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Optimal Design of IIR Digital Filters
With Robust Stability Using Conic-
Quadratic-Programming Updates

Wu-Sheng Ly Fellow, IEEE,and Takao Hinamotd-ellow, IEEE

above approaches is that they are all sufficientimihecessary
conditions for stability. Consequently, good design candidates
may be excluded from the design process.

In this paper, we propose a new constrained optimization
method for the minimax design of stable one-dimensional (1-D)
and quadrantally symmetric two-dimensional (2-D) IIR digital
filters (it is known that the transfer function of a quadrantally
symmetric 2-D digital filter has separable denominators [29]).
The design method has several features.

i) It unifies 1-D and 2-D IIR filter designs by performing
a sequence of linear updates of the design variables with
each update carried out in a conic quadratic programming
(CQP) setting. CQP represents a class of well-structured
convex programming problems for which efficient inte-
rior-point optimization solvers are available.
In our design formulation, the transfer function has a fac-
torized denominator for which the necessand suffi-
cient stability condition can be characterized as a set of
linear inequality constraints on the denominator coeffi-
|. INTRODUCTION . . L . .
cients that in principle excludes no good design candi-
NFINITE-IMPULSE-RESPONSE (lIR) digital filters are dates and fits naturally into the CQP formulation.
useful in a wide range of applications where high selec- iii) The above set of linear constraints can be readily modi-

Abstract—n this paper, minimax design of infinite-impulse-re-
sponse (lIR) filters with prescribed stability margin is formulated
as a conic quadratic programming (CQP) problem. CQP is known
as a class of well-structured convex programming problems for
which efficient interior-point solvers are available. By considering
factorized denominators, the proposed formulation incorporates a
set of linear constraints that are sufficient and near necessary for
the IR filter to have a prescribed stability margin. A second-order
cone condition on the magnitude of each update that ensures the
validity of a key linear approximation used in the design is also
included in the formulation and eliminates a line-search step. Col-
lectively, these features lead to improved designs relative to sev-
eral established methods. The paper then moves on to extend the
proposed design methodology to quadrantally symmetric two-di-
mensional (2-D) digital filters. Simulation results for both one-di-
mensional (1-D) and 2-D cases are presented to illustrate the new
design algorithms and demonstrate their performance in compar-
ison with several existing methods.

Index Terms—Conic quadratic programming, IR digital filters,
robust stability, 2-D IIR digital filters.

tivity and efficient processing of discrete signals are desirable
[1]-{17].

A major problem encountered in the design of IIR filters
is stability. In unconstrained-optimization-based methods, the
stability can be taken into account by variable transformations
that convert the finite stability region into the entire parameter
space [13]. As a result, the designer must deal with an objec-
tive function of increased nonlinearity. A more recent trend is to

fied to ensure a stability margin in terms of pole radius.
The modified constraints remain linear, and they are suf-
ficient andnearnecessary for the stability robustness. It
should be mentioned that CQP-based methods for filter
design were proposed in [19] and [20], but only FIR fil-
ters were considered while the focus of the present paper
is on IIR filters, dealing with rational transfer functions
and their robust stability.

treat the design problem in a constrained optimization setting,The paper is organized as follows. Section Il gives prelim-
where the stability requirement is incorporated as linear positigaries on the stability triangle of second-order discrete-time
realness of the denominator [9], [12], Rouché’s condition asystems and basic formulation of CQP. Section IIl presents an
denominator perturbations [14], iterative Lyapunov inequalitynalysis on how an internal stability triangle (of a second-order
constraints [15], [16], or a general positive realness constraifyistem) is related to the pole radius of the system. In Section IV,
on denominator perturbations [17]. A common drawback of thge outline a CQP-based design formulation applicable to both
1-D and 2-D lIR filters. The design algorithms for 1-D and quad-
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Fig. 1. Stability triangle. Fig. 2. Internal stability triangle.

normalized 1-D and 2-D base frequency bands are denoted’fjereCi is the second-order cone i, i.e
Q={w: -7 <w <7} andQs = {(w1, wa): —7 < wy, wy < u
7}, respectively. Ci = { {t } cu € ROV 4 >0, luf| < t} .

