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Design of Two-Dimensional FIR Digital
Filters by Using the Singular-Value
Decomposition

WU-SHENG LU, MEMBER, 1EEE, HUI-PING WANG, STUDENT MEMBER, IEEE,
AND ANDREAS ANTONIOU, FELLOW, IEEE

Abstract —The singular-value decomposition (SVD) is applied in the
design of two-di 1 (2-D) FIR digital filters. It is shown that three
realizations are possible, namely, a direct realization, a modified version of
the direct realization, and a realization based on the combined application
of the SV and LU decompositions. Each of the three realizations consists
of a parallel arrangement of cascaded pairs of 1-D filters; hence extensive
paraliel processing and pipelining can be applled The 1-D FIR filters can
be designed using well-known d and by using
linear-phase filters, linear-phase causal 2-D fllters can be designed which
are suitable for real-time or quasi-real-time applications. The three realiza-
tions are compared and it is shown that the realization based on the SV
and LU decompositions leads to the lowest approximation error and
involves the Hest of multiplications. The SVD, the McClellan
transformation, and the 2-D window design methods are used to design a
bandpass and a fan filter, and the results obtained are compared.

q
d

thad

h

L

HE design of 2-D digital filters by using the singular-
value decomposition (SVD) and other similar decom-
positions has been investigated by a number of researchers
[1]-[6]. This design approach has several advantages. First,
the design can be accomplished by designing a set of 1-D
subfilters and, therefore, the many well-established tech-
niques for the design of 1-D filters can be employed,;
second, the resulting 2-D filter is stable if the 1-D subfil-
ters employed are stable; and third, the 1-D subfilters
form a parallel structure which allows extensive parallel
processing. As pointed out in [3], the SVD approach can
be used for the design of either infinite-impulse response
(IIR) or finite-impulse response (FIR) 2-D filters. While
high selectivity can be achieved by using low-order IIR
designs for the parallel 1-D subfilters, zero phase is re-
quired for each subfilter. This necessitates data transposi-
tions at the inputs and outputs of subfilters and, as a
result, the usefulness of these designs is limited to
nonreal-time applications, where the delay introduced in
the processing is unimportant.
In this paper, the SVD approach reported in [3] is
applied in conjunction with 1-D FIR techniques for the
design of 2-D quadrantally-symmetric FIR filters. It is
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shown that three realizations are possible and in each case,
causal, linear-phase designs can easily be obtained. The
first realization is based on the direct application of the
SVD to a matrix representing the required amplitude re-
sponse and as in the IIR realizations reported in [3], the
number of parallel filter sections is equal to the number of
singular values used in the design. In practice, a designer
would attempt to keep the error introduced by the applica-
tion of the SVD as low as possible by using as many as
singular values as possible in the design. However, as more
and more singular values are used, more and more parallel
sections are required which increase the computational
complexity or the cost of hardware involved in the imple-
mentation. The second realization is a modified version of
the first which takes advantage of the symmetry of the
impulse response of a linear-phase 2-D FIR filter. The
design is reformulated in terms of the singular values of a
matrix C of rank r,, where r, does not exceed half of the
order of the 1-D FIR filters used. This allows the designer
to eliminate the error introduced by the application of the
SVD using a smaller number of parallel sections. The third
realization is, in effect, a modified version of the second
realization which has the same advantage with respect to
the number of parallel sections required to eliminate the
error introduced by the application of the SVD and has, in
addition, the advantage that the number of multiplications
can be reduced further through the use of the LU decom-
position.

In all three realization methods, the outcome is a 2-D
causal linear-phase parallel filter which is suitable for
real-time or quasi-real-time applications.

II.

