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If B # HQ, the rows of B are not all in Span row Q. Without
loss of generality we assume

Q= (%1 g),where Q1>0

and partition yo as

_ (Y21
Y2 (yn )

Now (8) has the form

T
Mz .
m N T ¢ Ker(Ix)
yi (A)y)1 +2(y31.¥32) B y1 — 15, Qg
yTSTSyI ’

The condition: “rows of B are not all in Span row Q" implies that
By22 is not always zero. It is obvious that this term can make the
value of the fraction be both positive and negative unbounded.

One can also see from (10) that the condition B = HQ is
independent of the linear transformation.
i Q.E.D.
Case 5: Assume
2T (M)z > 0;Vz € Ker(K). (19)

In this case replace —(@ by a positive semi-definite @ in (5). Similar
to the proof of Case 4, we can show the following.

Corollary 4: Under condition (19), if there exists a suitable di-
mensional matrix H such that B = HQ, then

sub { Mz . _1 Tyl

2 ¢ Ker(K').
Otherwise

T
' Mz .
TTRTLz " ¢ Ker(K')

has neither upper bound nor lower bound.

IV. CONCLUSION

In this note we discussed the problem of finding the boundaries
of conditional quadratic forms with all possible constraints over a
subspace. In all cases, the necessary and sufficient conditions for the
existence of upper and/or lower bounds are presented. The essential
bounds are obtained whenever they exist.
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On Robust Stability of 2-D Discrete Systems

W.-S. Lu

Abstract— This note presents a study on robust stability of two-
dimensional (2-D) discrete systems in the Fornasini-Marchesini (F-M)
state space setting. A measure of stability robustness of a stable F-M
model is defined. Relation of this measure to its counterpart in the
Roessor state space and related computational issues are addressed. Three
lower bounds of the stability-robust e defined are derived
using an one-dimensional parameterization approach and a 2-D Lyapunov
approach. A numerical example is included to illustrate the main results
obtained.

I. INTRODUCTION

In this note, we present a study on robust stability of two-
dimensional (2-D) discrete systems under unstructured perturbations.
Throughout the concerned system is modeled in the Fornasini-
Marchesini (F-M) local state space [1] as

2i4+1,j+1) = Are(i.j+ 1)+ Asa(i + 1.§) %))

where z(i,j) € R"*!, Ay, A» € R™™". Recall that system (1) is
asymptotically stable if and only if

p(z1,22) = det(l, — z1 A1 — 2242) #0 for (z1,22) €U (2)

where U = {(z1,22) : |21] € L|z2| < 1,} [1]. To date, results
on robust stability of 2-D discrete systems in a local state-space
framework are only available for the Roesser model [2]-[6], and
one might attribute this to the lack of a Lyapunov stability theory
for the F-M model. The objectives of this note are twofold. First, we
propose in Section II a quantitative measured, v, for the unstructured,
stable perturbations of a given stable 2-D F-M system, and derive in
Section III a lower bound for v. Issues on numerical evaluation of the
bound obtained and the relation of the proposed stability robustness
measure with its counterpart in the Roesser state space will also be
addressed. Second, we propose in Section IV a Lyapunov approach to
analyzing the robust stability of (1), leading to two lower bounds of ».
The proposed approach makes use of the 2-D Lyapunov equation [7]
which is a generalization of the 2-D Lyapunov equation investigated
recently by Hinamoto [8]. A numerical example is included in Section
V to illustrate the main results of the paper.

In the rest of the paper we write # > 0 or H > 0 to mean that
the symmetric matrix H is positive definite or positive semi-definite.
For a real matrix P > 0, one can always write

P=UTSU
where U is orthogonal and £ = diag {o1, -+, 0.} with o > 0,
for 1 < k < n. If we denote /2 = diag {o1/%, -+, 04*}, then

p = pl/2pl/2
where

P2 =20 and P"/* = (P,

Such a P'/? is called the nonsymmetric square root of P. The largest
and smallest singular value of matrix H is denoted by ¢(H) and
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a(H), respectively, ||H|| denotes the induced 2-norm of H, which
is equal to o (H). Throughout we shall use A to denote the n X 2n
real matrix [A1 As] where A, and A, are from (1) and call it the
system matrix of (1). A is said to be stable if (1) is stable i.e., A
satisfies (2).

