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An Overlapping Window Decorrelating Multiuser
Detector for DS-CDMA Radio Channels
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Abstract—A new multiuser detector for direct-sequence code-
division multiple-access communication systems is described. The
proposed detector divides the received signal stream into a number
of overlapping windows and decorrelates them window by window.
This scheme is justified by an analysis on the convergence and
decay rate of the impulse response. Based on the results, a signal-
adapted criterion is developed which enables one to determine the
window length according to the near–far situation of a practical
system. A performance analysis and simulation results show that
a small to moderate window length is usually sufficient to yield a
performance that is close to or even better than that of the ideal
decorrelating detector.

Index Terms—CDMA, decorrelation, multiuser detection.

I. INTRODUCTION

T HE prohibitive computational complexity of the optimal
multiuser detector [1] has motivated the search for sub-

optimal multiuser detectors with much reduced computational
complexity. As a result, a large number of suboptimal multiuser
detectors were developed (see [2] and the references therein).
Among these, the ideal decorrelating detector [3] achieves the
near–far (NF) resistance of the optimal multiuser detection
without the need for knowledge of the received signal energies.
However, the ideal decorrelating detector involves computing
and updating the inverse of the cross-correlation matrix, which
require a considerable amount of computation. Furthermore,
the detection delay of the ideal decorrelating detector for
asynchronous systems is unacceptally large.

To achieve a practical detection delay, a window approach
for implementing the ideal decorrelating detector was first
suggested in [4], and a number of window-based decorrelating
detectors were developed recently [5]–[7]. A problem related
to these window-based decorrelating detectors is the edge
effect caused by the multiple-access interference (MAI) from
the transmitted signals outside the working window, where
the working window is the window that is currently being
processed. In [5] and [7], the edge effect is corrected at the
expense of bandwidth efficiency or complexity of network man-
agement. In [6], the so-called truncated decorrelating detector
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was proposed, whose performance can be arbitrarily close to
that of the ideal decorrelating detector if the window length
is sufficiently large. Another interesting window-based decor-
relating detector was developed using a chip-rate approach,
which leads to an exact finite-duration impulse response (FIR)
solution and avoids the edge effects [8]. Note, however, that
the bit-rate approach has been widely adopted in the literature
for problems where user codes are known. This is because
an exact decorrelating solution does not necessarily imply
a satisfactory performance and issues concerning practical
implementation are easier to handle in the bit-rate approach.
The various approaches entail similar problems concerning
practical implementation. These include (a) a matrix of large
size needs to be inverted and (b) an appropriate window (or
filter) length needs to be determined to assure a satisfactory
performance with moderate computational complexity.

In this paper, we propose a new window-based detector, re-
ferred to as theoverlapping window decorrelating(OWD) de-
tector in which the aforementioned problems are easier to solve.
Furthermore, an analysis of the convergence and decay prop-
erties of the ideal decorrelating impulse response is given. Al-
though some of our analysis results have been noted in the past
[4], [6] and can be related to those in [9], they provide further
insight to the problem at hand and lead to a signal-adapted cri-
terion for window-length determination. Based on the near–far
situation of the system of interest, the signal-adapted criterion
enables us to determine the minimum window length required
for satisfactory performance. An analysis and computer sim-
ulations are carried out which show that a small to moderate
window length is sufficient to provide performance close to or
even better than that of the ideal decorrelating detector.

II. SYSTEM MODEL AND MULTIUSER DECORRELATING

DETECTION

We consider multiuser transmission through an additive white
Gaussian noise (AWGN) channel shared byasynchronous
users in a DS-CDMA system. For the sake of simplicity, binary
phase-shift-keying (BPSK) modulation is assumed but the re-
sults can be readily extended to the case of the more commonly
used quadrature-phase shift-keying (QPSK) modulation. Let the
message length be and denote theth information bit of the
th user, the corresponding signal energy, and the output of the

matched filter by , , and , respectively. For co-
herent reception, the concatenation ofsuccessive output vec-
tors of the matched filters, , can be modeled as [4]

(1)
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where

and
is the AWGN vector with zero mean and covariance matrix

. The correlation matrix , given in (2) at the
bottom of the page, is an -block 3-band matrix. In (2),
each for is a matrix whose th
entry is given by

for

where denotes the normalized signature signal of theth
bit of the th user and is zero outside interval , and de-
notes the transmission delay for theth user. Without loss of gen-
erality, we arrange the transmission delays in ascending order,
i.e., , so as to obtain an upper triangular
matrix for . In the rest of the paper, we will
refer to a system astime invariantor time dependentdepending
on whether the correlation in the system remains con-
stant or not with time.