A 2-D FIR digital filter with support in the rectangle
defined by —(N,—1)/2<n,;<(N,—-1)/2, i=1, 2, can be
characterized by the transfer function

DESIGN

(N —1)/2 N, -1)/2

) >

m=—(M-1)/2n=-(N~1)/2

H(z,2,) = h(ny,ny)z; "z, ™
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where h(ny, n,) is its impulse response. If h(ny, n,) is real,
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and

h(ny,ny)=h(- ny, —ny)
then the frequency response of the filter
H( ej“’lTl’ e/""sz)

(N —1)/2 (M -1)/2

= X >

m=—(N-1)/2n=~(N,~-1)/2
= X("-’l,wz)

h(nl, nz)e_jwlnlrle_j“’Z"ZTZ

is a real function which is even with respect to w, and .
The transfer function given in (1) can be rewritten as
K
H(z),2,) = ZE(ZI)GI'(ZZ) (2
i=1
where Fi(z;) and G,(z,) are transfer functions of 1-D
subfilters in the z; and z, domains, respectively. If these
subfilters are FIR filters with support in the rectangle
defined by —(N,—1)/2 <n; < (N,-1)/2, i =1,2, we have

(M ~-1)/2
F(z)= X flm)zm 3)
m=—(M-1)/2
and
(N, —-1)/2
Gi(z,) = Y aln)zpm (4)

ny=—(M-1)/2
and if Fy(z)) and G,(z,) are assumed to represent zero-
phase filters, then their frequency responses are given by
(M-1)/2

F(em®)= ¥

m=-(M-1)/2

=q):(‘*’1)

fi(ny) e/t

)

and
(N, —1)/2
G;(e/2) = )y

m==(M-1)/2

=T(w,) (6)

where ©,(w,) and T(w,) are real functions which are even

with respect to @, and w,, respectively. Consequently,

from (2) to (6) the frequency response for a quadrantally-
symmetric 2-D filter can be written as

g(ny) el

K
H(e/ T i) = ¥ F (o) G, (e/2T2)
i=1

= vgléi(wl)ri(wZ)

= X(w;, 0,). (7)
Now assume that matrix 4= {aq,,,} represents a de-
sired frequency response, i.e.,

Ty TV,
X|— =] =a,,, l<i<Lil<m<M (8)
L, T, '
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where p,; and »,, are normalized frequencies such that
-1 m-—1

Rl vou T

and 0 < g, <1, 0 <, <1. The SVD of A gives

g

©)

where o, are the singular values of 4 such that ,> g, >
 >0,>0, ristherank of 4, and &, = o}/%u;, %, = 0!/ %,.

On assuming that &, and #, are sampled versions of the
frequency responses of the 1-D filters characterized by
F(z;) and G(z,), respectively, a 2-D zero-phase FIR filter
can be designed by designing two sets of 1-D zero-phase
FIR subfilters characterized by Fy(z,) and G,(z,), where
1<i<r. A 2-D causal linear-phase filter can readily be
obtained by shifting the impulse response by (N, —1)/2
and (N, —1)/2 with respect to the n, axis and n, axis,
respectively. This can be accomplished by multiplying
Fi(z)) and G,(z,) by z;y M~/ and z;M~D/2 respec-
tively.

The design of the 2-D filter can be completed by using
any one of the standard methods for the design of 1-D
FIR filters. Using the Fourier series method in conjunction
with window techniques [7], designs can be obtained very
quickly with a small amount of computational effort.
These designs are not optimal although the approximation
error can be made arbitrarily small by increasing the order
of the 1-D filters used. On the other hand, by using
methods based on the Reméz algorithm (8], it may be
possible to obtain optimal designs although a large amount
of computation would be required.

III. SVD REALIZATIONS

Three ‘distinct realizations are possible through the ap-
plication of the SVD, which will be referred to as the
direct-SVD realization, the modified-SVD realization, and
the SVD-LUD realization.

A. Direct-SVD Realization

The direct-SVD realization is obtained by using the
design method described in Section II. The steps involved
are as follows.

1) Specify the desired amplitude response and thereby
obtain the corresponding sampled amplitude-response ma-
trix A given in (8).

2) Decompose matrix 4 using the SVD as in (%) to get
@; and &, where 1<i<r.

3) Design K 2-D FIR filters, each of which is obtained
by designing two 1-D zero-phase FIR filters characterized
by transfer functions F(z;) and G,(z,) corresponding to
the desired amplitude responses @; and o, respectively,
where 1<i< K and 1<K <r.

4) Obtain the resulting 2-D zero-phase transfer function
through (2).
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5) Multiply the resulting 2-D zero-phase transfer func-
tion by z; VD72 and z;(N7D72, respectively, to obtain
the linear-phase 2-D transfer function.