Il. PRELIMINARIES From (4), it is evident that CQP includes linear programming
and convex quadratic programming as special cases. On the

A. Stability Triangle of Second-Order Systems
other hand, since each constraint in (4b) can be expressed as
Let H(z) = a(2)/d(z) be the transfer function of a second-

order discrete-time system where [(ciT:l: +hi)I Azxz+b; } <0

5
(Aiz+b)T cf'z+ h; ©)

d(z) = 2° + d1z + da. 1)
where M > 0 denotes thatM is positive semidefinite, the
It is well known that the system is stable if and only if coeffiCQP is a subclass of semidefinite programming (SDP) [20],

cientsd; andd, satisfy [1] [21]. Commercial and public domain software based on inte-
rior-point optimization algorithms for CQP and SDP are avail-
Cxd+e>0 (2) able [22]-[24]. It is important to stress, however, that in gen-
eral, the problem in (4) can be solved more efficiently as a CQP
where problem than solving it in an equivalent SDP setting [18]. In the
1 1 1 subsequent sections, we attempt to formulate the design prob-
Cy— | 1 1 d— |:d1:| 7 e=l1]. @ lems at hand as CQP problems rather than SDP problems.
0 -1 da 1
[ll. RELATION OF AN INTERNAL STABILITY TRIANGLE
Note that the constraints in (2) dieear with respect tal; and TO POLE RADIUS
d and characterize the triangle in thé, da)-space shown in  consider a second-order system whose transfer function is
Fig. 1, which will be referred to as treability triangle H(z) = a(z)/d(z) with d(z) given in (1). For the sake of robust
) _ ) stability, we consider a triangle i@, , d-)-space that is strictly
B. Conic Quadratic Programming inside the stability triangle as shown in Fig. 2, wheiie a small

Conic quadratic programming, which is sometimes callgebsitive scalar. The region enclosed with the internal triangle is
the second-order cone programming [18], [32], is a subclagsaracterized by
of convex programming problems where a linear function is
minimized subject to a set of second-order cone constraints Cod+(1-7)e>0 (6)

[18], [20]: . ) . .
whereCs,, d, ande are defined in (3). For a poirftl;, d2) on

minimize fTz (4a) side 1 of the internal triangle (see Fig. 2),. we hdye= 1 — T
and—2 + 27 < d; < 2-—27, and the associated poles are given
subjectto: ||[Aiz+bi|| <c/z+h;, i=1,2...,N by

(4b)

N N T s
wheref € R"X1, A; € ROu=Dxn p ¢ REu-DX1 ¢ e P12= 2

Rnx1 andh; € R. The term “conic” here reflects the fact that for—2+4 27 <dy <2-27 (7)
each constraint in (4b) is equivalent to a conic constraint
whose magnitude i1 — 7. Whend; varies from—2 + 27 to
[Ai] - [bi } ce 2—2r, itfollows from (7) that side 1 corresponds to two separate
T hi ! partial circles of radius/1 — 7, which are shown as the solid

¢
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(®)

largest magnitude of its zeros is no larger than .. Thus, the

second-order polynomial(z) in (1) is a robust Schur polyno-
mial with marginl — /1 —7if d = [d; d»]* satisfies the

constraint in (6).

IV. GENERAL DESIGNMETHOD USING LINEAR CQP WPDATES

Inthis section, we describe a general method that generates an
optimal stable rational approximation for a given design speci-
fication in the minimax sense by using a sequence of linear up-
dates for the design parameters with each update carried outin a
CQP formulation. We will describe the method in away that itis
applicable to both 1-D and 2-D IIR filters. As such, our descrip-
tion will be given in a setting more general than each individual
design algorithm whose algorithmic details will be presented in
Sections V and VI.

Fig. 4. Shaded region plus two short segments (in solid line) on the real-axisLet H (w, ) be a nonlinear function of frequenayand pa-
'r:gprezsent the pole locations corresponding to the internal stability triangler'kgmeu_:‘r vector: € g?pxl, and |etHd(w) be a desired function

9. < of w on§2. We seek to find a vectat that solves the constrained
weighted minimax optimization problem

curvesinFig. 3(a). For apointon side 2, we hdye= d; —1+71

for 0 < d; <2 — 27, and the associated poles are given by minizmize{maxirgize W(w)|H(w, z) — Hg(w)|} (9a)
we
two reals with the subjectto: H(w, z) stable (9b)
largest being
—dy++/(d,—2)2—4r where the meaning of stability in (9b) will become apparent in
P1,2= 5 , foro<d <2-2y7 Sections V and VI when (9) is related to a filter design problem.
. If n denotes an upper bound df(w)|H (w, £) — Ha(w)| on
—dl:lzj\/47'—(d1—2)2 . "
5 , for2—2/7<d;<2-2r. ,then the problem in (9) can be converted into
\
(8)