II. A MEASURE OF ROBUST STABILITY OF SYSTEM (1)

For asymptotically stable system (1), let A = [4; A:] and denote
by S. the set of all complex perturbations AA = [AA;, AAy] €
C™ 2" with A + AA unstable, i.e.,

S.={AA: [AA; AAy] € C"*®", A+ AA unstable}. (3)
Two sets of matrices can be induced from set S, as follows

Su; = {AA;: AA €C™*", [AA4; 0] € Su} (5]

Su, ={AAz: A4 € C™*", [0 AAs] € S.}. ®)

In words, S., and S., are the collection of the first and the second
n x n blocks, respectively, each of which itself causes system
instability.

A measure for robust stability of system (1) is defined as

v= il [lAAll (6

Obviously, a perturbed system with system matrix A + A A is stable
if ||AA]l < v.

With the sets S., and S., defined in (4) and (5), two auxiliary
quantities can be introduced as

p1 = inf  ||AA|| and pe = AAAlznet:S

L 1a4ell. )

u2

Since S., C Su and S., C S., we have v < 1, v < p2, and hence
v < min(py, p2). 8)

Shortly we shall see that a relation similar to (8) also holds when the
system is modeled in Roesser state space.

Like the 1-D case, v defined in (6) will be referred to as the stability
radius for unstructured complex perturbations for state-space model
(1). Since perturbations for a physical 2-D plant are always of real
value, a more realistic robust stability measure can be defined as

ve= inf [|AA|
AAET,

where T, is the set of all real perturbations AA = [AA4; AA,] €
R™*" with A 4+ AA unstable, i.e.,

T.={AA: [AA, AAy) € R, A4 AA unstable}.

Note that T, is a proper subset of S, and consequently the stability
radius for unstructured real perturbations, v,, is always no less than
v. This means that v, is indeed is less conservative measure for
stability robustness. For the 1-D case, the real stability radius has
been investigated [17]-[22] and a complete solution has been obtained
very recently by Qiu et al. [22]. The generalization of the approach of
[22] to the 2-D case is however far from straightforward and seems
adequate to leave it as a separate topic for research.

Concerning the relation of the proposed stability measure to that of
Roesser model, we recall [1] that if a 2-D discrete system has been
modeled in the Roesser state space as

[xh(i + 1,1)] _ [41 42} [m"(i,j)] _ A[r"(i.j) ©a)
(L g+ 1) | T [As Al |26 | T T 2V ))
it can be remodeled in the Fornasini-Marchesini state-space as (1)
with

o ["@H] 4, [0 o _[A A
‘r(l‘”'[m”(i,j)}’ A1—[A3 A4]’ and A2—|:0 Ol.
)

O
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Assuming (9a) is stable, the commonly used stability robustness
measure of the system (in the Roesser state space) is

g= inf [|AA||
AAER,

where
R, ={AA: A+ AA unstable}
with
. [AA AA,
Ad= [AAQ, AAJ'

Acgording to the structures of A; and A3 in (9b), perturbation matrix
AA in the Roessor model is the sum of perturbations for A; and A2
in the F-M model, i.e.,

[0 o0 Adr AA] _
Hence
&= inf ||AA|l= inf [JAA; 4+ AAds]|
AA€ER, AAES,

where S, is the set of unstable perturbations A4 = [AA; AA,]
with AA;, AAs defined by (10). From S., C Su. and Su, C S,
it follows that

= A.}llgsu HAA] + AA2” < AAIIElgu1 HAA] —+ AAzH

= oanf,lAd =
and
&= A/ix%fsu ||AA; + AAsl|| < Aggguz [|AA; + AAs|
= AAiIIgSuZ lIAda]] = pa.
Hence

an

On comparing (11) with (8), we see that v for the F-M model is in
a certain sense similar to £ in the Roesser model. In the rest of the
paper, our attention will be focused on investigating bound ».

§ < min(p, p2).

III. A LOWER BOUND OF v AND ITS EVALUATION

A. A Lower Bound of v
Let 2 = {(wi,w2): =7 <wy <, —7 < wy < 7}, and define
afl. - e¥1 4, — ej“’zAg]

inf (12)

= (wi,wz)€R

where I, is the identify matrix of dimension n. As

g;[I" _ ejwlAl _ eiW2A2] — g[e*jwl_[n — A+ ej(wz—W1)A2]

where ¢ = ws — w; and w = ~w;, we have
N . wp _,
y _11%159 _wlgnjsﬂ o [T, — A(p)]
s . jw _
= ogu;}fgw _,,‘Snfg, a[e’In — A(p)] (13)
where
A(p) = Ay + e Ay (14)
and the last equality in (13) is due to the fact that
= i I, — A 15
flpy=_inf_ g[e”] ()] (15)
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is an even function for ¢ € [—w, =]. With the definition of f(p)
in (15), (13) becomes
inf  f(p).