If N = N, = N, the number of the multiplications needed
in the direct SVD realization is 2KN where
Ve N/2, if N is even
T l(N+1) /2, if N is old
is the number of multiplications needed in the implemen-
tation of a 1-D FIR filter. Integer K is the number of
singular values that must be used in the design to reduce

the approximation error introduced by the SVD to a
satisfactory level.

B. Modified-SVD Realization

The modified-SVD realization can be obtained by ma-
nipulaiing the transfer function of the 2-D filter. From (2)
to (4), we can write

H(z,,z2,)

(N-1)/2
|y
m

i =—(N-1)/2
[ (N-1)/2

Z gi(nz)zz—nz}

n=—(N=-1)/2
(N-1)2 (N-1)/2 [ K

¥ y Zf,(nl)g,-(nz)]z;"lz;"z

m=—(N-1)/2n,=—(N-1/2Li=1
(N-1)/2 (N-1)/2

>

K
=1

fi(”l)zfnl}

= E Z C(nlv ”2)21_"122_'12 (10)
m=—(N-1)/2n;=—(N-1)/2
where
K
c(ny,ny) = Zﬁ(m)gi("z)- (11)
i=1

The SVD of matrix C = {¢(n, n,)} can be written as

rC
= T
C= Z Ocill iU
i=1

r('

= Z ﬁciaz; (12)
i=1
where r, is the rank of C. Now if all the singular values of
C for i > K can be neglected, we can write
K,

C= ) i,
i=1
and on combining (10) and (13), we have
H(z,z2,)
(N-1)/2 (N=-1)/2 K,

) Y X

n=—~(N=1)/2 ny=—(N=1)/2 i=1

(13)

R

-a“(nl)[ju_(nz)zf”lz{"z

N

LG = Hm) ()
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where

(N=1)/2

Fci(zl) = b

m=—(N-1/2

acl(nl)zl_nl

and

(N-1)/2

éci(zl) = )»

ny=—(N-1)/2

5ci(n2)z;n2‘

Therefore, a realization can be obtained by connecting K,
(1< K,.<r,) 2-D zero-phase filters in parallel, where each
2-D filter consists of two cascaded 1-D FIR filters repre-
sented by F,(z,) and G.,(z,).

A step-by-step procedure for the modified-SVD realiza-
tion starts with steps (1)-(4) given in Section III-A and
concludes with the following additional steps.

5) Form coefficient matrix C by (11).

6) Perform the SVD on matrix C to obtain vectors &,
and ¢, 1<i<r, as in (12) and retain the vectors corre-
sponding to the K, most significant singular values.

7) Obtain the 2-D zero-phase transfer function through
(14).

By (1)

C=

i

1>

fel=1h fellg - gcl”

1

where
F=1A(-(N=-1)72)- - f((N-1)/2)]”
g=[g(-(N-1),2)---g((N-1),2)]".

Hence it follows that the rank of C satisfies the inequality
r.< K. Moreover, since each f; and g, are mirror-image
symmetric, matrix C is quadrantally symmetric (see (A.1)
in Appendix A). Consequently, there are at most N lin-
early independent row (or column) vectors in C and,
therefore,

r.<min(N, K). (15)

In the modified-SVD realization, vectors &, and &, in
(12) are all mirror-image symmetric, as shown in Appendix
A. Consequently, F,(z,) and G,,(z,) represent 1-D zero-
phase FIR filters which can be readily designed using one
of the standard methods. A 2-D, causal, linear-phase real-
ization can be obtained by multiplying Ii,(zl) and G(z,)
by z; VD72 and z; (¥N=1/2 respectively.

The number of multiplications required by the modified-
SVD realization is 2K _N. If K < N then from (15) we have
K, <r,< K and, therefore, the modified-SVD realization
is more economical than the direct-SVD realization. If
K > N, we have K, < r. < N and, once again, the modified-
SVD realization is more economical than the direct-SVD
realization. In the latter case, the modified-SVD realization
has the additional advantage that the value of K can be
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increased to r, the number of singular values in A4, without
increasing the number of multiplications. Consequently,
the approximation error can be reduced further at no
additional cost.