Note that the above model also applies to a multirate system
in which the largest permissible spreading factor is a multiple of
all other smaller allowable spreading factors. In this case, a user
with a smaller spreading factor can be deemed to be a number of
virtual users. The virtual users associated with a real user have
identical signature signals but occupying different time slots in
one symbol interval.

A decorrelating multiuser detector can be described by

(3)

with the final bit estimates taken as . Evidently, the
ideal decorrelating detector requires no information about the
received amplitudes and achieves optimal near–far resistance
[4]. The estimate is the exact decorrelated data plus noise
and the MAI is completely eliminated. An undesirable feature
of this detector is that noise is always enhanced.

III. OVERLAPPINGWINDOW DECORRELATINGDETECTOR

A. OWD Detector

Within a window of length , (1) can be written as

(4)

where

In (4), represents Gaussian noise and is a
submatrix of , which is also given by (2) except that index
in assumes values from to instead of from 1
to . It follows that within the window, can be estimated as

(5)

which requires knowledge of and . The MAI at the begin-
ning of the window can be approximated by using the soft
outputs whereas the MAI at the end of the window

is notavailable within the window. The OWD detector is de-
duced from (5) by neglecting term and estimating the user
information bits as

(6)

where

(7)

In order to avoid an inaccurate estimate caused by neglecting
, we take an approach whereby a window is overlapped by

the next window in transmission intervals. Consequently, only
the first bits in a working window need to be detected. As
will be shown below, the impulse response of the ideal decorre-
lating detector usually decays very quickly; hence if the window
length is sufficiently large, the effect from the MAI term
on the detection of user information bits at the first trans-
mission intervals is negligible. Moreover, if an incorrect esti-
mate of is used in (7), the effect of the resulting left-edge
correction on the detection of is also negligible. Since only

is used for the left-edge correction in the next working
window, the error caused by an incorrect left-edge correction
will not propagate.

For efficient implementation of the proposed detector as well
as later analysis, the Cholesky decomposition

(8)

...
...

...
...

...
... (2)
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where is a lower triangular matrix, will be used. From (2) and
(8), it can be verified that has the form

...
...

(9)

where is a lower triangular and is a upper
triangular matrix. From (8) and (9), the following recursive re-
lations can be deduced

(10a)

for (10b)

for

(10c)

As for , the Cholesky decomposition
exists, where has the same structure asexcept for the
size and has and as the th blocks on
its main diagonal and the first lower subdiagonal, respectively.
Consequently, recursive relations similar to those in (10a)–(c)
hold for , , and the corresponding blocks in . Using
these recursive formulas, efficient algorithms for updating the
Cholesky factors and user detection can be found [10].

It is noteworthy to point out that the Cholesky-factorization-
based algorithms for the OWD detector could also be used to
solve the implementation problems of an exact FIR decorrelator.
Assume that the decision delay of an exact FIR decorrelator is

where is the window length. Within a pro-
cessing window, each information bit can be deemed to origi-
nate from a different synchronous user. In doing so, an asyn-
chronous system is interpreted as an equivalent synchronous
system. Let be the matrix collecting all the user codes (dis-
crete signature signals) of virtual synchronous users within a
processing window. If all the user codes are linearly indepen-
dent of each other, an exact decorrelating solution exists and
the coefficient vector of the FIR decorrelator for theth user
is the th column of matrix , where .
Clearly, updating the coefficient vector directly is computation-
ally not feasible. Note that is equivalent to as defined in
(2) with equal to . This suggests an efficient implemen-
tation as follows. Instead of using one long FIR decorrelating
filter, we can employ three short-length matched filters for each
user at the front end, which are matched to the entire user code,
the earlier portion of the user code, and latter portion of the user
code, respectively. An immediate advantage of doing so is that
the updating of the receiver due to changes of the system pro-
file becomes easier. If the changes are due to user activation/de-
activation, the matched filters do not need to be updated. Col-
lecting the outputs of the matched filters in a column vector,
the soft output of the detector can then be written as .
Hence Cholesky-factorization-based algorithms can be used to
efficiently update and invert . Moreover, the performance of
an exact FIR decorrelator can be related to the decay rate of
the impulse response of the IIR decorrelator and the method for

