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Abstract—An efficient and general method for the evaluation
of the gramians of causal, stable, 2-D recursive digital filters
and systems is proposed. The method is based on a two-stage
extension of the Astrom—Jury—Agniel algorithm which was origi-
nally used for the evaluation of the scalar loss function of a
stationary random process with rational spectral density. The
new method is compared with other known methods for the
evaluation of 2-D gramians with respect to accuracy and compu-
tational efficiency. The results obtained show that the new
method leads to an accurate evaluation of the 2-D gramians
and, furthermore, it requires only a small fraction of the compu-
tation required by existing methods.

1. INTRODUCTION

E evaluation of the controllability and observability
gramians of digital filters has been a key step in
finding optimal digital-filter structures that minimize the
output-noise power due to the roundoff of products [1]-[4].
In control theory, on the other hand, these gramians have
been extensively used in the analysis and synthesis
of linear dynamical systems [5). For example, they have
been used to obtain balanced approximations of one-
dimensional (1-D) and two-dimensional (2-D) systems [6],
[7], which are very useful in the design of 1-D and 2-D
digital filters [8], [9].

It has long been known [5] that the most efficient
method for the evaluation of the gramians for the 1-D
case is to solve two relevant Lyapunov equations, and
reliable algorithms for this purpose are available in the
literature [10], [11]. For the 2-D case, the Lyapunov equa-
tions depend on a complex parameter, as is demonstrated
in [3] and [7], which varies on the unit circle of a complex
plane. In other words, should the Lyapunov approach be
chosen for the evaluation of the 2-D gramians, one would
need to solve a family of 1-D Lyapunov equations as
opposed to two constant Lyapunov equations in the 1-D
case. A Lyapunov approach for the 2-D case was described
in [12] but the transfer function of the digital filters under
consideration must have separable denominators. For
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general, 2-D, causal, stable, recursive digital filters, the
most commonly used method is the truncation method
described in [3] and [7], which provides numerical approxi-
mations of the gramians in terms of truncated double
summations of two infinite series. While the method works
well for many cases, a large number of terms must be
included in the truncated double summations to guaran-
tee acceptable numerical error. This is particularly the
case when the filter under consideration has a small
stability margin in which case the convergence of the
infinite series is rather slow. An alternative method for
the evaluation of the 2-D gramians was proposed by
Premaratne, Jury, and Mansour in [13). This method uses
a matrix version of the well-known method of computing
the infinite sum of the squares of discrete time signals
described in [14] in conjunction with an approximation of
an integral on the unit circle. Apparently the method
is computationally more efficient than the truncation
method, but it leads only to an approximate solution of
the problem.

In this paper, we propose an efficient and general
method for the evaluation of the gramians for the case of
2-D, causal, stable, recursive digital filters. The method is
based on a two-stage extension of the Astrém-
Jury-Agniel (AJA) algorithm which was originally used in
[15] and [16] for the evaluation of the scalar loss function
of a stationary random process with rational spectral
density. In Section III, the AJA algorithm is first extended
to the vector case. It is shown that the modified AJA
algorithm can be used to solve a 1-D Lyapunov equation
in a recursive manner. In Section IV, the recursive algo-
rithm obtained is further extended to the case where the
vector rational function involved depends on two complex
variables. It is shown that the two algorithms obtained can
be combined to evaluate the diagonal block matrices of
the 2-D gramians. In Section V, the algorithms presented
in Section IV are applied for the computation of a) the
entire 2-D gramians and b) the gramians for 2-D digital
filters represented by the Fornasini—~Marchesini model. In
Section VI, the proposed method is compared with other
known methods for the evaluation of the 2-D gramians
with respect to accuracy and computational efficiency. In
addition, it is illustrated by a numerical example. The
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results obtained show that the proposed method leads to
an accurate evaluation of the 2-D gramians and, in addi-
tion, it requires only a small fraction of the computation
required by existing methods.