C. SVD-LUD Realization

The SVD-LUD realization is similar to the modified-
SVD realization but, as will be shown, it is more economi-
cal in terms of the number of multiplications required.
Instead of decomposing C using the SVD, the LUD is
used [9] to give

C=LV, (16)
where L, and U, € RV*" are lower and upper triangular
matrices, respectively. Since matrix C given by (11) is

quadrantally symmetric, it can be shown that L.={i, i}
and U = (u, ;} satisfy the relations:

Ly =In_is, ) forl<i, j<N
L, ;=0, forj>r,
5, ;=0, fori<j; j<r,

and
for1<i, j<N

U j= Ui N—j+1>

u; ; =0, fori>r,
“i.,:O» for j<ijigr,
respectively, i.e., L, and U, have the forms:
[+ 0 0]
* * 0 0
* * 0 0
L. = :
* 0 0
* 0 0
[+ 0 0
and
* * * * * *
0 * x 0
_ 0 = * 0
Ue= 0 0
00 0 -~ 0 0 0

respectively, (see Appendix B) where the nonzero columns
(rows) in L (U,) are also mirror-image symmetric.

Nowif welet Z,=[zN"D/2 ... 1... ,~(N-D/2) j—7
2, then (14) can be written as

ﬁ(zl’ z,) =ZchUeZZT

K.
= Z Lci(zl)Uci(ZZ) (17)
i=1
where 1< K, <r, and
(N+1)/2—i
Lci(zl) = Z lnl,izl_”l

m=i—(N+1)/2
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TABLE 1

Realizations | Direct SVD | Modified SVD | SVD-LUD |
No. of Multipl 2K N 2K N K(2N - K. +1)

Upper Bound orN 282 NN +1)

and
(N+1)/2—i
= ]
(]“-(22) Z ui,n222 .
ny=i—(N+1)/2

A 2-D causal linear-phase reahzatlon can be obtained by
multiplying L_(z,) and U,(z,) by z ¥-1/2 4p4
z; (V=172 respectively.
A step- by -step procedure for the SVD-LUD realization
starts with steps (1)-(4) given in Section III-A and con-
cludes with the additional steps:

5a) Form coefficient matrix C using (11).

6a) Perform the LUD on matrix C to obtain matrices L,
and U, by (16).

7a) Obtain the 2-D zero-phase transfer function through
a7.

As in the modified-SVD realization, full accuracy can be
achieved by using r, parallel sections along with K =r,
accordmg to (15). The number of multiplications required
in this realization is K (2N K. +1), where 1<K <r,
which is always less than 2K N, the number of multlphca-
tions required in the modlfled SVD method. Also note that
by (15), K.(2N — K, +1), has an upper bound N(N +1)
which is less than 2N 2, the upper bound for the modified
SVD method. Consequently, the SVD-LUD method usu-
ally leads to the most economical realization. The numbers
of multiplications required by the three realization schemes
are given in Table 1.

IV. ERROR ANALYSIS

As was demonstrated in Section III, in the direct-SVD
realization a number of singular values of 4 and in the
modified-SVD and SVD-LUD realizations a number of
singular values of 4 and/or C may be neglected in prac-
tice. In this section, a quantitative error analysis is under-
taken which would facilitate the determination of the
number(s) of singular values that should be used in the
design and the maximum approximation error that should
be achieved in the design of the 1-D filters.

A. Direct-SVD Realization

Assume that the direct-SVD method has been used to
design a 2-D FIR filter for a desired frequency response A
and that its transfer function H(z,, z,) is given by (2). Let
f and g; be the column vectors obtained by evaluating
®,(w,) and I (w,) at frequencies w,=mp,/T, and w,=
wv,,/T,, where 1</< L and 1<m< M, respectively, i.e.,

f= [‘I’(WTM;) Q(%”T

co[of)of2)
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The amplitude response of the 2-D filter at frequency
point (w,, w,) = (mp, /Ty, v,/ T,) is given by LXf g7 and,
therefore, the approximation error at this frequency point
is the (/, m) entry in the error matrix E defined by

E:{elm}

Zf

r

(fg, )_ Z aiuiUiT'

i=K+1

(18)