Consequently, whed, varies from 0 t@ — 27, the poles given ~ Minimize. 7 (102)

by (8) generate the trajectory shown as the solid line in Fig. 3(b)sypject to: W (w)|H (w, ) — Hy(w)| <n  forw € Q
Similarly, it can be readily verified that the poles associated with (10b)
side 3 generate the mirror-image of the trajectory in Fig. 3(b)
with respect to the vertical axis. Therefore, all system poles that H(w, x) stable (10c)
are associated with the internal stability triangle in Fig. 2 are

strictly inside the unit circle with a distance to the boundary nBuppose we have a reasonable initial painto start, and we
less thanl — /1 — 7. For a smallr > 0 (which is always the are now in thesth iteration. For a smootH (w, ) in a vicinity
case for filter design purposes), the poles cover a dominant psfrpoint =, we can write

of the radius—v/1 — 7 disk, as shown in Fig. 4. A polynomial

is called a robust Schur polynomial with margin> 0 if the H(w, z1, + 6) = H(w, x1,) + g7 (w) 6 (11)
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provided that | Tu|| < 8 (17c)

||6]| is small (12) H(w, z + 6) stable (17d)
whereg, () is the gradient off (w, ) with respect tar and Wherec=[1 0 --- 07, Gr(w) is generated by augmenting
evaluated aky. Thus, forz = x;, 4 6 with § subject to (12), we G (w) with a zero column on the left] is obtained by aug-
have menting the identity matrixd,, with a zero column on the left,

andQ, = {w;, 1 <i < K} C Qis a set of dense grid points
W(w)|H(w, z) — Ha(w)| in the frequency region of interest.
~W(w)|gh (w)é + [H(w, i) — Hy(w)]]. As illustrated in Section IlI, a second-order section of an IIR

filter possesses robust stability with its pole radius no larger than
For filter design problems (w, =x) andHa(w) are in general /T —7, as long as its denominator coefficients meet the linear
complex-valued, and we need to define constraint in (6). IfH (v, =), + &) represents the frequency re-

sponse of an IIR digital filter whose denominator is factorized

H(w, z) = H-(w, ) + jHi(w, =) (133) jntoa product of second-order sections (and a first-order section
Hy(w) = Hyq(w) + jHia(w) (13p) for odd-order denominators), then, as one may expect, the con-
_ straintin (17d) can be characterized by a set of linear inequality
91 (w) =g, (W) + jgir(w). (13¢) constrains as
It follows that Cu+h>0 (18)
W(w)|H (w, z) — Ha(w)] (see Section V for the structure of mattixand vectorh).
~ W (w)[g% (w) 8+ e ()] + W (w)[g5 () 8+eir (w)]] Suppose matriK’ hasm rows; then, (17) can be expressed as
= ||Gr(w) 6 + er(w)]] (14) cut+h; >0, forl<i<m
where whereg; is theith column ofC*', andh; is theith component
T of h, and the problem in (17) becomes
grk(w) e'fk(w)
Gr(w) =W(w) |~ o en(w) = W(w) o
g% (w) ein(w) minimize ¢’u (19a)
eri(w) = Hp(w, zr) — Hra(w) subjectto |Gy (wi)uter(w;)|| < c'u, for1 <i< K
eik(w) = Hi(w, =) — Hig(w). (19b)
In the light of (10b), (12), and (14), we see that an approximate [ull < 5 (19¢)
solution in thekth iteration can be obtained by solving the con- cFu+h; >0, for1 <i<m. (19d)

strained optimization problem
On comparing the problem in (19) with that in (4), it is evi-
dent that problem (19) is a CQP problem wjith- 1 design vari-
subjectto: [|G(w)6 + en(w)]| <n  forwe @ (15b) ables,K + 1 second-order cone constraints, andinear con-
straints [obviously, a linear inequality constraint can be treated
6] < B (15¢)  asatrivial second-order cone constraint; however, efficient CQP
H(w, 71, + 6) stable (15d) solvers (e.g., toolbox SeDuMi [22]) often deal with linear con-

’ straints and second-order cone constraints separately].
where is a prescribed bound to control the magnitudésof ~ Several interior-point methods for CQP have been developed
Once a solution of (15), say, is obtained, poink;, is updated in the past; see, for example, [18] and [25]-[27]. Lucid exposi-
to z41 = x), + 05, and thekth iteration is claimed to be com- tion of the subject can be found in [20].
plete. The iteration process continues ufiéil || is less than a  The original problem in (9) and, equivalently, the problem in
prescribed convergence tolerancéf we treat the upper bound (10) are highly nonlinear and nonconvex optimization problems.
nin (15a) and (15b) as an additional design variable and defif& such, the above method, if it converges, only providesal

minimize 7 (15a)

an augmented parameter vector minimizer for the problem. In general, the performance of such
a local solution and the amount of computations required for the

w = {77} (16) algorithm to converge depend_ largely on how an init?a_l point is

4 chosen. In the context of IIR filter design, however, it is found

from our simulation study that the proposed design method is

then the problem in (15) can be expressed as ) o : L : _ X
P (15) P rather insensitive to the choice of the initial point. This issue will

minimize ¢’ u (17a) beaddressed specifically inthe next sections when design exam-
) R - ples are presented. Concerning the convergence of the method,
subjectto: |Gk (w)u+ ex(w)|| < c u forw e Qq although a rigorous proof is presently not available, in our sim-