window-length determination can also be used for the selection
of the length of the FIR decorrelator.

The proposed detector offers some advantages over an
exact FIR decorrelator. First, the OWD detector needs only one
matched filter for each user while the latter needs three. Second,
the OWD detector uses detected information bits to subtract
the left-edge effects and treats the interference from the right
edge as Gaussian noise. Consequently, the noise enhancement
effect of an exact decorrelating solution is, to some degree,
reduced and the performance of the OWD detector is expected
to be slightly better than that of an exact FIR decorrelator for
the same window length. This will become apparent from our
analysis and simulation results in Section IV.

B. Decay Rate of Impulse Response

We now provide an analysis on the decay rate of the impulse
response of the ideal decorrelating detector, which facilitates
the determination of the required window length for the OWD
detector.

Consider the ideal decorrelating detector as a multiple-input
multiple-output (MIMO) discrete-time system with impulse re-
sponse whose th entry is the impulse
response that relates theth user to the th user [12]. For the
ideal decorrelating detector, is the th block of
the linear mapping . Since is lower triangular,

is also lower triangular. From
(9) and the fact that , the th block with
can be recursively found and is given by

for (11)

where . Equation (11) in conjunction with
leads to

for

for
for

(12)
Note that and may vary randomly

with , where . Although the exact decay rate of the
impulse response of the ideal decorrelating detector for time-de-
pendent systems is rather difficult to obtain, it was shown in [6]
that the impulse response in a time-dependent system decays
on the average faster than in a time-invariant system, given that
the two systems have similar cross-correlation properties among
the signature signals. A similar observation was also made on
the impulse response of the noise whitening filter for a CDMA
system [9]. Consequently, one can obtain an approximate upper
bound of the decay rate of the impulse response in a time-de-
pendent system by analyzing a time-invariant system. In what
follows, we analyze the decay behavior of time-invariant sys-
tems.

For a time-invariant system, it was shown in [3] that as
, the ideal decorrelating detector tends to assume the form of a
-input -output linear time-invariant (LTI) IIR filter. There-

fore, as , , , and converge to their
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limits , , and , respectively. A necessary and sufficient
condition for the stability of the LTI IIR filter was obtained via a
frequency-domain approach in [4]. For the purpose of our anal-
ysis, we give a necessary and sufficient condition for the sta-
bility in terms of the Cholesky factors of as follows:

Proposition 1: The ideal LTI decorrelating filter is stable if
and only if the limiting is nonsingular and the spectral radius
of , denoted as , is strictly less than 1.

Proof: Assuming that is nonsigular, then exists
and the impulse response of the LTI decorrelating filter can be
written as

for (13)

where

(14)

Since is bounded, there exist positive constantsand
such that

(15)

where stands for the th entry of the matrix inside the
bracket. For a given , there is a constantsuch that

(16)

for all and [11, pp. 298–299]. From
(15) and (16), it can be shown that is finite if and only if

. Assuming that , by (16) we have

(17)

for any , where and are positive constants. Since
, (17) implies that the impulse response of the

th subsystem is absolutely summable. The sufficiency now
follows from the fact that a MIMO system is stable if and only
if every subsystem is stable. To prove the necessity, we assume
that the LTI filter is stable. If so, matrix must be nonsingular
and (15) holds. Since is finite for a stable filter, must
be less than 1.

As an immediate consequence of (17), we can state the fol-
lowing proposition.