I1. NOTATION AND DEFINITIONS

A 1-D digital filter of order n can be represented by the
state-space equations

x(k + 1) = Ax(k) + bu(k)
y(k) = ex(k) + du(k)
where 4 € R™", b € R™', c € R"™", and d € R . If

the filter is stable, then the controllability and observabil-
ity gramians of the filter are defined by

(1

K, = T (AT mT (AT

(2)
k=0
and
W, = Y AcTcA* 3)
k=0

respectively. By writing
fi(z) =(d-4)""b (4)
g(z) =e(zal —4)™" )

and applying Parseval’s equality, K, and W, can be
expressed as

K,

dz
f](z)le(Z)7 (6)

2w $es

Wi=s g el )
= Ve (z)—
1 27) ?52 ‘=1g1 & 2
where f'(z) denotes the conjugate transpose of f(z).
The integral representations of matrices K, and W, are of
importance when an attempt is made to extend the con-
cept of gramians for digital filters from the 1-D to the 2-D
case.

A 2-D digital filter of order (n,, n,) can be represented
by the Roesser state-space equation

xh(i+1,j) _ A, A4, xh(i’j) b, N
= Ax b (8)
hys s
y(@.J) = [ey Cz][zgj; + du(i, j)

=cx +du

where 4, € R">"1 and 4, € R"*"2. The controllability
and observability gramians of the 2-D filter are defined as
3}, [7]

dz, dz,
? fo(z, 2) £ (20, 2) — —
z)l=1 21 2y

®

o= b

and
l H
2 (27rj)2 iﬁzz|=1 %”:182 (z1,2y)
dz, dz,
'gZ(ZlZZ)ZZ (10)
respectively, where
Fo(z1,2,) = [I(z,, 2;) '"A]_lb (11)
8:(z1,2) =¢ll(z),2y) _A]q (12)

and

31, 0
I(z(,2,) = 0 .

ZZInz

III. NEwW RECURSIVE ALGORITHM FOR THE SOLUTION
OF 1-D LyAapuNov EQUATIONS

It follows from (2) and (3) that matrices K, and W, can
be evaluated by solving the 1-D discrete Lyapunov equa-
tions

AK, A" — K, = —bbT

(13)

AW A - W, = —cle. (14)
Note that (13) and (14) are linear in K, and W, and
a unique positive-definite solution K, (W) exists if the
filter represented by (1) is a stable and controllable
(observable) system.

Several algorithms are available for the solution of (13)
and (14) [10], [11]. In this section, we present a new
recursive algorithm for the solution of these equations
based on the AJA algorithm [15], [16]. As will be demon-
strated later, the new algorithm is much more efficient
than other known algorithms and leads to an accurate
solution of the problem at hand. Furthermore, it can
readily be extended to the 2-D case and can be applied
for the evaluation of the 2-D gramians given in (9) and
(10).

In what follows, we concentrate our attention on the
evaluation of matrix K, but the algorithm obtained can
also be used for the evaluation of matrix W,. If we let

n(z)
d(z)

f(z)=(ad-4)"b=

where

n(z) = adj(zl —A)b = n{Pz"" ' + --- +n®

n—11

'lE-") = Rn)(l (15)

d(z) =det(zl — A) =d{Pz" + dMz" ! + - +d,

d =1 (16)
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equation (6) becomes

1 n(z) || n(2)
Kl“zw, %6,. 1[d(z)”d(z) z

1 n(z) n(z Y| dz
277 $1es d(z)”d(z—‘)] = W

where we have used the fact that 2 =z"! forz € T = {z:
|z| = 1}.

The original AJA algorithm provides a recursive for-
mula for the evaluation of the scalar loss function of a
stationary stochastic process with a rational spectral den-
sity ¢ =|H(e’/*)”. More specifically, it can be used to
compute the loss function L defined by

qS(w)dw——-— H(Z)H(z'l)—
7 i

where H(z) is a scalar rational function. On the other
hand, the new algorithm evaluates the series of integrals

1 n(z n.(z) 1" dz
el [r@)m@) e o
2mj fa-1{di(2) || di(2) | 2z
for k =1,2,--,n recursively. Functions n,(z) and

d(z) for k =n,n — 1,-+,1,0 are vector and scalar poly-
nomials, respectively, defined as

n,(z) = n(z) (19)
d,(2) = d(z) (20)
e (2) =27 [m(2) — £,d,(2)] (21)
di(2) =27 [d(2) = mdi(2)] (22)

where
n(z) = nPz* + nzk 1 4 o 4o (23)

di(2) =dPz* + dPz 1 4 g (24)

di(z) =dP + dPz + - +dRz* (25)
& = n/df (26)
=d® /d{o 27N

and d denotes the complex conjugate of d. Polynomial
d,(z) defined in (25) is usually referred to as the recipro-
cal polynomial of d,(z).