1|M><|

If we define

Ad, = f;-
then A&; and A®, represent the approximation errors in
the 1-D frequency responses ®,(w;) and T,(w,), respec-
tively. From (18), we can write

i; A, =g,

K
E= Y (8a#+ i, AeT + Aii, A5 ) —
i=1

Zoxll

i=K+1
K r

= ¥ [6}?(Aaof + uAdT )+ A AT |- Y o0l
i=1 i=K+1

The (I, m) entry of matrix E can be expressed as

em=[r P p)Elg 4 aul”
where
_ { 1, fori=|
Pi 0, otherwise
and
_ { 1, fori=m
a 0, otherwise
and hence

K
€rm= Z [OI'I/Z(AM Uim + uIIszm)

i=1

r

)y Ol Vim
i=K+1
where u;, denotes the /th component of vector u,, etc.
Since vectors u; and v; are all unit vectors for 1 <i<r, an
upper bound on the magnitude of ¢, ,, can be obtained as

+ Adi, AG,,| -

r

K
Z[Uz'l/z(fli+‘2i)+51,‘2i]+ Z o; (19)

i=1 i=K+1

|el,m| <

where ¢;; and ¢,, represent the maximum approximation
errors in the frequency responses ®,(w,) and T,(w,), re-
spectively.

If the approximation error in each 1-D filter design is
reasonably small, then the high-order terms ¢;,¢,;, 1<i <
K, in inequality (19) can be neglected. We note also that
the right-hand side in (19) is independent of / and m, and
hence (19) holds also for the maximum of |e, ,|. We have,
therefore, obtained an upper bound for the maximum
approximation error over the set of sampled frequency
points as

<M‘el,m1<€pk+(rk (20)
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where the principal error €, and the residual error ¢, are
defined by

K

€pK= Z

i=1

(21)

011/2(‘15 te Zi)
and

(22)

respectively.

The error bound given by (20) shows clearly how the
choice of K and the approximation error introduced by a
specific 1-D design technique affect the overall approxima-
tion error in the 2-D filter. In practice, K should be
chosen sufficiently small to keep the number of parallel
sections small and the residual error €,, acceptable. Hav-
ing determined the value of X, the principal error ¢, can
also be made acceptable by controlling the 1-D design
errors €,; and €,; for 1 </ < K, by increasing the orders of
the 1-D filters or by usmg a better design method for the
1-D filters. From (21) it follows that small approximation
error should be obtained in the design of those 1-D filters
that correspond to the large singular values.

B. Modified-SVD and SVD-LUD Realizations

As in the direct-SVD realization, a trade-off exists be-
tween the number of parallel sections used and the approx-
imation error. An error analysis is, therefore, useful to the
designer.

Assume that a 2-D FIR filter has been designed using K
singular values of the desired frequency response A4 and
that its transfer function H(z,, z,) is given by (10). If a
modified-SVD or a SVD-LUD realization is obtained

comprising K, parallel sections, where 1< K <r,, the
error introduced is given from (10) and (14) as
H(Zl’ZZ)iﬁ(zl’22)=Zl Z ocz ci CI ZZ (23)
i=K +1

where Z;, i=1,2, are row vectors as defined in Section
III-C and

K,
H(ZI’ZZ) Zl( Z ouu(‘xvcl

i=1

z7

=

)

i=

F,(2,)G,(zy).

Under these circumstances, the approximation error at
frequency point (w,, w,) = (7, /T, 7v,,/T,) is given by
11, ml = |y, = H(e/T, /oT2)]

<lay = H(e™ T, eloeT))
+ |H(el“’lT1’ efwzrz) — ]-?(e]wx'rx, ej"’zrz)|
Sleppl+ [H(e/ T, eaT) = H(edom, eiT)| (24)

where |e, .| has an upper bound given by (20) and by (23)
the second term on the right-hand side in (24) can be
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estimated as

|H(ejw1T1’ ef‘"sz) — ﬁ(ej“’ln, ej“sz)|

rc
— T
- Zl Z octuctvcx ZZ
i=K +1
r(‘
T
<IZIIZA|| X o]
i=K +1
r(
<N E O (25)
i=k +1
where ||-|| denotes the Euclidean norm of the matrix in-

volved. The estimate in (24) in conjunction with (20) and
(25) leads to

~

e =

(26)

where ¢ px and e, are given by (21) and (22), respectively,
and €, given by

max

|6/ ml <€, x+e€,x+e
I<i<Lilismsm "™ P 4 s

’C

=N Y o

s ci
i=K . +1

(27)

is the error introduced by using a reduced number of
sections,

With K =r, the residual error in (26) vanishes and (26)
becomes

(28)