(17b) ulations, when the method was applied to design a variety of IIR
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filters, we had not detected a single failure of convergence. Ogl& "d(z), is that assigning a certain number of poles at the
might attribute the success of the proposed method to two facigin was found beneficial for the design of several types of
tors: i) The sub-problem involved in each iteration as formulatetigital filters, as observed in [14]. The design problem at hand
in (19) is aconvexoptimization problem for which globally con- is to determine the coefficients &f (z) in (20) that solves the
vergent interior-point algorithms are available [18], [20], [32]minimax optimization problem

and ii) we use constraint (19c), which validates the key approx-
imation in (11).

Another related issue is the convergence rate or, in a more
general term, the computational efficiency. From above de- )
scription of the method, it is quite clear that the computational Subjectto d(z) # 0, for|z[>v1-7 (21b)
efficiency is determined by how efficient each individual SOCP . o
problem in (19) is solved and how many linear updates apdrere the filter coefficients form vector
needed to reach a minimizer of (10). For the former, most
of the algorithms that are presently available for solving z=lag +++ an do diy dio -+ dpy dpa]"
SOCP problem (19) are so-called polynomial-time algorithms,
meaning that the amount of computations required is boundedh L representing the number of second-order sections, i.e.,
by a polynomial of the data size [20]. Consequently, the
computational complexity for (19) is affordable for today*s r/2, if r even
computing devices, even for designing high-order IIR filters, L= {(T —1)/2, if r odd
and it will increase only moderately when the size of the '
problem increases. For the latter, with a given bownth (note thatz contains component, only if integerr is odd),
constraint (19c), the number of updates needed dependsWwiw) > 0 is a weighting function o2, H,(w) is the desired
how far the initial point is from the minimizer. In the contextfrequency response, aidi(w, ) is the frequency response of
of lIR filter design, the number of updates required is typicallshe filter, which can be expressed as
in the range of 15 to 50.

It should also be pointed out that although problem (19) is a(w)

mingnize maxei?;ize W(w)|H(w, z) — Hg(w)| (21a)

(22)

merely amapproximationof (10), as the iteration continues and H(w, z) = d(w) (23)
the local minimizer gets closer, the increment veétobtained
by solving (19) gradually shrinks in magnitude, and within aith
limited number of iterations, it eventually becomes such a value
thgt.th_e updated solution point s practically the same as the true (.} = o7y (w) a=lag ay - a,]"
minimizer.
v(w) =c(w) — js(w)
V. DESIGN OF1-D IIR FILTERS cw) =[1 cosw cos nw]”
A. Design Problem s(w) =[0 sinw - sinnw]”
Consider the transfer function of an IR digital filter (L T .
[I0 + dfvs(w)], if  even
dw)y=4 7
_a(z) L
H(z) = 2" rd(z) (202) [1+ dovy (w)]H[l + d} vy (w)], if r odd
where \ i=1
a(z) = Zaizn_i- (20b) v1(w) = cosw — Jsinw
i=0 Z - [ di1 (W) = cosw | .| sinw
o lde ] V2= cos2w | 77 | sin2w |

d(z) is a polynomial of order expressed as product of second-

order sections (and a first-order sectiom it odd): The constraint in (21b) characterizes the requirement of robust

stability that the pole radius of the filter bgl — 7. On com-

/2 paring (21) with (9), it is quite clear that the design can be ac-
H(zz + dirz + di), if  even complished using a sequence of linear updates,a8.; =
i xp + 6, for k = 0, 1, ... with 6, solving the CQP problem
d(z) = (—1)/2 in (19). _ o _
(2 +d,) H (22 + dinz + di2), if r odd In order to implement the constraints in (19b), the gradient
Pl ’ of H(w, z) needs to be evaluated, and to implement the con-

(20c) straints in (19d), the robust stability constraint in (21b) has to
andr is an integer between 0 and The reason our designbe explicitly specified in terms of the design parameters. These
formulation uses the above form of denominator, nametwo issues are addressed next.
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B. Gradient ofH (w, )