From (17) and (18) we note that K, = ¥, and, there-
fore, K; can be evaluated in a recursive manner through
the following steps.

Algorithm 1 (1-D Modified AIA Algorithm):

Step 1: Compute n,(z) =n(z) and d,(z) =
fined by (15) and (16), respectively.
Step 2: Compute n,_,(z) and d,_(z) for k =n, 1
and &, B, for k = n,---,0 using (21)-(27).
Step 3: Form

d(z) de-

Y, = gogg- (28)
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Step 4: Compute
Y, = (1 — [‘nk|2)Yk~1 + gk%f (29)
for k =1,2,,n

A closed-form solution of the Lyapunov equation in
(13) can be obtained as

1 - S H ,
K = g X [0060) [ @

by using (23)-(27), (28), and (29). This is the counterpart
of corollary 2.1 of [16, chap. 5, theorem 2.3] when k = n.

It is noted that d(z) in (16) is the characteristic polyno-
mial of 4 and can be evaluated by computing its eigenval-
ues in conjunction with a simple recursion for calculating
the product of n first-order polynomials. Further, the
polynomial vector n(z) can be expressed as

el el adj(zl — A)b
n(z) = | : |adj(zl — 4)b = :

el el adj(zl — A)b
where e; is the ith column vector of identify matrix I.
Hence the ith entry in n(z) can be evaluated by using the
following formula [5]

el adj(zl — A)b = det (zI — A + bel) — det (I — A).

It follows from (25) and (28) that Algorithm 1 is applica-
ble in the case where 4 and b are complex. Moreover,
by repeating the arguments presented in [16, chap. 5,
theorem 2.3] it can be shown that Algorithm 1 is valid
even for the case where b is a complex matrix of dimen-
sion n X m with m > 1. These properties will prove
of significant importance when we attempt to extend
Algorithm 1 to the 2-D case in the following section.

IV. A RECURSIVE ALGORITHM FOR EVALUATING THE
DIAGONAL BLOCKS OF THE 2-D GRAMIANS
The important parts of the 2-D gramians K, and W,
defined by (9) and (10) are their diagonal blocks of dimen-
sion n; X n; and n, X n,, namely, matrices K, K,,, W,
and W,, in [3], [7], [9]:

Kll K12

K, = ,
? Kg Ky

_ Wy Wi
? Wi Wy

In what follows we shall focus our attention on the
evaluation of matrix K, but with some straightforward
modifications, the recursive algorithm obtained can also
be used to evaluate matrix K,,. Matrices W, and W,, can
be evaluated by using the same algorithm in conjunction
with the concept of duality [13].

From [7, section 5], we can write matrix K,; as

K Ky(2) 2 31)
= — Z,)—
" 2mj i2\=1 A £2)
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where z, € T, = {z,: |2,| = 1} and K,(z,) is the unique
positive-definite Hermitian solution of the parametric
Lyapunov equation

Al(ZZ)Kp(ZZ)A{I(ZZ) —K,(z2;) = =b(2,)b{(2,),
2, €T, (32)
with
Az;) = A, + Ay(2,1 —A4)‘1A3 (33)
bi(z;) = b, + Ay (2,1 - 4,)'b,. (34)

It follows that the evaluation of K ; can be carried out by
first solving the paramerric Lyapunov equation in (32) and
then computing the complex integral in (31). Since the
resulting K,(z,) has the form

Kp(ZZ) = k;ﬂﬁk(zz)ﬁf(zz) (35)

where each B,(z,) is a stable rational function of dimen-
sion n; X 1 (i.e., its poles are located inside the unit circle
|z, = 1), the evaluation of the complex integral in (31)
can readily be carried out by applying Algorithm 1
described in Section III, assuming that K,(z,) is known.
We shall now develop an algorithm that can be used for
the evaluation of K,(z,).