In other words, one can design a linear-phase 2-D FIR
digital filter using only K, parallel sections if all the 1-D
filters involved are designed such that the principal error
€,, is sufficiently small and, if X, is chosen such that the
error in (27) is also sufficiently small.

€ S €, T e

V. EXAMPLES

In this section, the design of a bandpass and a fan 2-D
filter are presented to illustrate the effectiveness of the
proposed design method.

Example 1

The desired amplitude response of a circularly-symmet-
ric 2-D bandpass FIR filter is specified by

0, 0<yol+w! <wy
Ty Ty} — 2. 2
|Hy(e/iT, e/ 2| = (1, Wy YT + W) W,y
0, Wy <Yl +wigw

where w1—0241r W = 0.367, w,,=0.647, and w,,
0.767 and is illustrated in Fig. 1. The correspondmg

sampled amplitude response A, =|H,(e/™, e/™n)| using
L = M =36 can be expressed as

[21 2
0, Oyps+v, <wy/m
[Hy(e™e/™) = (1, og/m<i+v2 <wy/m

0, Wer /T < i+ p5, <1
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Fig. 1. Ideal amplitude response of 2-D FIR bandpass digital filter.
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Fig. 2. Singular-value distribution of matrix A,.
where

= (1/D(0at0u); wo=(1/2)(0n+6,,).

An easy-to-use numerically reliable software package
called MATLAB has been used to perform SVD on matrix
A, in order to obtain the necessary data for the designs in
the following steps.

The 1-D FIR filters were designed by using the Fourier
series method along with the Kaiser window function,
which is known for its flexibility [7]. As may be expected,
the higher the order of the 1-D filters, the lower the
approximation error. By trial and error, a value of 29 for N
was found to give satisfactory results.

As is shown in Fig. 2, there are 19 nonzero singular
values resulting from the SVD of matrix 4, but only the
first 9 are significant. The 3-D plot and the contour plot of
the amplitude response obtained for a direct-SVD realiza-
tion with 9 sections are shown in Fig. 3(a) and (b) (each
contour plot used in this paper has 12 levels), respectively.

If all 19 nonzero singular values of A, are used in the
design, then the rank of matrix C defined in (11) is 15.
However, only 9 singular values of C are significant and
the digital filter can be realized using the modified-SVD or
SVD-LUD scheme with K_=9. The 3-D plot and the
contour plot of the amplitude response obtained are shown
in Fig. 4(a) and (b), respectively. The maximum passband
and stopband errors for different values of K and K, are
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Fig. 3. Amplitude response of bandpass filter using the direct-SVD

realization with K = 9. (a) 3-D plot. (b) Contour plot.

shown in Table II. The number of multiplications required
by the three realization schemes are listed in Table III. An
examination of Tables II and III suggests that the best
choice for the designer is to use X =19 and K,=9, and
realize the filter by the SVD-LUD scheme.

Example 2

The above approach has also been applied for the design
of a fan filter having an amplitude response

1, wy <0.6w; —0.028577

Jo Jw, T =
|H, e/, e/2T2)| {0’ w,>0.6w,+0.11437

for 0 < wy, w, < 7, as depicted in Fig. 5. The corresponding
sampled amplitude response A4,=|H,(e/™,e/™n)| with
L = M = 36 can be written as

1,

. . <0.6p, +0.0457

v, > 0.6p,+0.0457°

There are 22 nonzero singular values resulting from the
SVD of matrix A4, as depicted in Fig. 6 but only the first 9
are significant. The amplitude response obtained for a
direct-SVD realization with K = 9 is illustrated in Fig. 7(a)
and (b).
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Fig. 4. Amplitude response

(b)

of bandpass filter using the modified-SVD

or SVD-LUD realization with K =19 and K_=9. (a) 3-D plot. (b)

Contour plot.

