback. Similarly, the
system (2.1) is stabilizable by output feedback (4.4) if
either there exists a p X r matrix K such that 4, + B, KC,
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=0 with 4,4+ B,KC, and A, + B,KC, stable, or there
exists a p X r matrix K such that 4;+ B,KC, =0 with
A,+ B,KC, and 4, + B, KC, stable.

A discussion of these sufficient conditions as given in
Theorem 4.2 for stabilizing a 2-D system by state feedback
can be found in Hinamoto et al. [11]. Here we note that a
necessary and sufficient condition for the equation B, KC,
= — A, to have a solution is that (see Rao and Mitra [12,
ch. 2])

B BfACSC,= A4, (4.6)

where B and C; are the generalized inverses of B, and
C,, respectively, and then the general solution is
K=—BiA4,Cy +T,—- B B,T\C,CS (4.7)
where T, is an arbitrary p X r matrix. Thus A4, + B, KC,
and A4, + B,KC, become (A, — B, By 4,C;C,)+ B,T\(I, -
C2C2Jr )C, and (4, — BzBTA:zC;Cz)'*Bz(Ip - B{B)I'G,

" respectively. A similar analysis may be carried out for the

equation 45 + B, KC, = 0. We thus have
Corollary 4.1. The system (2.1) is stabilizable by output
feedback (4.4) if, either, (4.6) holds and the systems (A4, —
B\BfA,CSC,, B, (I, —C,CF)Cy) and (4, — B,
+A2C2 Gy, B,(1, — Bf B 1)» G,) can be stabilized by same
output feedback matrix I';, then the desired feedback ma-
trix K in (4.4) could be obtained from (4.7); or,

BzB;Aacr Cy=4;

and the system (A4, — BB, A;C{ C,, B|(I,— B; B,), C)),
and (A4, — B,BfA,C{C,, B,, (I,—C,C{)C,) can be
stabilized by same output feedback matrix I’,, then the
desired feedback matrix K in (4.4) could be taken as

(4.8)

. K=-—B}ACy +T,- By B,T,C,Ci.  (4.9)

Concerning the stabilization of a 2-D system, it should
be noted that Theorem 2.1 is also useful. For instance, 2)
and 3) of Theorem 2.1 lead to

Corollary 4.2. The system (2.1) is stabilizable by state
feedback if and only if there exist two matrices K; and K,
such that either

1) (i) 4,+ B K, is stable,

(i) A, + B, K, +(A; + ByK,)[zI, — (4, + B K))] ™!
(A4, + B,K,) with |z7!| <1 is stable; or

2) (i) A4+ B,K, is stable,

(ii) 4, + B\K,| + (A4, + Biky)[wl,, — (A + B,K,)] ™!
(A5 + B,K,) with [w™ | <1 is stable.
Thus stabilizing a 2-D system can be reduced to stabiliz-

‘ing a 1-D constant system and then stabilizing another 1-D

system with a complex parameter as well. Some recent
work which is closely related to stabilizing a linear system
depending on parameters have appeared (see, e.g., [13]). In
this paper, however, we would like to use another point of
view.
To do this, rewrite condition 1)(ii) in Corollary 4.2 as
(i) F,(z"1)+G(z7")K, with |z7!| <1 is stable where

F(z7V)Y=A4,+P(z7 )4, (4.10)
Gl(Z*l)=B2+P(Z_1)Bl (4.11)
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and
P(z1) = 27 (A;+ B,K))adj[I,— 27 '(A, + B|K)] _
det[1,- z7'(4, + B,K,)]
Let

N NS
. {a(z—*)

where a(z™") and b(z™") are polynomials in z~' with real
coefficients, then R is a principal integral domain [14], and
for F € R™*™ Ge R™*? if (F,G) is R-reachable, ie.,
every x € R™ is an R-linear combination of the columns of
G, FG,---,F"~1G, then for every p,,---,p, € R, there
exists K, € R?*" such that

a(z7')=0, for]z_:1| < l}

det[wl, —(F+GK,)] = ﬂ(w—p,-) [14].

These observations and Corollary 4.1 lead to

Theorem 4.3

1) The 2-D system (2.1) will be stabilizable by state
feedback with the gain matrix K = (K,, K,(z™ ")) where K
is a constant p X n matrix and K, € R?*", if

(i) (4,, B)) is stabilizable by constant state feedback,
(ii) For some K, stabilizing (A,, B,), the pair (F},G,)
defined in (4.10) and (4.11) are R-reachable.

Similarly,

2) The system (2.1) will also be stabilizable by state
feedback with K = (K,(w™!), K,) where K,(w™ )€ R?*"
and K, constant matrix, if

(i) (44, B,)is stabilizable by constant state feedback,
(it) For some K, stabilizing (A,, B,) the pair (F,, G,)
are R-reachable, where

F(w™ ) =4,+Q0(w™")4,

Gy,(w™')=B,+Q(w™")B,

w (A4, + B K,)Adj[ I, —w™ (4, + B,K;)]
det[1,—w'(4,+ B,K,)] ’

o(w )=

V. CONCLUSIONS

The stability considerations for the 2-D systems in the
state-space version presented in this paper indicate that in
general the stability of 4, 4,, and 4, is not sufficient to
guarantee BIBO stability. The deviation or distance be-
tween the spectra set of A and the union of the spectra set
of A, and A4, because of the appearance of 4, and A, might
be important. In the special case m =1 or n =1, the real-
valued functions £ and % defined in Section III may be
viewed as such a measurement.