Parameter vectar can be expressed in terms of vect@end
d; defined in (23) as

a1 }n+1components
do

7 components (24)

dr,
whered = [dy d{ --- dr]T with componentl, present only

if r is odd. Using (23), the gradient &f (w, ) with respect to
z is evaluated as

rOH(w, ) 7
—
OH(w, x)
o
g(w, T) = % (25)
1
BH((.U, x)
L od,
with
aH((;w z) _ Zgw; (262)
a w
0H(w, z) v1(w)
o~ D ) o
OHw, ) _ o (@) i
“od, - )1+diTvz(W) orisrsk
(26¢)

wherev; (w), v2(w), andv(w) are defined in (23). Note that
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and note that only vectat+ 6, effects the stability of the filter
in question. For description convenience, we assuman odd
integer so that vectat + 6, assumes the form

do + oo

d + 6,

d+ 6, = (28)

dr +6;,

where the first component is associated with the only first-order
section ind(z) whose robust stability is ensured if

—14+7<do+0<1—-7

[_”(do-l—ﬁo)-l—(l—ﬂ“] > 0. (29a)
Each vectod; + §; is connected to a second-order section in
d(z) whose robust stability is satisfied if (6) is imposed upon,
ie.,

CQ(dL+6Z)+(1 —T)é >0, forl<i<L (29b)
whereC, andeé are defined in (3). Therefora;, + 6 in (27)
represents an IR filter with stability margin— /1 — 7 if

Cd+8,)+(1-7)e>0 (30)

wheree = [1 1]T € R™*1 with m = 3L + 2, and
C1
R C, 0
C =
0 C,

mxr

with ¢; = [1 —1]7 (if r is even, then the top-le&; in C is not
present, andn = 3L). Now, if we augment matrixC in (30)
with n 4+ 1 columns of zeros on the left and replate 6, with
. + 6, then (30) becomes

[0 Cllzr+6)+(1—7)e>0

v1(w) andws(w) are just the second and the second-and-third
components of vectar(w), and they are all independent of the-€-
filter coefficients. It follows from (26) that if the frequency re-

o : C >
sponseH (w, z) has been evaluated with its denominator sec- [0 Clé+h>0 (31a)
tions stored separately, then the gradient can be evaluated Yhere )
mediately, as long af(w) is available. Since the samév) can h=] 0 Clz + (1 —7)e. (31b)

be used in every iteration, it is worthwhile to compute and store
v(w) for w € Q4 [see (17b)] as a part of data preparation.

(n+1) columns

Finally, by augmenting the matrix in (31a) with one more zero
column on the left and replacing vectérwith » [defined in
(16)], the stability constraint in (31) becomes

Suppose that point;, represents a stable design and that the

C. Constraints for Robust Stability

next pointzy1 = z, + &, is required to remain stable. Let Cu+h=>0 (32)
where
a+d, c=[ _0 C]
T+ 6 = [ :| 27 9 .
k d + 6d ( ) n+2 columns
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Equivalently, (32) can be expressedmadinear inequality con- formulation. Third, although the constraint in (2) is both suffi-
straints, as seen in (19d), whatedenotes theth column of cient and necessary for a second-order system to be stable, the

matrix C” andh; is theith component oh. robust stability constraint in (6) is only sufficient babt nec-
essary for a second-order system to havéla— r pole radius.
D. Design Algorithm From the analysis in Section Il (see Fig. 4), however, for a small

Given filter order(n, ), desired frequency respon& (w) T, the stability constraints in the current design formulation is
and parameter whiéh i’s related to stability margin a]s—, near necessary. Consequently, good design candidates are less
’ likely to be excluded by the algorithm compared with the ex-

V1 — 7, the st that t th d desi th . .
Y b S 1 s llone T roposed fesign me gl%eng methods [9], [12], [14], [15], [17]. Finally, it should be

. . . . .. mentioned that the idea of using a linear approximation for IR
Step 1) Data preparation:This includes i) choosing an ini- g PP

il stable desi d ¢ arid point€, — filter design was initiated in [14], although the present design
tial sta € desigmo and a set. ofgrid pointS = famework differs from that of [14] in terms of the use of a CQP
{w;, 1 < i < K};ii) evaluating vectow(w) [see

. . formulation, the treatment of stability constraints, and the inclu-
(23)] on Qy; and iii) set iteration countek = 0, y