TABLE 1II
Direct SVD Modified SVD
or SVD-LUD
K 9 15 19 K=19K. =9
Max. Passband Error | 0.0332 | 0.0276 | 0.0275 0.0282
Max. Stopband Error || 0.0290 | 0.0287 | 0.0263 0.0274
TABLE III
K || Direct SVD Modified SVD SVD-LUD
K =9|K=15|K =9k =15
9 270 270 N/A 198 N/A
15 450 270 450 198 240
19 570 270 450 198 240
22 660 270 450 198 240

If all 22 nonzero singular values of 4, are used in the
design, then the rank of matrix C defined in (11) is 15 but
only 9 singular values of C are significant. Therefore, the
digital filter can be realized using the modified-SVD or
SVD-LUD realization scheme with K_=9. The amplitude
response obtained is illustrated in Fig. 8(a) and (b). The
maximum passband and stopband errors for different val-
ues of K and K, are shown in Table IV. The number of
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Fig. 6. Singular-value distribution of matrix 4,.

multiplications required by the three realization schemes
are given in Table III. An examination of Tables IV and
III suggests that the best choice for the designer is to use
K =122, K.=9 and realize the filter by the SVD-LUD
scheme.

VL

To compare the proposed design method with other
well-established design methods, the McClellan transfor-
mation method [10], [11] and the 2-D window method [12]
have been used to design the same bandpass and fan
filters.

A 1-D bandpass FIR filter of order 29 was first designed
and the linear McClellan transformation recommended in
[10] was then used to obtain a 29X 29 2-D, circularly-sym-
metric, bandpass filter. The amplitude response obtained is
illustrated in Fig. 9(a) and (b). The application of the
window method gives a 29X29 bandpass filter whose
amplitude response is illustrated in Fig. 10(a) and (b).

The maximum passband and stopband errors obtained
are summarized in Table V along with the results obtained
in the SVD-LUD realization with K =19 and K,=9. As
can be seen, the SVD approach gave the lowest approxi-
mation error with respect to the passband and stopbands
and resulted, in addition, in highly circular contours in the
amplitude response. The window method gave a fairly
good approximation but a relatively large number of
multiplications is required in the implementation. The

COMPARISONS
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Fig. 7. Amplitude response of fan filter using the direct-SVD realiza-
tion with K = 9. (a) 3-D plot. (b) Contour plot.

McClellan transformation, on the other hand, resulted in
the most economical realization [13] but, unfortunately,
the approximation error is quite large in the upper stop-
band. Furthermore, the circularity of the contours of the
amplitude response deteriorates rapidly as w, and w, are
increased.

The McClellan transformation and window method were
then used to design the fan filter of Example 2. The
amplitude responses achieved are shown in Figs. 11 and
12, respectively. The results obtained are summarized in
Table VI along with the results obtained in the SVD-LUD
realization with K =22 and K_=9. Evidently, these re-
sults are fairly consistent with those in Table V and one is,
therefore, tempted to conclude that the aforementioned
merits and demerits of the three approaches are applicable
to other types of filters.

VII. CONCLUSIONS

The SVD has been applied in the design of 2-D FIR
digital filters and three realizations have been proposed.
The direct-SVD realization is based on the principles used
in [3] for the design of 2-D IIR filters. However, the
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Fig. 8. Amplitude response of fan filter using the modified-SVD or
SVD-LUD realization with K=22 and K_=9. (a) 3-D plot. (b)
Contour plot.

TABLE IV

Direct SVD Modified SVD
or SVD-LUD
K =2, K =9
0.0411
0.0281

K 9 15 22
Max. Passband Error || 0.0475 | 0.0391 | 0.0390
Max. Stopband Error || 0.0331 | 0.0267 | 0.0250

modified-SVD and SVD-LUD realizations are, to the
knowledge of the authors, new.

Each of the three realizations consists of a parallel
arrangement of cascaded pairs of 1-D digital filters. Hence
extensive parallel processing and pipelining can be applied.
The 1-D FIR filters can be designed using well-known
standard design methods and by using linear-phase causal
1-D filters, linear-phase causal 2-D filters can be obtained.