The Hermitian solution of equation (32) can be
expressed as the complex integral

1
K,(z) = -—

i [211_Al(zz)]k]bl(zz)b{{(zz)
7] Az|=1

dz
[z, - Al(zz)]vH 2 -
1

(36)

where [z, — A,(z,)]"" denotes the complex-conjugate
transpose of [z;1 — A(z,)]"'. We can write [z,1—
A(z,)]"'b,(z,) in the form

n(zy, z,)

21 = Ay(2)] bi(22) = Gms

(37)

where
n(zy,z,) = adj[2;1 — 4,(2,)1b,(2,)
= n(z)20 7+
+ 02 (2)2; +n(z,)

d(z),z;) = det[z] — 4,(2,)]

(38)

= d&”)(zz)zf + o +d((2;) 2

+d(z,),  di(z)=1.  (39)
Further, we can define vector and scalar polynomials

n(z,z,) and d(z,,z,), respectively, for k =n,n —

1,---,0 in terms of the recursive relations

n,(zy,2,) = n(zy, z,) (40)
d,(z,2,) = d(z,2;) (41)
n, (21, 2;) =21-1[”k(21’22)
—Bu(2)dz, )] (42)
di_(zy,2,) = Zflldk(zl’ z3)
—a()d(z, )] (@3
where
n (21, 2,) = ng(z,)zf + -
+ "Sck—)l(zz)zl +n(z,) (44)
di(zy,2,) = df(z,) 2f + -
+ d;f—)l(zZ)zl +d{(z,) (45)
a(z,) = d{(z,)/d{(z,) (46)
Bi(2,) = ni( 2,)/d{(z,) 47
and
di(z,2,) =z{di(27, 2,) (48)
=zfd(z7', ;) forz, € T,.  (49)

Asin (25), d (z,, z,) is called the reciprocal polynomial of
d,(z,, z,).

Function K,(z,) can be determined by evaluating the
series of integrals

1
Ji(z,) = —2,”] =1

[nk(21122)][nk(21’22) ]Hﬁ
di(z1,2;) || di(215 2,) Z
(50)
for k =0,1,--,n and then noting from (36)—(37),
(40)-(41), and (50) that K,(z,) =J,(z,). The steps

involved are detailed in Algorithm 2 below.
Algorithm 2 (2-D AIA Algorithm):

Step 1: Compute n,(z,2,) = n(z}, z,) and d(z,,2,)
= d(z,, z,) defined by (38) and (39).

Step 2: Compute n,_(z,,2,) and d,_(z,,z,) for k =
n,++,1 and (z,), B, (z,) for k = n,---,0 using
(40)-(49).

Step 3: Form

Jo(22) = Bo(2)B (2,). (51)
Step 4: Compute
Ji(z) = [1 _Iak(zz)lz]lk—1(zz)
+ Bi(2)BY (2) (52)
for k =1,2,---, n.

The computation of n(z,, z,) and d(z,, z,) can be car-
ried out by noting that

[z,1 "Al(zz)]_lbl(zz) = [In, 0n1><nz]
'[1(21122) _A]_lb'
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Hence [z,1 — A,(z,)]7'b(z,) can be viewed as the trans-
fer function of a single-input, multi-output 2-D filter with
the same matrices 4 and b as in the original filter but
with the matrix ¢ replaced by [, 0, ., ] Available algo-
rithms [17] can then be used for the evaluation of n(z,, z,)
and d(z,, z,).

The derivation of formulas (51) and (52) is based on the
following theorems.

Theorem 1: If d§(z,) > 0 for z, € T, where T, = {z,:
|z,] = 1}, then polynomial d,(z,, z,) is stable with respect
to (wr.t) z, for z, € T, if and only if d,_(z,,z,) is
stable w.r.t. z, for z, € T, and d{~'(z,) > Ofor z, € T,.

Theorem 2: If d§"X(z,) > 0 for z, € T,, then d,(z,, z,)
is stable w.r.t. z, for z, € T, if and only if d{f(z,) > 0
forz, € T, and for k = 0,1,---,n — 1.