Proposition 2: If the LTI decorrelating filter is stable, its im-
pulse response decays with an asymptotic decay rate .

It follows that if is small, then the impulse re-
sponse of the LTI decorrelating filter decays rapidly. Indeed, as
will be demonstrated by our numerical examples in Section VI,

is usually much smaller than 1 for systems with moderate
cross-correlation properties among the signature signals. It is
also interesting to note that the convergence rate ofto is
linear with as shown in Appendix I. By (10a)–(10c), fast
convergence of implies fast convergence of . Therefore,

the decay rate of the impulse response of the OWD detector is
approximately equal to for a sufficiently large window
length .

C. Determination of Window Length

We now turn our attention to the determination of the window
length. Denoting the first elements of vector as , then

contains the estimates of the user information bits
within the first transmission intervals in . The difference
between in (6) and in (5) can be
written as

(18)

where and
is the th block of , and can

be interpreted as the impulse response of the OWD detector.
Replacing in (12) with , we have

(19)

where and . Denoting
as , then (19) in conjunction with

leads to

(20)

The right-edge effect can be neglected if for
is sufficiently small, where denotes the maximum

infinity norm [11]. Since the impulse response of the detector
decays is in general larger than for ;
hence the window length can be determined as the smallest
such that

(21)

where is a prescribed tolerance. In the next section, it
will be shown that in a practical system can be selected such
that , where is the maximum difference among the
received user energies.

For systems with constant correlations within the working
window and for sufficiently large, the fast convergence of
implies that if . Hence, (20) leads to

(22)

In a practical implementation, constantin (22) can be simply
taken as , and can be estimated
using various numerical methods such as the power method
[11]. For slowly varying systems where correlations remain ap-
proximately unchanged within a working window, the criterion
in (21) in conjunction with (22) can be used to determine the
window length when the OWD detector needs to be updated.
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D. Performance Analysis

In order to determine the window length, or equivalently
the tolerance in (21), we need two performance measures,
namely, theasymptotic multiuser efficiency(AME) and the
near–far (NF) resistance. However, an exact performance
formula is difficult to obtain because the OWD detector uses
the reconstructed information bits to correct the left-edge
effect (i.e., the MAI at the beginning of the window). Hence
we assume a perfect left-edge correction. This assumption
leads to accurate estimates for the exact performance measures
since the error due to a wrong left-edge correction does not
accumulate, as discussed before. Since the most inaccurate
estimate of user bits usually occurs in the central transmission
interval of a working window, we only discuss the user bits in
this interval as a worst case study.

TheAMEcharacterizestheperformancedegradationduetothe
MAI in a vanishing noise case [1]. Based on the above assump-
tions, the AME of theth bit of the th user can be deduced as

(23)

The NF resistance of theth bit of the th user is defined as its
worst case AME over all possible energies of the other informa-
tion bits. According to this definition, the OWD cannot be NF
resistance in the strict sense. However, given that the received
power is finite in practice, the concept of thepower-limited NF
resistanceintroduced in [6] applies, and the power-limited NF
resistance of theth bit of the th user is given by

(24)

where . It follows that

(25)

where is the norm [11] of the th row of
. In mobile CDMA communications, the received power

imbalance, which is defined as

(26)

where , serves as a performance measure

of power control. If , a
lower bound for can be deduced as

(27)

This can serve as a guide for the selection of tolerancefor the
determination of the window length.

We conclude this section with an observation concerning the
performance of the OWD detector relative to that of the ideal
decorrelating detector. It can be seen from (23) and (27) that
if is selected such that , then the AME and the
power-limited NF resistance of the proposed detector is approx-
imately . In [3], the AME of the ideal decorrelating
detector was derived as , where denotes
the th entry of . Since is a principal submatrix
of , we have [11]. This shows
that in some cases the performance of the OWD detector can
even be better than that of the ideal detector. This feature is a
consequence of the fact that the output of the OWD detector is
independent of the MAI from outside the working window and
hence an improved signal-to-noise ratio is achieved.