A quantitative error analysis has been carried out which
can facilitate the determination of K and K, the numbers
of singular values of matrices A and C, that should be
used in the design and the maximum approximation error
that should be achieved in the design of the 1-D filters.

The three realizations were used to design a bandpass
and a fan filter and the results obtained were compared. It

43

» _, il
(ww;,,' v ‘{\\\\
L

III

- -

(b)

Fig. 9. Amplitude response of bandpass filter using the McClellan
transformation method. (a) 3-D plot. (b) Contour plot.

was found that when the same number of parallel sections
are used in the three realizations, the modified-SVD real-
ization results in a smaller approximation error than the
direct-SVD realization and the SVD-LUD realization re-
sults in the same approximation error as the modified-SVD
realization but requires a reduced number of multiplica-
tions. Therefore, the SVD-LUD realization is the best of
the three and should always be preferred. However, this
does not obviate the need for the other two realizations
since the direct-SVD realization must be obtained before
the modified-SVD realization can be obtained and, in turn,
the modified-SVD realization must be obtained before the
SVD-LUD realization can be obtained.

The bandpass and fan filters were also designed using
the McClellan transformation and the 2-D window method
and the results obtained were compared with the results
obtained using the SVD approach. The SVD-LUD realiza-
tion resulted in very good approximations both with re-
spect to the passband and stopband(s) while the computa-
tional complexity was moderate in both examples; in the
case of the bandpass filter, excellent contour circularity
was achieved in the passband. The 2-D window method



i

/// m
!
451/ 0 "

”

"n

| u‘

‘

(b

Fig. 10. Amplitude response of bandpass filter using the window
method. (a) 3-D plot. (b) Contour plot.

resulted in fairly good approximations but the number of
multiplications required in each design was very high. The
McClellan transformation resulted in the most economical
designs but the approximation error was found to be quite
large in the upper stopband of the bandpass filter and the
stopband of the fan filter; in addition, in the bandpass
filter the circularity of the contours was found to deterio-
rate at higher frequencies.

APPENDIX A

Let C={c, ;,0<i, j<N-1, N=
quadrantally- symmetnc matrix, i.e.,

odd} be an N X N

(A1)

CijTCN-1-j T CNo1~i, T N1 N1~

If a matrix I is defined by

0 010

. {0 100

i=|. Co (A2)
1 00 0

where the size of I is I X k, and k = (N+1)/2, I=(N-
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Fig. 11.  Amplitude response of fan filter using the McClellan transfor-

mation method. (a) 3-D plot. (b) Contour plot.
co|% 0 [Cl 0] I, Ir
I rflo ollo 1

where C, is the k X k principal minor of C. Assume that
the SVD of matrix C, is given by

C, =USV
From (A.3) and (A.4), matrix C can be expressed as

1)/2, then matrix C can be decomposed as

(A3)

(A.4)

| @ O[s1 0] noo]
v, oflo ol{fv, o
0]1V10T
h IUO ol\v2|fv, o

(A5)

[ ][2s1 0][V1 0]

Y 4 F-—|h (A6
i, an = |, | .6)

where
1

=

|
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Fig. 12. Amplitude response of fan filter using the window method.
(a) 3-D plot. (b) Contour plot.
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where U=[U, U,) and ¥=[¥V, V¥,] are orthogonal ma-
trices, #; and v, represent the ith column of U and V,

respectively, &; = o!/%u,, #,= o/%, and
[o, 0 07
0 o 0 0
s— [251 0] _ g,
0 0
0
L 0 0

From (A.2) and (A.6), we now observe that the first k
columns of U and ¥V are all mirror-image symmetric and,
consequently, the vectors &, and &; in (A.7) are all mirror-
image symmetric.

APPENDIX B
If the LUD of matrix C, is given by
G, =LV (B.1)

where L, and U, are lower and upper triangular matrices
of size N, then (A.1) implies that

C- I, O[L1 0][01 0] I, IT
I rflo ollo olfo 1

_ Ll 0 l]1 Ul.fT
i, ollo o

and, therefore, the LUD of C is given by
c=Ly,

where L, and U, are of the form given in Section III-C.
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