0<u<r

y= (16)
To explore the quantitative relation of v to the robust stability
measure v, we note that (1) is asymptotically stable if and only if all
eigenvalues of A(p) for each i € [0, ] are strictly inside the unit
circle [9]. Hence A+ A A represents a stable system matrix if and only
. I
if A4 [e ing
Since the exact 2-norm bound of complex, stable perturbations of
A(u) is equal to f(p) = xr<1in< a[e?*T — A(p)] [101-12], it
follows that A A is a stable perturbation of A if

is a stable perturbation of A(u) for each 1 € [0, «].

“AAL’{‘I]” < f(u) forall p € [0, «). a7n
As AAL,{,I]H < V2||AA|| and f(i) > ~, (17) holds if
IAAl < L= = A. (18)

e

This proves the following proposition.

Proposition 1: Define v by (12), o = v/ V2 is a lower bound of
the robust-stability measure v defined by (6).

Two immediate consequences from above analysis are as follows.

Proposition 2: AA = [AA; AAj] is a stable perturbation for
system (1) if

HAAL] + |[A4z]] < . (19)
Proof: For any p
I
|salong )| < 12+ naaa. o)
So if (19) holds, then f{u) > v leads (20) to (17). O
Proposition 3: AA is a stable perturbation for system (1) if
¥<v 21
where
¥= sup ||AA; + e’ AALl. (22)
0<pu<n
Proof: If (21) holds, then for any u
AA y ¥
Al e ||| ¥ <y
which leads to (17). O

B. Computational Issues

We see from (13) that computing v is a minimization problem
with the objective function given by F(w,u) = o [e’“I, — A(p)].
Because of the periodicity of F'(w, ) with respect to w and g, this
minimization can be considered as an unconstrained problem, hence
efficient optimization methods such as quasi-Newton algorithms can
be used to find . As F(w, pt) represents the smallest singular value of
a two-parameter matrix, there is in general no closed-form formula to
compute the gradient of F'(w, ut). For any 4 > 0, however, elementary
properties of singular values {13, Chapter 6] imply that

|F(w+ 6, 1) = Fw, )] < /7 — ) < 6
and
|Fw,pp+6) — F(w,p)| < ||A(p 4 6) — A(p)]| < 6]]Ax]

indicating that for any 6 > 0, ratio [F(w + 6, 1) — F(w.p)]/6 and
[F(w,pt +8) — f(w,p)]/6 are bounded by unity and ||A4.||, respec-
tively. Hence the gradient of F'(w, pt) if it exists is bounded and reli-
able approximation of it can be obtained using simple numerical dif-
ferentiations (i.e., the above difference ratio) with sufficiently small 6.

An alternative approach to the numerical evaluation of v is to
make use of (16) in conjunction with the fact that for a fixed p, f(u)
defined by (15) is the exact bound for stable, complex perturbations
of the system with A(y) as its system matrix. Consequently, f(s)
for a fixed i can be computed using the efficient bisection method
proposed by Byers [14]. Again, due to the periodicity of f(j), (15) is
indeed a scalar minimization problem, which can be sotved using, for
example, the modified three-point-pattern algorithm [15, Section 7.3].

We shall touch upon these computational issues again in Section
V through an illustrative example.

IV. LOWER BOUNDS DERIVED USING THE
GENERALIZED 2-D LYAPUNOV EQUATION

A. The Generalized 2-D Lyapunov Equation

In [7] the following proposition was given.
Proposition 4 [7]: Equation (1) is asymptotically stable if there

are positive definite P, W1, and W> such that
PT/2%W, pl/? 0

= T/ piy2 | = ATPA>0
0 PT/2W,P

(23)

and that

L, —W; —W; >0. (24)

This proposition is a generalization of the 2-D Lyapunov theorem
proposed recently by Hinamoto [8]. It was shown in [7] that as
compared to Hinamoto’s result, the generalized Lyapunov equation
(23) can be used to confirm stability of a broader class of 2-D discrete
systems in the F-M state space setting. As [7] has not been available
to the reader, for the sake of convenience a proof of Proposition 4
is given in Appendix A.

B. Two Lower Bounds of v

Consider a stable system (1) that satisfies (23) and (24) with some
positive definite P, W1 and W, and let the perturbed system be
given by

2(i+1,74+1) = (A +AAz(i, j+ 1) + (A + Ad2)x(i+1,)).