With the 2-D reciprocal polynomial d,(z,, z,) given by
(48) properly defined, Theorems 1 and 2 can be proved by
using the arguments adopted in the proofs of theorems
2.1 and 2.2 of [16, chap. 5, section 2]. Now if we regard the
complex variable z, in J,(z,) as an arbitrarily fixed para-
meter on the unit circle, then J,(z,) is very much the
same as the integral Y, defined by (18). Consequently, the
argument presented in the proof of theorem 2.3 of [16,
chap. 5, section 2] in conjunction with Theorems 1 and 2
leads to formulas (51) and (52).

The following analysis is of usefulness in the computa-
tion of the integral in (31). From (51) and (52), we have

dz,
K, 27 %ﬁzz‘:l-’n(zz) z

: dz
- 2_77] ?522\21[1 _|an(22)12].],,,l(zz)2_22

s BBl (e
z 2y)—
277_] =1 n\%2 n 2 z,

2—7,].?“:1[1 e, (2)[]]

1 —lan(z2)|2]Jnfz(zz)?
2

1
* —271 ?Zﬂ:][l _|a"(22)|2]

d
By (0B (22
2y

d.
B, (2)B! () 2
1 Z;

n+1

_ . .
B 27j k2o %2|=1[1_I,(11 (1 lay(2,)] )

dz,
'Bk(zz)Bf(Zz) 2 (53)
2

where «a, (z,) = 0 is assumed. Further notice that as in
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the proof of theorem 2.1 of [16, chap. 5, section 2, equa-
tion (2.17)], it can be shown that

dfck)(zz)

————| < 1forall z, € T, and
2P (2 orall z, , an

|U‘k(22)| =

k=0,1,-,n. (54)
Consequently, the scalar factor

n+1

T [1-laz ]

in (53) is strictly positive for z, € T, and k =0,1,--,n,
and, therefore, has the spectral factorization [16, chap. 4]

n+1
T 1= Tae)l] = nzndz: for
=k+
k = 0’17...7’1 (55)

where r,(z,) is a stable rational function. Since z;! =z,
for z, € T,, (53) and (55) imply that

K, = i ng) (56)
k=0
where
~ _ dz,
K%“ = 2_" Bk(z2)BkH(Z2)— (57)
) z5|=1 22
Bi(22) = ri((2,)Bi(z2).- (58)

Note that B,(z,) defined by (58) is a stable rational
function of dimension n; X 1 and, therefore, Algorithm 1
can be applied to the integral in (57).

In summary, we have developed a two-stage method for
the evaluation of the controllability and observability
gramians of 2-D digital filters and systems. In the first
stage, Algorithm 2 is applied to obtain the positive Hermi-
tian solution of the parametric Lyapunov equation (32),
and in the second stage the 1-D spectral factorization
technique is used to express the resulting K,(z,) in the
form of (35) and Algorithm 1 is applied for the evaluation
of the integral in (31).

V. COMPUTATION OF THE 2-D GRAMIANS

Although in many applications only the diagonal block
matrices of the 2-D gramians are needed [3], [4], [7], [9],
[12], the entire 2-D gramian is sometimes required to
provide useful information with regard to interrelations
between the horizontal and vertical states. In addition, the
problem of evaluating the gramians for 2-D digital filters
represented by the Fornasini—Marchesini model is some-
times required [18], [19]. This section is devoted to these
two issues.

A. Evaluation of K, and W,

By (9) and (11), the controllability gramian can be
expressed as

dz,
K, Kp(Zz)—Z—

=5 31)
277.] ?Zﬂ:l 2 (
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where

1
K = — I(z,,z,) —A] "bb”
p(zz) 2mj %ﬁzllﬂ[ (z1,25) ]

_y 4z, ,
[(z,2,) - 4] " . (36)
1
So if we replace (36) and (37) by (36) and
- n(zy,2,)
[1(zy,2,) —A) 'p = —— (37)
v d(zl’zz)

respectively, Algorithm 2 in Section IV can be applied to
compute K, (z,) as

K, (z,) =J.(z,) = k¥0 é’k(zz)ﬁl[j(zz)
and, therefore,
K, = k A 2‘”] ?Szl Bk(ZZ)Bk (22)_ (56")

where each integral can be computed by applying
Algorithm 1. On comparing (37') with (37), it is noted that
vector n(z,,z,) in (37') has dimension n; + n, rather
than n, in (37). Further note that n(z,, z,) and d(z,, z,)
can be found by applying the algorithm in [17] to the
transfer function matrix

n(z,2,)