. sion of a conic constraint off||.
bound 3, and convergence toleraneeA straight- il

forward choice ofr, assumes the form E. Design Example
ao A well-known IIR design is the minimax IIR lowpass filter of
0 order(n, r) = (12, 12) presented as Example 1 in Deczky [5],
o= | . (33) which has been used by many authors as a “benchmark filter”

for comparison purposes. With, = 0.57, w, = 0.67, and
passband group delay = 15.9 samples, the performance of
wherea, is the impulse response of an FIR filter ofthe Deczky filter is shown in Fig. 5 (dash-dotted curves) and
lengthn + 1 that approximate&;(w). From (20), it Table I. The proposed method was applied to design an lIR filter

is clear that the choice in (33) means thiat) = ="; of order.(.n./ r) = (12, 12) with the same design parameters
hence i () is an FIR filter which is of course stable.@s specified above. The toolbox SeDuMi 1.05 [22] was used to
Concerning item ii), typically, the number of gridimplement the design algorithm on a 866 MHz Pentium 11l PC.
points i, is in the range of 400 to 800. and the . Two distinct initial points were tried. The first initial point
dimension ofv(w) is usually in the range of 10 to %o ) was obtained by designing an linear-phase FIR filter of

50. Thus, the data size shall not exceed 50 K, whidgngth 33 using MATLAB functiorfirl  and then applying

0

is fairly moderate for today’s PCs to store. balanced order reduction method [33] to ogtain a stable IR
Step 2) Atzy, solve the CQP problem in (19) for filter of order (12, 12). The second initial pomg ) corresponds
to a trivial IIR transfer function of the form(z)/z'2, where
n a(z) was obtained by simply designing linear-phase FIR filter
U = [&] of length 13 using MATLAB functiorfirl . Obviously,xgl)

was a considerably better initial point because its frequency re-
whereG), ande;, are defined in (14) witly, evalu- sponseis much “closer” to the desired frequency response. With
ated using (26), the constraints in (19d) are specified= 5 X 10*12, K = 600, 7 = 0.05,b = 0.005, w = 1, and
by (32), and for typical bandpass filted](w) is a initial pointzg >, the algorithm converged in 16 iterations with

piecewise-constant function of the form 473.23 Mflops and 66.42 s of CPU time. The performance of
the IIR filter designed are evaluated in terms of the following.
{ 1, forwin passband « Error of frequency response in passhand:
W(w) =< w, forw instopband
0, elsewhere. erp(w) = |H(e?¥) — Hy(e?¥)|  forw € [0, w,).

Step 3) Update the design from t0 zx11 = xx + 6. If « Passband magnitude ripple:
||6x|| < €, stop; otherwise, sét:= k+1, and repeat ,
from Step 2. emp(w) = [H(e’*)[ =1 forw € [0, wy].
Several remarks are now in order. First, as the core of the al-
gorithm, a CQP solver is called for computing each updating
vectordy,. Since an interior-point CQP solver is in general more A(w) = 201logy, |H (/)] forw € [wa, ].
efficient than its SDP counterpart, this leads to improved com-
putational complexity compared with several SDP-based design® Deviation in passband group delay
methods [15], [16]. Second, incorporating the constraintin (19¢) arg[H (e7)] - D
into the design formulation ensures the validity of the linear G(w) = atslile =4
approximation (11) and eliminates the need for a line search D
step that is typically required in a nonlinear optimization algo- < Maximum magnitude of the poles.
rithm. In a certain sense, constraint (19c) can be viewed as ahe amplitude responses of the IIR filter obtained and the
trust-region strategy [28] that fits nicely into the current CQPeczky filter, theire s, (w), emp(w), A(w), and passband group

« Stopband attenuation:

forw € [0, wy].
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Amplitude responses Error of frequency response in passband
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Fig. 5. (a) Amplitude responses. (b) Error of frequency response in passband. (c) Passband amplitude responses. (d) Passband group delagedf the prop
design (solid curves) and the Deczky filter (dash-dotted curves).

delay are shown in Fig. 5, andax[ef,(w)], max[|emp(w)|], Symmetric filters, fan filters, and diamond-shaped filters,

min[A(w)], and averagé&r(w), i.e., and covers practically all types linear 2-D filters that have
1 wp been found useful in multidimensional signal processing. An
— |G(w)] dw important property of this class of 2-D filter is that a QS IIR
“p Jo transfer function always haseparabledenominators [29]. For

are given in Table I. From Fig. 5 and Table |, considerable pehe sake of notation simplicity, in this section, we are primarily
formance improvement over the Deczky filter were observegoncerned with circularly symmetric and diamond-shaped
The coefficients of the IIR filter designed are given in Table Ilfilters whose transfer functions assume the form

It is worthwhile to report that with initial pointg"), the pro-

a\zi, z
posed algorithm converged to the same solution point after 47 it- H(z1, 22) = n(_:' 2) (34)
. L ) (z122)"~"d(21)d(22)
erations. More iterations were expected beca:é@es far away
from the solution in comparison wit'hgl). where
VI. DESIGN OF2-D IIR FILTERS a(z1, 23) = aikz{‘*iz;‘*"’
A. Quadrantally Symmetric 2-D IR Filters i=0 k=0

