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An Efficient Implementation Scheme for
Quadrantally Symmetric 2-D Digital Filters

WU-SHENG LU anp BRUCE LEE

Abstract —A parallel structure is proposed for implementation of a
general quadrant-plane causal 2-D transfer function where each channel is
realized such that spatial delays in the two directions are minimal. The
appropriate framework is provided by the singular value decomposition
technique in conjunction with recent results from 2-D realization theory.
The class of quadrantally symmetric filters is especially discussed since it
would gain most from the proposed realization structure.

1. INTRODUCTION

Realizations and implementations of two-dimensional (2-D)
discrete systems and digital filters have been studied for some
time, see [1]-[5] and references therein. It is known that given an
arbitrary, single-input-single-output, causal, 2-D transfer func-
tion H(z,,z,) of order (n, m), the existence of an absolutely
minimal realization in Roesser’s local state-space form over the
field of complex numbers C is still not resolved [2], [3]. In the
digital filter setting, because of the widespread use of micro-
processors in implementation of digital filters and the rapid
growth of VLSI techniques, it is often significant to find realiza-
tion schemes that minimize the output noise power due to finite
precision in the implementation of the 2-D filter and that provide
filter structures suitable for VLSIL.

Using the singular value decomposition (SVD) technique in
conjunction with 2-D realization theory [2] and recent develop-
ment in synthesis of 2-D state-space filters [6], we present a
parallel structure realizing a general quadrant-plane (QP) causal
2-D transfer function in which each channel is realized such that
the numbers of delay elements used in both directions are minimal
and the output noise power due to the roundoff of products is
also minimal. This fast-parallel processing structure is quite suit-
able for VLSI implementation. Some important classes of 2-D
filters such as circularly symmetric filters and fan filters are
further discussed since they would gain most from the proposed
realization structure. A discussion of various decomposition
schemes for multidimensional filters can be found in a paper by
Venetsanopoulos and Mertzios [8].

II. SVD AND PARALLEL REALIZATION

Let
n m
(21022 ;.0 EOf'JZ{Zé
H(Zla22)= (1’ )= n jm ) q00=1 (1)
KD YD DA
i=0j=0

be the transfer function of a QP causal 2-D digital filter of order
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(n, m). Using matrix notation, (1) can be rewritten as

ZIFz,
z{0z,

(2

H(Zl’zz) =

where

F=(fij) GR(n+1)X(m+l)' Q=(qij) e R+ DX (m+1)

le EC-n+1
and

Z2= ecm+1.

For simplicity n > m is always assumed. It is well known [7] that
the SVD of matrix F is given as

F=UZVT (3)

where U and V are orthogonal matrices of dimension n+1 and
m + 1, respectively, and
[3
0

with =, =diag{a,,0,, - 0,0, --0} €RmDX(m¥D g >
>--->0>0,and r=rank F.

Next let
U=[u u U] and V=[v; v; - ]
4
with u, €R"*" and v, € R"*!, and let
a(z)=2Z"u,, 1<i<n (52)
and
B(z)=v/Z,. 1<j<m (5b)
It follows from (2) and (3) that
H(z,2,) = Z H(z,2,) (62)
k=1
with
a0, (z)B (2 (z,2
Ho(z.2,) = @ (21) By 2)éf/\(1 z), l<k<r.
9(2,,23) 9(z,2,)
(6b)

A remarkable feature of (6) is that H(z,z,) is constructed by
connecting in parallel r subfilters H,(z,,z,), as shown in Fig.
1(a), each of which has separable numerator so that H,(z;,z,)
can be absolutely minimally realized using n delay elements z,
and m delay elements z, in conjunction with several multipliers,
see [2, pp. 956-957] for a detailed discussion.
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y(1,3)

u(i, i) : ¢ y(1,3)

1—— The central part of
the realization of Hk

(b)

(a) A parallel realization of H(z,z,). (b) An Absolutely minimal
realization of H, (z;, z;) in Roesser’s local state space.

Fig. 1.

Note that H,(z),2,) can also be realized in Roesser’s local
state-space form as

[X;’!(Hl,j)]=[j‘1j_f3][x2(i,j)]
xp(i, j+1) Ay Ay JL 22, j)

b{®
+| === |u(i, j) 2 Ax, + bPu
b§e

he:
& N 0! o x¢ (i, )
yOU ) =91 [
[1 ) ] xi(i, J)
+d®u(i, j) 2 ¢®x, +dOu (7)
where 4, € R"*" and A4, € R™*™ are of smallest sizes, see Fig.

1(b). As an example, let us take a look at a transfer function, say
H,(z,, z,), of order (3,2) as follows:

"1(“0 +ayz +ayzd+ “3213)(50 + Bz, +Bzz§)

3 2 o
Z Z qijziz£

i=0j=0

Hi(z,2,)

qoo =1 (3)
one of whose absolutely minimal realizations can readily be
found [2, pp. 956-957] as

—q0 1 0 i “ 4ot 9u  — G902t di2
—q0 0 11 —gudntqn 2090+ 92
A= —q% 0 O !~ @0dut g~ Gxde T dn
-1 0 0 : ~ 4o ~ 402
0 0 1} 0
q10% — &
q20% — 02
bD =g, | G30% ~ %3
g
0
C(l)=[_ﬁo 0 0: —qubo+ B '%250'*‘32]

d® =a1a0B,. )
Since the system matrix of realization (9) is entirely characterized
by polynomial ¢(z,,z,), it follows from (6b) that the whole
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Fig. 2. A parallel-cascade implementation scheme for quadrantally symmet-
ric 2-D filters.

transfer function can be implemented via a parallel structure, as
sketched in Fig. 1, where each channel can be realized using the
same central part, as shown in Fig. 1(b), in conjunction with its
“input/output interface” implemented by b©), ¢‘*), and d®. It
is now clear that the proposed realization scheme is suitable when
VLSI chips for implementation are considered.