—A] 'p = ——1 22
s d(z, z;)

In,+nz[1(zl7 22)

B. Evaluation of 2-D Gramians for Filters Represented by
Fornasini—Marchesini State-Space Model

The local Fornasini—Marchesini model of a recursive
2-D digital filter is given by

x(i+1,j+1)=Ax(i,j+ 1) + 4,x(i + 1,))
+bu(i,j+ 1) + byu(i + 1,j)
y(i,j) = ex(i, j) + du(i,j)

and the associated controllability and observability grami-
ans are defined by [18]

K, = , Z
I @mj)? ?Zﬂ:] Sde:lf(zl 2)
dz, dz, ’
f (Zl’zz)_z— 9"
2
W : ( )
m T A 2 2,2
= gy e B S0
dz, dz, ,
8z 2) (10)
1 2

respectively, where
f(znm) = (T =24, ~2'4,)
«(z7'b, + 2z;'b)
g(z,,z,) =c(I—2z74, —z;lfiz)_l
Let z = 27 'z, and rewrite f(z,, z,) as
f(21,2) = f(21,2)
= (2,1 - 4, _z_lAz)_l(bl +27'by)
— Iz -4, — 1A - 0)' 4]
[, +1(21 = 0) 7',
=C[I(z,,z) —A]"'b

where matrices 4, b, C in the last equality are associated
with the Roesser model with

4,
A= 4, )

Hence the algorithm in [17] can be used to obtain

c=1[1 0].

n(z,,z)

d(z,2)°

fz,2) = (37")

Further notice that z is on the unit circle whenever both

z, and z, are on the unit circle, and

%ﬁzl 1 ?z =1 f(z, )" (Zl,z)—lf

")

Therefore, Algorithms 2 and 1 can be applied to evaluate
K

K m = .
™ mj)?

me

Likewise, W;,, can be written as

W - 6(2,2)8"(21,2) & &
m = - g Zy,2 g Z ,Z _—
m = (2mj)? b1 i”_ ! ! z
(10")
where
g(z,2) =c(z] -4, —27'4,)""
=[e+ 0z = 0) ' 4,][ 2,1 - 4,
1,10
—I(d-0)"'4,] T
=C[I(z;,2) ~A]"'B
with

A=[jl ‘I)] B={(I)], —[c o]



LU et al.: AN EFFICIENT METHOD

Hence g(z,, z) can be expressed as

n(z,z)

D aGm

by using the algorithm in [17]. Therefore, Algorithms 2
and 1 can be applied to compute W,,,.
VI. COMPUTATIONAL ISSUES

The most commonly used approach to the numerical
evaluation of K, and W, has been the truncation method
(3], [7], (18], [19]. In this approach, K, and W, are approxi-
mated by the truncated double summations

N, N,
K,= Y Y q(l,k)q"(Lk) (59a)
1=0 k=0

and
W % 1‘\/5 (AtTk‘—'TCAIk)n
2 ~
(A{kCTCA1—1,k+1)21 (Alk" ’-'Alk)22

(59b)

(A c ‘-'A1+1 -1
1=0 k=0

respectively, where (-);;, (-);,, (*),;, and (-),, are the
upper-left, upper-right, lower-left, and lower-right blocks
of the matrix involved, respectively,

b 0
q(l, k) :A171,k[01] +Al,k—1[b2] (60)
with A4, defined by
Ay =ApA;_y T Ay A i (61)
_ 4, A,
AOO _In1+n2’ AIO = [ 0 0 ]’

0 0
Ap = [A3 A4]

and N, N, are positive integers sufficiently large to guar-
antee a small approximation error. A problem with the
truncation method is its low computational efficiency. In
particular, when the 2-D digital filter under consideration
has a small stability margin, the indexes N; and N, need
to be large to obtain a satisfactory approximation. Conse-
quently, a very large amount of computation is required.
Another approach is to express K, and W, as double
integrals over the rectangle R = {(6,,60,): —7 < 6, < m,
-7 <6, <7, ie,

wa/- f(em el®)
»f{(e—ﬂ’x, e /%) de, de,

1 27 21rT . .