(25)
The matrices P, W1, and W, are employed to construct the Lyapunov
function

(i §) = d1(i j) + ¢2(i. ) (26)
where )
61(6,§) = 27 (i, 5 + PTPWi PY2u(ij + 1) @7
bolij) =2 (i + L, ))PTPWoPY22(i + 1,5).  (28)
Define
611(t,§) = d1(i+1,5) + @i, j + 1). (29)
By (24)

ou(inj)=a"(i+1,j+ P2 (Wi + Wo) P Pa(i+ 1.j+1)
<2TG+1,j+)Pe(i+1.5+1). (30)
Now using (23) and (25)-(30) we compute
A¢(i,j) = onli,j) — ¢li,j)
< FEHIAT + A P(A + AA) - Pla(i,g)
< —le(Q)—25"*(P - Q)" *(P)||AA]l
=& (P)IAAIP] l#i )
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where

(i, 5)= [ (2 _JJ 1))} and P:[PT/ZW(?PT/Z PT/zv[I)/QPl/?].

Hence if ey
llaAj < lo(P - Q) +£é?/)2]:;:)_ Atk Lt ) EPS

then A¢(i,j) < 0 for all i, j, and a typical argument (see, e.g., [16])
applies to show the stability of the perturbed system (25).
An alternative Lyapunov function may be defined as

Plivg) = (6100 ) + 62, ). (33)
Similarly we define
Pi1(ing) = [61 (i + 1,J) + 62l + DI/ (34)
and use (24) to write
di(i ) < e G+ Lj+ DPx(i + 1.5+ DIV2 (35)
Now (23), (25), (33), and (35) imply that
AY(i, j) = ¢nlisg) — ¥, 5)
< [, ) (A + AA)T P(A + A4, )]
- & ()P )
“laap —gcg?i TR ”AA“]
[12(&, ).
Thus if
a4l < ALY 36)

73 (P)[}(P - Q)+5%(P)]
then Av(i,j) < O for all ¢, j, and therefore, the perturbed system
(25) will remain stable.

Although our numerical experience indicates that the lower bounds
of v given in (32) and (36) usually stay quite close each other, the
bound given in (32) is always better than that in (36) as is shown
in the next proposition.

Proposition 5:

Br, < AL, 37
where (P QP2 — 8P -Q)
FP-Q)+¢a
P = F1/2(P) )
81, = (@) _ 9
Br, F172(P)5 /2P — Q) + 6 /2(P)] (3%

with P given by (31).
The proof of the above proposition can be found in Appendix B.

C. Remarks on Numerical Solutions of the
Generalized 2-D Lyapunov Equation

To compute lower bound 3L, or 3L, one must find positive defi-
nite P, Wy, and W5 that satisfy (23) and (24). Although constraints
(24), P > 0, W, > 0 and W> > 0 can be put together as a set
of linear matrix inequalities (LMI’s), it is difficult to formulate the
problem of solving (23) as a convex programming problem such
as those investigated in [23] and [24], since solving (23) cannot be
formulated as a problem of minimizing A with AB(x) — A(x) > 0
where z is the vector collecting all the parameters in P, W1, and
W, and B(z) and A(x) are matrices depending on & affinely. The
approach taken here is to reformulate the problem as conventional
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constrained minimization problem as follows. Note that (23) and
(24) are equivalent to

A vl 0l:r;[W O
Q:Izn—[o VzT]A A[O VQ]>0 (40)
and
-V =Tt 20 @1
respectively, where T’ = P12 4 =[A A A = T7'AT,
W=V TV (i =1,2), Wthh are in turn equnvalent to
minimize H l:h 0 ] < 1. 42)
T nonsmgular
V

1 1

Solving the constrained minimization problem (42) is in general
numerically intensive in the sense that it usually requires a fairly large
amount of computations to obtain a local minimum, due primarily to
the iterative nature of the algorithm. When the norm of system matrix
A or the norm of a weighted version of A is small in a sense specified
below, however, solutions to the generalized 2-D Lyapunov equation
(23) and (24) can be found easily. For example, if

1
V2
T, satisfy (24) and lead @ in (23) to

14l < 43)

then W, = Wy = 11, and P =
Q= 112,1 -ATA
which is positive definite. The above choice of W1, W>, and P leads

toP = 15,5 (P-Q)=14l%, ¢ (Q) = L=]lA|]?, and 7(P) = 1.
The two lower bounds in this case are found equal, being

Br, = BL, =

44

\/5
Another simple case is when weights & > 0 and 3 > 0 can be found

such that

_+__=1 (45)

32
and
H [(IA1 /3A2] H < 1. (46)

Obviously, W, = ;};In, Wy = /715[,,, and P = I,, satisfy (24) and

lead @ in (23) to
LI 0
— |a? _ 4T
o=[7" gi]-474

which is positive definite if (46) holds. The two lower bounds in this
case are given by