The class of quadrantally symmetric (QS) 2-D filtersand d(z) is defined by (20c). However, with straightforward
together with their rotated counterparts, includes circularmodifications, the design methodology outlined below also
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TABLE | andd(w) is given in (23). Because of the quadrantal symmetry
PERFORMANCE COMPARISON of the filter, matrix{a;x, i, kK = 0, 1, ..., n} iS symmetric,

H(wl, w2> =

; which means that(w;, w2) contains only(n + 1)(n + 2)/2
IIR Filter of Deczky | Proposed design parameters and can be expressed as
Order (n, r) (12,12) | (12,12
maximum error of frequency 0.1141 0.0156
response in passband a(wy, wo) = Z appe i F@ites)
maximum passband 0.0549 0.0156 k=0
. . n =1
magnitude ripple n Z Z aig e thwe) | =ik tin)]
minimum stopband 31.7603 | 36.1455 P
attenuation (dB) which gives
passband group delay (sample) 15.9 15.9
average deviation in 0.0233 0.0087 a(wy, wy) = aTe(wl, wa) (36)
passband group delay )
- with
maximum magnitude 0.8929 0.9220
of poles
S
TABLE | .
COEFFICIENTS OF THHIR FILTER
a—= ai0
Numerator Coefficients | Denominator Coefficients @20
a
8.2583627e—3 1.00000e+0 2
—3.7603038e—2 —4.6514425e+0 “ .
LOn,n—1d7x1
8.6770226e—2 1.195092%e+1 ) * 1 }
—1.3388039%e-1 —2.1706294e+1
1.6456835e—1 3.0426434e+1
—in(wi+w:s
—2.004446de—1 —3.4240879%¢+1 e Inlortes)
273170991 3.1473101e+1 e(wr, wn) = eTI T
’ - —7j2w —72w
—3.6702655e~1 ~2.3702998¢+1 eTIT 4 em e
—7(2w1 +w:s — 7 (w1 42w
4213595061 1.4494060e-+1 emI(Gerten) 4 gmilortie)
—4.0569087e—1 —7.0264398e+-0
3.5057805e—1 2.5743564e+0 | e—ilnwi+(n—1)w2] 4 o—il(n—Dwi+nw] |
—2.7393576e—1 —6.4541952e—-1 . .
andfn = (n + 1)(n + 2)/2. This leads (35a) to
1.4410970e—1 8.4986970e—2

T

applies to other types of QS filters. For notation simplicity, a’e(wy, w) 37)
throughout the section, we denote the order of the 2-D IIR filter
in (34) by (n, ). From (34), the frequency response of the
filter can be expressed as

H(w1, we, T) =

d(wl) d((A)Q)

where vectoer collects the filter coefficients:

a’l } (n+1)(n+2)/2 components
do

z=|d (38)
. T components

d(w1)d(w2)

here )
W W n - d;
a(wy, we) = Z Zaike_J(Wl"’k”Q) (35b)

P — with a, do, andd;s defined by (36), (20c), and (23), respectively.
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B. Gradient ofH (wy, we, ) and Stability Constraints which is a set of grid points placed in the frequency region of
interest. Given filter orde(n, r) [see (34)], desired frequency
responsed;(wi, we) ONn 9, and parameter, a minimax de-
sign of 2-D IIR filter with stability marginl — /1 — 7 can be

The gradient of H (w;, we, ) with respect to parameter
vectorz is an(# + r)-dimensional vector given by

[OH (w1, wa, T) 7 obtained by carrying out the following steps.
Oa Step 1) Data preparation that includes i) choosing an initial
OH (w1, we, T) stable desigm, and a set of grid pointQ,; ii) eval-
dd, uating {v2(w), w € Qq}; and iii) setting iteration
_ | 0H(w1, wo, = counterk = 0, boundj3, and convergence tolerance
9wy, w2, T) = % : (39) e. A straightforward and stable, assumes the form
ag
: 0
OH (w1, we, T) To= | .
i ddr i 0 (A+r)x1
Using (37), the components gfw,, w2, ) can be evaluated as _ ) i .
follows: which yields a 2-D filter whose transfer function is
given byH(wl, w2> in (35) with d(wl) = d((UQ) =
OH (w1, wa, x) _ e(w, wa) (40a) 1. Vectora, corresponds to the impulse response of
da d(w1)d(w2) a(wy, w) in (35b) that approximates ;(w1, ws).
Thisa(w1, we) can be readily obtained using an es-
H ’
9 (“’5;[“’2’ z) tablished method [30].
0 Step 2) Atxy, solve the CQP problem in (19) for
= —H(wy, ws, 3) 2dov1 (w1)v1(w2) + v1(w1) + v1(w2) "
[1 + do’Ul (wl)][l + d(ﬂ)l (wg)] Uup = 6 .
(40b) k
OH (w1, ws, T) where G, and e, are defined in (14) with
— od. g, = g(w1,ws, xi) evaluated using (39) and
(40); the constraints in (19d) are specified by (32),
= —H(w1, w2, 7) and W (w1, ws) is a piecewise constant weighting
[+ dT vy (w2) vz (wr) + [1 + dT v (w1)|va(ws) function defined by
[1 + d?vg (wl)][l + d?vg (wg)] 17 for (wl, (UQ) in paSSband
(40c) W(w1, we) = ¢ w, for (wy, wy) in stopband
forl<i<I, 0, elsewhere.
. . _ Step 3) Update the design from. t0 zx11 = xi + 6. If
wherev; (w) andwy(w) are defined in (23). Like the 1-D case, 16%|| < e, stop; otherwise, sét:= k+1, and repeat
vl(wl), ’Ul(wg), ’Ug(wl) and 'UQ((.UQ) are independent of filter from Step 2.