= — —jb o]0
Wo= gz [ [ Tel (e e

-g,(ef%,e%2) do, de,
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and then approximate them by the double summations
Nl 2

Y L fa(e", )
NNZI 0 k=0
'fz (6—1181, e—Jkﬁz)
1 N, N,
= v & X el e
NINZI 0k=0
.gz(eﬂﬁl’ ejkﬁz) (63)

where 8, = 2w/N,, 8, = 2mw/N,. This method is less
sensitive to the stability margin of the filter than the
truncation method but it also requires a very large amount
of computation since each term at the right-hand side of
(62) and (63) involves the inversion of a complex matrix of
dimension (n; + n,) X (n; + n,).

By contrast, the proposed approach provides an exact
solution to the problem of evaluating matrices K, and W,
with a much improved computation efficiency as com-
pared to the truncation and the numerical integration
methods. As will be demonstrated by an illustrative exam-
ple below, the basic types of operation used in Algorithms
1 and 2 and the 1-D spectral factorization include con-
stant matrix—matrix addition and multiplication, poly-
nomial addition and multiplication, computation of the
characteristic polynomial of a square matrix and computa-
tion of the roots of an algebraic equation containing one
unknown. Furthermore, all these operations can be pro-
grammed in terms of numerically reliable subroutines.
Multiplication of two 1-D polynomials can be performed
by computing the convolution of two finite sequences
formed by the coefficients of the polynomials involved, the
roots of an algebraic equation can be obtained by comput-
ing the eigenvalues of the corresponding companion
matrix, and the product of an adjoint matrix and a vector
as required in equations (15) and (38) can be formed by
using the formula

cadj(zl —A)b =det[zl — (A — bc)] — det(zI — A)
(64)

which requires the computation of two characteristic
polynomials.

Example: 1et us consider a 2-D, stable, state-space
digital filter of order (n,, n,) = (2,2) characterized by (8)
with

K, =

(62)

4 [ —05583 0.5825
17| -0.0558 0.0583)
4. — [ 03744 07525
27 |1 -0.0374 0.0753
4. [—0.1185  —0.0356
371 -0.0047 —0.0014 )
4. —[—04527 —0.1665
47 01037 -0.0723
[1.0 -1.1
bi=li2) P _[
r_[ 05 T _
‘=10 @ [ 20/




Following Algorithm 2, we first compute n(z,, z,) and |
d(z,, z,) defined by (38) and (39), respectively, where
A,(z,) and b(z,) are given by (33) and (34). By repeatedly

applying (64), we find that

n(zy,z;) = "(12)(22)21"—l + "(22)(22)

d(zy,z,) = d((JZ)(ZZ)ZIZ + d$2)(z2)zl + d(zz)(zz)
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A(z) ) =] p(z,) )

do(z),2;) = d{(z,) = 1Az )lz
2

ay(z;) =1

and

Bo(22) = n{(2,)/d{(z,).
By applying (51) and (46), we have

with |A(22)|2 )
nd(z,) = [06407 03498 0.0204] %> Ji(z,) = Gl ~Ip( |2B](zz)[s1 (z,)
21" 0.6142  0.2776  0.0395 ] (A(z,)) Z p(z;)
H
q5(22) /A(2,) + 1P (2,)[nP(2)]7 (65)
N q4:(22)/A(2,) where the second term can be written as
dgl)(zz) =1 "(22)(22)[’2(22)(22)]H
z Z H
dﬁz)(zz) = [0.0500 0.2204 0.0332] 2 = p(z) q;(z;) 1 qs(z;) 1
(Az) ~ A(z) _ (66)
A%(z,) A%(z,)
dP(z,) = 0 q4(2y) 2 q4(z3) 2
A(z;) = [1.0000 0.5250 0.0500]z, On applying Algorithm 1 to (66), we obtain
z,=[2 2z 1] . ndz,
=l w1 3 4, )]
Using (40)-(49), we compute J 1z,=1
4 392
ay(z,) =0 _ [0 108 0.3925 )
B2(2;) = n$(z,) 0.3925  0.3804

n(z;,z,) = "(01)(22)21 + ”(11)(22)
di(zy,2,) = dgl’(zz)z] + d§1)(zz)
where

ny’(z,) =0

Note that on the unit circle T, the spectral factorization
of [A(z,)* — | p(z,)I* leads to

|A(2) 1" =1 p(22) I = A(23)A(z3Y) = p(22)p(25 ")