Moreover, the results obtained in Section IV show that
stabilizing a 2-D system can be reduced to considering the
same question for a 1-D constant subsystem and then
stabilizing a 1-D system depending on a parameter (which
makes it possible to use some recent results in algebraic
system theory [15]).

461

REFERENCES

[1] D. Goodman, “Some stability properties of two-dimensional linear
shift-invariant digital filters,” JEEE Trans. Circuits Syst., vol. CAS-
24, pp. 201-208, 1977.

[2] J. L. Shanks, S. Treitel, and J. H. Justice, “Stability and synthesis of
two-dimensional recursive filters,” IEEE Trans. Audio Electroacoust.,
vol. AU-20, pp. 115-128, 1972. -

[3] T.S. Huang, “Stability of two-dimensional recursive filters,” JEEE
Trans. Audio Electroacoust., vol. AU-20, pp. 158-163, 1972.

[4] M. G. Strintzis, “Tests of stability of multidimensional filters,”
IEEE Trans. Circuits Syst., vol. CAS-24, pp. 432-437, 1977.

{5] R. A. DeCarlo, J. Murray, and R. Sacks, “Multivariable Nyquist
theory,” Int. J. Contr., vol. 25, pp. 657-675, 1977.

[6] Ph. Delsarte, Y. V. Genin, and Y. G. Kamp,” A simple proof of
Rudin’s Multivariable Stability Theorem,” IEEE Acoust. Speech,
Signal Processing, vol. ASSP-28, pp. 701-704, 1980.

[71 R. P. Roesser, “A discrete state-space model for linear image
processing,” IEEE Trans. Automat. Contr., vol. AC-20, pp. 1-10,
1975

[81 M. Morf, B. C. Lévy, and S. Y. Kung, “New results in 2-D systems
theory, Part I: 2-D polynomial matrices, factorization, and coprime-
ness,” Proc. IEEE, vol. 65, pp. 861-872, 1977,

[91 S.Y.Kung, B. C. Levy, M. Morf, and T. Kailath, “New results in

2-D systems theory, Part II: 2-D state-space model—realization

and the notions of controllability, observability, and minimality,”

Proc. IEEE, vol. 65, pp. 945-961, 1977.

F. M. Boland and D. H. Owens, “Linear multipass processes: a

two-dimensional interpretation,” Proc. Inst. Elect. Eng., vol. 127, pt.

D, 189-193, 1980.

T. Hinamoto, F. W. Fairman, and J. Shimonishi, “Stabilization of

2D filter using 2D observers,” Int. J. Syst. Sci., 1982,

C. R. Rao and S. K. Mitra, Generalized Inverse of Matrices and Its

Applications. New York: Wiley, 1971.

M. L. J. Hautus and E. D. Sontag, “An approach to detectability

and observer,” Dept. of Math, Memo COSOR 70-08, Eindhoven

Univ. of Tech., Eindhoven, The Netherlands, 1980.

E. D. Sontag, “Linear Systems over Commutative rings: a survey,”

Richerche di Automatica, 7, 1-34, 1976.

E. B. Lee, S. H. Zak, and S. D. Brierley, “Stabilization of Gener-

alized Linear Systems via the Algebraic Riccati Equation,” sub-

mitted to IEEE Trans. on Automat. Contr. (1982)

A. F. Humes and E. 1. Jury, “Stability tests for two dimensional

linear multivariable digital filters,” Int. J. Control, vol. 26, 225-234,

1977.

P. Agathoklis and Mansour, “Sufficient conditions for instability of

two and higher dimensional discrete systems,” IEEE Trans. Circuits

Syst., vol. CAS-29, 486-488, 1982.

[10]

(1]
(12
(13]

(14]
[15]

[16]

(17]

L]

Wu-Sheng Lu received the equivalent of the B.S.
and M.S. degrees, both in mathematics, from
Fudan University and East China Normal Uni-
versity, Shanghai, People’s Republic of China, in
1964 and 1980, respectively. He is now a Ph.D,
candidate in the Control Science and Dynamical
Systems Center, University of Minnesota. '

Concurrently he works as both a Teaching
Assistant and a Research Assistant. His present
research is in the area of multidimensional sys-
tem theory, optimal control, and the numerical
aspects of linear system theory.

L

E. Bruce Lee (M’77-SM’82-F’83) received the
B.S. and M.S. degrees in mechanical engineering
from the University of North Dakota and the
Ph.D. degree from the University of Minnesota
in 1960.

From 1956 to 1963 he was employed by
Honeywell Inc., to develop digital inertial sensors
and control system synthesis techniques. Since
1963 he has been employed by the University of
Minnesota, where he is currently Professor
of Electrical Engineering and Associate Director
of the Center for Control Sciences and Dynamical Systems.

Dr. Lee is a member of Sigma Xi and SIAM.