We would now like to point out that the above proposed
realization scheme appears to be quite attractive in terms of
structure simplicity and throughput efficiency for a broad class of
2-D filters whose amplitude responses are quadrantally symmet-
ric. Fan filters, circularly symmetric low-pass, bandpass and
high-pass 2-D filters are examples in this class that have been
widely used in practice.

To see this, notice that every QP causal, stable, quadrantally
symmetric 2-D filter has separable denominator [10]. Thus for
such a filter (1) becomes

f(2,2,) _ f(z,2,)

9(21,2,) - a1(21) 42(22)
and, correspondingly, (6) becomes

H(z,2,) = kél H(z,2;) =kélgk(zl)hk(22) (11a)

H(le22)= (10)

where

_ % (2) Bi(2,) 2
HI\(ZI’ZZ)_(@ 41(21))(ﬁqz(22)) 8k(21)hk((zz))
11b

and g, (z,), h,(z,) are stable 1-D filters of order » and order m,
respectively. We therefore conclude that any stable quadrantally
symmetric 2-D filters can be implemented using a parallel-cascase
scheme, as shown in Fig. 2, where each channel has smallest
possible spatial delays in both directions.

As a signal processing system, one may also consider the
throughput rate of the above implementation scheme. It follows
from Fig. 2 that

3 )= X () (1)
k=1
where yp*)(i, j) is the output of the kth subsystem described by
H, (21, 23) = g, (2)h,(2,). By (11) we can write y¥)(i, j) as
YR, §) =[1= g, (2)]1p P, j) +or B 2) x9(i, j)
(13a)

where x'*)(i, j) is the intermediate output in the kth subsystem,
as shown in Fig. 2 and is given by
x (i, j) =[1- g (2)]x®(, ) +yo, a(z) u(i, j). (13b)
Note that in 2-D difference equations (13a) and (13b), z; and z,
represent the spatial delay operators in the horizontal and verti-
cal directions, respectively, ie., z;-x(i, j)=x(i -1, j) and z,-
x(i, j)=x(i, j —1), etc. On the other hand, (10) implies a direct
implementation scheme as
(i, 7)) =[1=q(2) 9:(2)) y (i, j) + f( 21, 2,) u(i, j). (14)
For the sake of simplicity, in the following we assume m = n.
Then to compute output y(i, ;) the direct realization (14) re-
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quires O(n?) multiplications and O(n’) additions while the
proposed parallel-cascade implementation scheme (12) in con-
junction with (13) requires O(rn) multiplications and O(rn)
additions. Since

r=rank F<min(n,m)=n

the parallel-cascade implementation requires at most the same
amount of computation as the direct realization scheme. More-
over, design experience has indicated (see, e.g. [9]) that for many
important types of quadrantally symmetric 2-D filters such as
circularly symmetric filters and fan filters with small stopband or
passband angles, the rank r is often significantly less than the
order of the design filter. In such cases the above comparison
implies that the proposed implementation is computationally
more efficient.

III. A REMARK

In microprocessor-based implementations of 2-D digital filters,
one of the major concerns is to minimize output-noise power due
to the roundoff of products. To prevent overflow in a digital
filter, signal scaling should also be considered in the above
minimization, which accordingly gives a set of dynamic range
constraints on the local state variables. In recent work [6], it has
been shown that given a local state-space realization (4, b, ¢, d)
of a stable 2-D filter that is both locally controllable and locally
observable [1], it then is always possible to find a 2-D transfor-
mation T=T,&T, with T, € R"*", T, € R™*™ nonsingular stch
that the equivalent realization (4, b, ¢, d)2& (T™'AT,T b,
¢T, d) minimizes the output-noise power due to roundoff subject
to a /,-norm dynamic range constraint.

The results of [6] may immediately apply to the current case if
the parallel structure (6a) is preserved. Indeed, let

-
xf (i, j)

xF (i, J)

x(i, j) =

S
B

b

B

o
e=[eP - efegd - "]

d= z’: FIG)
k=1
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then (A4, b, ¢, d) gives a realization of H(z;,z,). If we want to
maintain the parallel structure when a 2-D coordinate transfor-
mation T is applied, then obviously 7' has to be of the form
[ |
(1)
T 0 ]
™
- i
|
|

It is now straightforward to see that preserving the parallel
realization structure (6a), an optimal 2-D transformation 7' with
form (15) which minimizes the output-noise power in each chan-
nel due to roundoff can be found by applying the results of [6] to
subsystem (7) for each k, 1<k < r, yielding an optimal 7K =
TN T,
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