= v(z,)v(z;")
where

0 ) = 1 D(2.1dD( 5
() = m(2) = n(2)d0(Z,) v(z,) = 0.863722 + 0.4807z, + 0.0387.
A(z Z,) — z
= I1ACz2)la1(2,) q3(22)p(i2) Hence on T, the first term on the right-hand side of (65)
[A(2,)1g2(2;) — 94(22) p(2,) becomes
__1— ’A(Zz)lz H
A(z,)]A(z,)] |A(zz)lz_Ip(zz)lzﬁl(ZZ)Bl (2,)
di’(z,) =1 H
912(2;) 4:12(2;)
d§1)(22)=p(22)/A(22). = l:v(ZZ)AZ(ZZ):H:v(Z )AZ(Z ) (68)
2 2
where
(z,) = [0.0287 0.5093 2.1844 3.7150 2.2886 0.5463 0.0393 7
92( 22 0.0396 0.5473 15470 1.4374 0.5699 0.0978 0.0058 |“2
Z,= (25 25 2} 2 2 2, I]T
— — and the application of Algorithm 1 to (68) gives
Hence 1 1A(z,) |2 .,
a(zy) =p(z,)/A(z,) E ﬁ,\:] IA(zz)|2 *|P(Zz)|2 B.(z,)B1 (2;)
Bi(z2) = ni(z;) 55320 1.3018
no(z1,23) = n(z,) = —dP(2,)n(2,) = 13018 1.4894]' (69)
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Equations (53), (65), (66), and (69) now imply that
_[59428 16943
1.6943 1.4894 |°

As pointed out in Section V-A, with several straightfor-
ward modifications, Algorithms 2 and 1 can be used to
obtain the complete gramians K, and W, as

Kll

5.9428 1.6943 | —0.1963 —0.0070 ]
K. — |._1:6943 14894 | -0.0196 —0.0007
z —0.1963 —0.0196 | 13363 —2.2425
| —0.0070 —0.0007 | —2.2425 4.0696

and
0.3233 —0.5691 ! —0.1714 0.9097
w. = | 705691 10758 | 04672 —19018
z - 0.1714 0.4672 | 0.5282 —1.0648
0.9097 —1.9018 | —1.0648 4.1374

In order to compare the proposed method with the
truncation and integration methods with respect to com-
putational efficiency and accuracy, the three methods
were programmed in MATLAB (version 3.5¢) on a Sun
workstation using double-precision floating-point arith-
metic. The total number of floating-point operations
(flops) required to compute K;; and W;; (i = 1,2) and to
compute the entire K, and W, by the proposed method
were found to be 3.82 X 10° and 9.86 X 10°, respectively.
In order to compute the gramians to an accuracy of 4
significant digits, the truncation method described in (59)
required N, =N, =15 and a total of 7.2 X 10* flops
while the integration method described in (62) and (63)
required N, = N, = 20 and a total of 2.96 X 10° flops.
Note that in these methods, the entire gramians must be
computed even in the case where matrices K;; and W;
(i # j) are not required.

VII. CONCLUSIONS

A general and computationally efficient method for the
evaluation of the controllability and observability grami-
ans of 2-D digital filters and systems has been proposed.
The new method yields a high-accuracy closed-form solu-
tion of the problem at hand and, in addition, it requires
only a fraction of the computation required by existing
methods. In the case of a 2-D digital filter of order (2,2),
the new method required only 5.3 (13.7)% of the compu-
tation required by the truncation method and only 1.3
(3.4)% that required by the numerical integration method
to compute K, and W (i =1,2) (K, and W,). The
theoretical foundation of the method is the AJA algo-
rithm which was originally proposed for the evaluation of
scalar loss functions of stationary random processes with
rational spectral density. Through a two-stage extension
of the AJA algorithm, the evaluation of 2-D gramians can
be carried out by recursively computing the positive
Hermitian solution of the parametric 1-D Lyapunov equa-
tion given in (32) and then recursively computing the
complex integral in (31) by means of the 1-D spectral
factorization technique.
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