47

By = (I1AI° + 2 @) = ll4l| “8)
and
Q. _ a(Q)
3L, = . 4
PL2 [|Al] + max(a—1,371) “49)
V. AN EXAMPLE
Consider a fourth-order F-M model with
[ 0.0058  0.2853 —0.2432 0.1246}
4 = —-0.0084 0.2377 0.1606 —0.1404
1= 1_0.0084 —0.0217 0.1785  0.1662
|—0.0245  0.0884 —0.0321  0.2428 |
0.0495  0.0687  0.2030 —0.3013]
A, = 0.1630  0.4817 —0.0993  0.1814
27 1-.0.2842 0.1790  0.5551  0.0799
L 0.2112 —0.1887 —0.0895  0.5604 |
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As ||A}| = 0.7791 exceeds 1/v/2 = 0.7071, we attempt to find
positive scalars « and /3 that satisfy (45) and (46). Using (45) we
write 3 = a/v/a? — 1 and define the objective function

e(a) = ||[ad \/%AZ]H for 1<a<oo.  (50)

Applying the modified three-point-pattern minimization algorithm
[15, Chapter 7] to the bracket (i.e., an interval of «) [1.1, 3], it
took 12 iterations with 17.796 Kflops (10° floating point operations)
to find the minimum of e(a), e(a™) = 0.9001 < 1 at o™ = 2. This
leads to a solution to (23)-(24) with W, = 0.2514, Wy = 0.7514,
and P = I4. It follows from Proposition 4 that the 2-D system is
stable. From (47)—(49), lower bounds 3z, and (L, were found to
be 3, = 0.0310 and 3z, = 0.0300. The total number of flops
used in computing 31, or 3z, is about 21 Kflops. To evaluate the
lower bound 3o in (18), a quasi-Newton optimization method was
used to evaluate v, where the gradient of F(w,p) was performed
numerically with § = 107°. It took nine iterations (with 241.6
Kflops) to obtain y = 0.1775 at [w*, *] = [0.0252 0.3856], which
leads to 3o = 0.1255. It is noted that bound 3, is considerably less
conservative as compared to 3z, and 3L, although computing 3o is
far more expensive in this case.

VI. CONCLUDING REMARKS

A robust stability measure has been proposed and three lower
bounds of ¥ for F-M 2-D discrete systems have been derived by two
distinct approaches. It appears from the numerical example discussed
in Section V that the bounds 8z, and 31, derived using the Lyapunov
approach are quite conservative. This could be improved by carrying
out the optimization problem (42) rather than using (50). As a matter
of fact, the norm in (42) becomes e(«) in (50) if T = I, Vi = als
and Vo = —==—1I4 with @ > 1 are chosen. With more parameters in

a?—1
(42), better lower bounds 3z, (i = 1,2) can be found at the expense
of higher computation intensity.

APPENDIX A

Proof of Proposition 4: We prove the proposition by contradic-
tion. Suppose the conditions of the proposition are satisfied but (1)
is unstable. Then there is (z1,z2) € U such that

det(I,, et Z1A1 - ZQAQ) =0. (51)
Hence there exists vector v # 0 such that
— ZlIn
U_A[ZQIJL 52)

Using (23) and (52), we compute
v Py =

v 7 = . [PTPW P2 0 2, .
v “'"2["][ 0 PT/2W2P1/2] [zzln]v_vzovz

where ©* denotes the complex conjugate transposition of v, 2; is the
complex conjugate of z; (i = 1,2), and vl = v*[5H1], ZL.). It
follows that

v PT(L, = |21 P Wy = |2 P Wa) P20 = —0XQu..  (53)

By (51) we note that (z;,22) # (0,0), hence v. # 0. So Q > 0
means that the right-hand side of (53) is strictly negative. On the
other side of equation, |z1| < 1 and |22| < 1 and the positive semi-
definiteness of I, — W1 — W» [see (24)] imply that I — |z )*W; —
|z2|*Ws > 0. Therefore the left-hand side of (53) is nonnegative,
leading to a contradiction. This completes the proof. O

APPENDIX B
Proof of Proposition 5: leta =g (Q),b=&(P),c=a(P -

Q),and d = 5(P). Note thata > 0,b > 0, ¢ >0, d > 0, and that
HP-Q)<FP)-a(Q)

which implies that

(a,+c)1/2 42 < RYCE VS (54)
Since b > 0 and d > 0, it follows from (54) that
a ((L+C)1/2 — /2
bI72(c1/2 + 4172y = bi/2 . 0
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