coefficients and can be used repeatedly as the optimization it-

eration proceeds. Furthermore, sirfee = Q x €, both sets D. Design Example

{vr(w), Ul(%"2)} a”‘_j {va(w1), ".2(“’2)} for (w1, w2) € 2y The design concerns a circularly symmetric lowpass filter

can be obtained by just evaluating a 1-D data{$etw), w € f order (n,r) = (12, 8), with w, = 0.57, w, = 0.7,

Qa} ({v1(w) isasubset ofvy(w)}). Therefore, itis worthwhile gng passhand group delay in bath andws being eight sam-

to prepare and store dafa(w), w € €4} before the itera- ples The number of filter coefficients in this caseiist r =

tions begin. On the other hand, since the dimension of vecigk; 14)/2 4+ 8 = 99. The initial point used in the design cor-

e(w1, w2) is usually quite high an@(w:, w.) is defined on regponds to a trivial 2-D IIR filter whose transfer function has

a set of dense 2-D gr_|d points, it is more realistic to evaluajﬁz) = 1[see (34)], and(z1, z) is a linear-phase FIR lowpass

e(wy, wp) as the iteration process goes along. - . filter of order 12 that was designed using the singular-value de-
Concerning the robust stability, from (34), it is obvious thalomposition (SVD) method [30]. The toolbox SeDuMi1.05 [22]

the optimized filter is stable with a stability margin- v'1 — 7 \yas ysed to implement the proposed algorithm on a 866-MHz

if the denominator polynomial(z) meets the constraintin (32). pentium 11l PC. Withe = 105, w = 1, 7 = 0.2, B = 0.005,

In other words, the stability constraint for the 2-D IR filter ingnq 3 total of 1030 grid points placed uniformly in the passband

(34) remains the same as in the 1-D case. and stopband, it took the algorithm 45 iterations to converge to
_ . a design shown in Fig. 6 with performance evaluation given in
C. Design Algorithm Table I1I.

For the design methodology outlined in Section IV to fitinto Another design with the same specifications as above but a
the 2-D design scenaria, €2, {2; need to be replaced, respecdifferent initial point obtained using the SVD-balanced approx-
tively, by (w1, wa), Q2, andQsy = {(w1s, we;), 1 <4 < K}, imation method [34] was also carried out. The proposed algo-
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rithm in this case converges to the same solution point but with
only 21 iterations and 0.65 10* Mflops.

In the literature, only a handful of articles were for the min-
imax design of 2-D filters. Early work in the field includes [31],
where only linear-phase FIR filters were considered. Recent
work on the minimax design of 2-D IIR filters with guaranteed
stability includes [16], where the stability constraint is a linear
matrix inequality deduced based on the Lyapunov’s stability
theory, and the optimization is carried out using SDP rather than
CQP. For comparison purposes, the algorithm in [16] was ap-
plied to design a lowpass 2-D IIR filter with the same design
specifications as described above. The design results are given
in Table Il. An interpretation of the simulation results is that the
less conservative stability constraint in the proposed CQP for-
mulation tends to include more qualified candidates, yielding
an improved local minimizer. It is also observed that the CPU
time as well as the number of floating-point operations required
by the CQP-based algorithm to obtain the design were consid-
erably reduced.

VII. CONCLUSION

We have presented a design methodology in which 1-D and
2-D IR filters with separable denominators can be synthesized
in the minimax sense with prescribed stability margin. The
methodology was developed in a rather general setting in
which the minimax approximation is accomplished through
a sequence of linear updates with each update carried out
using conic quadratic programming. As demonstrated by
computer simulations, the proposed method yields IIR filters
with satisfactory performance.
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