IV. NUMERICAL EXAMPLES

We first consider a two-user time-invariant system. The sim-
plicity of the system allows us to carry out an analysis on issues
such as the convergence of and the system performance in an
explicit manner. Assuming that and ,
then . By (10a)–(c), the spectral radius of ,
denoted as , can be computed by using the recursive formula

(28)

where and . This leads to

(29)

Letting in (28) and substituting (29) into (28) gives
with . Note

that if , which corresponds to an unstable
realization of the ideal decorrelating detector. The plot shown in
Fig. 1 depicts versus and . It can be seen thatis usually
quite small. Specifically, we have if
whereas if . The convergence rate of

, given by the smallest value ofsuch that ,
and the smallest window length given by (21) with
are given in Table I. We see that even in the cases where the
cross-correlation properties are much poorer than what is often
encountered in practice, the convergence rate ofremains high
and the window length required is moderate.

We now consider systems with multiple users. To demon-
strate the performance of the proposed detector, extensive
computer simulations were conducted. In all the simulations,
spreading signals with a rectangular chip waveform were
selected from a family of the 127-chip Gold code.

To study the NF resistance of the OWD detector, the en-
ergy received from the desired user was assumed to be.
The power-limited NF resistance achieved for time-invariant
systems under various conditions is illustrated in Fig. 2. It is
observed that the loss in the NF resistance increases with the
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Fig. 1. Spectral radius ofM in a two-user system.

TABLE I
CONVERGENCERATE OF � /SMALLEST WINDOW LENGTH GIVEN

BY (21) WITH � = 0:01 IN A TWO-USERSYSTEM

number of users and the received power imbalance. The simu-
lation results indicate that for a system with 20 users and a re-
ceived power imbalance of 10 dB, a window length
of 3 or 5 is usually sufficient to yield a performance close to that
of the ideal decorrelating detector.

The overall bit-error probability (BEP) of the OWD detector
for time-invariant systems over an AWGN channel is plotted
in Fig. 3. Here, the user received energies were uniformly dis-
tributed on interval . The performance of the de-
tector under two conditions, i.e., using correct bits as feedback
and using detected bits as feedback, is also compared in the fig-
ures. As is expected, no apparent differences in the performance
are observed under these two conditions. It can also be observed
form the figure that the performance of the OWD detector with
a window-length 5 is close to that of the ideal decorrelating de-
tector and sometimes it can even be slightly better.

V. CONCLUSIONS

The convergence of the ideal decorrelating detector to its lim-
iting IIR filter and the decay of its impulse response have been
studied. Based on these two useful properties, an efficient over-
lapping-window decorrelating detector for DS-CDMA systems
has been proposed. Then, a signal-adapted criterion for the de-
termination of the window length has been developed. This cri-
terion enables the OWD detector to select the smallest window

Fig. 2. Power-limited NF resistance for user 1 in a time-invariant system (a) as
a function of the number of active users and (b) the received power imbalance.

length, and hence the smallest processing delay, to achieve a
prescribed NF resistance under a given near–far situation. A
theoretical analysis as well as simulation results have demon-
strated that the proposed OWD detector with a small to mod-
erate window length offers performance close to or even better
than that of the ideal decorrelating detector.

The proposed detection scheme and analysis on the behavior
of the ideal decorrelating detector can be easily extended to the
case of the linear minimum mean-squared error multiuser de-
tector.



1494 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 49, NO. 8, AUGUST 2001

Fig. 3. Comparison of bit-error probabilities under the conditions of using
correct bits as feedback (CBFB) and using detected bits as feedback (DBFB)
over an AWGN channel. (a) Received power imbalancee =e = 0 dB.
(b) Received power imbalancee =e = 10 dB.

APPENDIX

CONVERGENCE OF

Forsystemswithtime-invariantcorrelations,(10c) impliesthat

for (A.1)

where and is positive definite. It follows that

(A.2)

By repeating (A.2) in conjunction with (10a)–(c), we obtain

(A.3)

Hence

(A.4)

Now if is sufficiently large such that and
, we have

(A.5)

It can be shown that there exists a constantsuch that
for a given [11], which in conjunction with

(A.4) and (A.5) gives

(A.6)

This implies that converges linearly with when
is close to .
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